UNIVERSITE
PARIS-EST CRETEIL
VAL DE MARNE

Connaissance-Action

Ecole doctorale n° 532 MSTIC

These de doctorat en Informatique

présentée par

Quentin LE HOUEROU

sous la direction de
Julien CERVELLE et Ludovic PATEY

The metamathematics of
Ramsey-like theorems

Jury :
Olivier BOURNEZ Ecole Polytechnique Président du jury
Julien CERVELLE Université Paris-Est Créteil Directeur de these
Laura FONTANELLA Université Paris-Est Créteil Examinatrice
Denis HIRSCHFELDT University of Chicago Rapporteur
Leszek KOLODZIEJCZYK  University of Warsaw Rapporteur
Régine LALEAU Université Paris-Est Créteil Examinatrice

Ludovic PATEY Université Paris-Cité Directeur de these






Abstract en francgais

Cette these a pour objectif d’étudier le théoreme de Ramsey et
plusieurs de ses variantes sous un angle métamathématique. On y met
principalement en évidence la nature chaotique de la théorie de Ramsey
en prouvant des résultats de séparation, a travers un large éventail de
techniques provenant principalement de la calculabilité et de la théorie de
la preuve.

Du point de vue de la calculabilité, la force et la faiblesse calculatoire
de certains de ces théorémes sont étudiées, qu’il s’agisse de leur incapacité
a coder le probleme de l'arrét ou de I'existence de solutions probabilistes.

Du point de vue de la théorie de la preuve, de nouveaux encadrements
des conséquences au premier ordre du théoréeme de Ramsey pour les paires
sont obtenus, notamment a travers 1’étude de modeles non standards
de l'arithmétique du second ordre ainsi que des liens entre les versions
finitaires et infinitaires du théoreme.

On y prouve en particulier plusieurs résultats de conservation, et
I’on caractérise les motifs dont I'évitement est équivalent au théoréme
de Ramsey.

Abstract in English

This thesis aims to study Ramsey’s theorem and several of its variants
from a metamathematical perspective. It primarily highlights the chaotic
nature of Ramsey theory by proving separation results, using a wide range
of techniques drawn mainly from computability theory and proof theory.

From the standpoint of computability theory, the computational
strength and weakness of some of these theorems are investigated, whether
in terms of their inability to encode the halting problem or the existence
of probabilistic solutions.

From the standpoint of proof theory, new bounds on the first-order
consequences of Ramsey’s theorem for pairs are obtained, notably through
the study of nonstandard models of second-order arithmetic as well as the
connections between the finitary and infinitary versions of the theorem.

In particular, several conservation results are proved, and the patterns
whose avoidance is equivalent to Ramsey’s theorem are characterized.
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Chapter 1

Introduction

1.1 Introduction en francais

De nombreux théorémes mathématiques peuvent étre vus comme des problemes,
affirmant que toute instance admet une solution (tout corps posséde une cldture
algébrique, toute suite bornée de réels admet une sous-suite convergente, etc.). La
difficulté a décrire explicitement cette solution & partir de 'instance peut alors étre
vue comme une mesure de la puissance du théoreme.

Lorsque le théoréme concerne des objets finis, cette question releve de la théorie
de la complexité : pour une instance de taille n, combien d’étapes de calcul sont
nécessaires pour produire une solution ?

Lorsqu’il s’agit, en revanche, d’objets qui ne peuvent pas nécessairement étre
décrits par un nombre fini de symboles (nombres réels, espaces topologiques, etc.), on
peut alors souvent se restreindre au cas dénombrable (ol ils peuvent alors étre décrits
par une suite infinie de zéros et de uns, ou, de maniére équivalente, par un ensemble
d’entiers). On entre ainsi dans le domaine de la calculabilité.

Tous les ensembles d’entiers ne sont pas aussi complexes. Il y a les ensembles
finis et plus généralement les ensembles dits calculables, qui, méme s’ils peuvent étre
infinis, sont néanmoins descriptibles par un algorithme, donc par une suite finie de
symboles. C’est le cas de la plupart des ensembles rencontrés en mathématiques,
comme l’ensemble des nombres premiers ou encore la suite des décimales de .
Toutefois, il existe aussi des ensembles non calculables, qui constituent en réalité
I'immense majorité des ensembles d’entiers.

Une tentation possible est alors de restreindre sa pratique mathématique
uniquement aux objets calculables, pour des raisons philosophiques ou pratiques.
Une telle approche reviendrait cependant a se priver d’une grande partie des
mathématiques modernes, puisque de nombreux théorémes impliquent nécessairement
I’existence d’objets non calculables. Par exemple, il existe une suite calculable de réels
dans [0, 1] telle qu’aucune de ses sous-suites convergentes ne soit calculable, donc le
théoreme de Bolzano—Weierstrass requiert 1’existence de tels objets pour étre vrai.

Il est possible, grace aux outils de la calculabilité, de hiérarchiser ces ensembles
non calculables (certains ensembles peuvent étre vus comme plus incalculables
que d’autres) et, par la méme, de classifier les théorémes mathématiques selon la
complexité calculatoire des objets qu’ils mettent en jeu.

La question de la puissance calculatoire des théoréemes mathématiques est
étroitement liée a celle de leur puissance axiomatique. Les mathématiques a rebours
(en anglais reverse mathematics) constituent une branche de la logique mathématique,
initiée par Harvey Friedman, dont I’objectif est de déterminer les axiomes minimaux
nécessaires pour démontrer un théoréme donné.

L’idée des mathématiques & rebours consiste a se placer dans un systéme
axiomatique volontairement restreint, dans lequel seule D’existence des ensembles

9



10 CHAPTER 1. INTRODUCTION

calculables peut étre démontrée. Dans un tel cadre, les théoremes faisant intervenir
des ensembles non calculables ne sont plus démontrables (sans pour autant étre
réfutables, puisque 1’on ne suppose pas l'inexistence des ensembles non calculables).

On peut ensuite étudier quelles hypotheses supplémentaires sont nécessaires pour
établir ces théoremes. La méthode consiste alors, apres avoir démontré un théoreme
a partir d’axiomes plus forts, a inverser le raisonnement : on cherche & montrer que
le théoreme lui-méme permet de retrouver ces axiomes, montrant par la qu’ils étaient
nécessaires a la preuve originale.

Emerge alors un étonnant phénoméne de structure : la quasi-totalité des
théoremes classiques se répartissent en cing grandes classes d’équivalence modulo
ces mathématiques calculables. La puissance axiomatique de chacune de ces classes
correspond a une certaine conception philosophique des mathématiques et & un niveau
de puissance calculatoire.

Le théoréme de Ramsey pour les paires (dans sa version infinie) constitue I'un des
premiers contre-exemples naturels a ce phénomeéne de structuration. Se pose alors la
question du positionnement des autres résultats de la théorie de Ramsey, notamment
en ce qui concerne les généralisations, les affaiblissements ou les variations du théoreme
de Ramsey.

Plutét que de s’organiser en une sixieéme grande classe d’équivalence, ces différents
énoncés forment au contraire une sorte de « zoo » de classes nouvelles : certaines plus
fortes, d’autres plus faibles, et d’autres encore incomparables entre elles.

L’un des objectifs de cette these est ’étude de ces énoncés (notamment du point
de vue calculatoire ou des mathématiques & rebours), en particulier en ce qui concerne
les méthodes permettant de séparer deux théoremes, c¢’est-a-dire de montrer que I’'un
ne découle pas de lautre. S’il est souvent « facile » de montrer qu’un résultat est
conséquence d’un autre en donnant une preuve, démontrer I’absence de preuve est en
revanche généralement bien plus délicat.

L’un des principaux outils mobilisés pour obtenir ce type de résultats repose sur
I’'utilisation de modeles non standards de 'arithmétique. Il s’agit de structures qui
ressemblent, & bien des égards, aux entiers naturels standards {0,1,2,...}, tout en
s’en écartant sur certains points spécifiques. On peut les rapprocher, par analogie, des
modeles de géométries non euclidiennes, qui ont permis de montrer que le postulat
des paralleles ne découle pas des autres axiomes de la géométrie euclidienne, ou encore
de 'exemple du coq déplumé, utilisé par Diogeéne pour mettre en évidence les limites
de la définition par Platon de ’'Homme comme « bipede sans plumes ».

1.1.1 Structure de la thése et contributions

Cette these se divise en quatre parties.

Partie I : Cette partie est un état de I’art. Sous le fil directeur du programme de
Hilbert introduit au Chapitre 2, y sont présentés divers fragments de I'arithmétique
du premier ordre (au Chapitre 3) ainsi que des théories de l'arithmétique du second
ordre et les mathématiques & rebours (au Chapitre 5). Le Chapitre 4 introduit
diverses notions de calculabilité ainsi que leurs liens avec la définissabilité en
arithmétique. Enfin, le théoreme de Ramsey, ses propriétés calculatoires et vis-a-vis
des mathématiques a rebours sont introduits au Chapitre 6.

Partie ITI : Cette partie porte sur 1’étude de théorémes d’un point de vue
calculatoire. Le Chapitre 7 introduit de nouveaux outils en théorie algorithmique de
I’aléatoire et s’intéresse a la caractérisation d’une classe particuliere de permutations,
les permutations séparables, comme motifs les plus difficiles & éviter dans certaines
variantes du théoreme de Ramsey. Les résultats présentés sont issus de l'article :

Q. Le Houérou and L. Patey “Ramsey-like theorems for separable
permutations.” preprint (2025).
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Le Chapitre 8 étudie la généralisation a des coloriages de tuples de taille non
bornée de trois variantes du théoreme de Ramsey possédant une forme de faiblesse
combinatoire. Il y est montré que cette faiblesse ne subsiste que pour 'une d’entre
elles, le théoreme de Ramsey arc-en-ciel. Les résultats présentés sont issus de l'article :

L. Carlucci, O. Gjetaj, Q. Le Houérou, and L. Levy Patey “Ramsey-like
theorems for the Schreier barrier” The Journal of Symbolic Logic, page
1-29, 2025.

Partie III : Cette partie regroupe divers résultats obtenus par construction de
nouveaux modeles par la méthode des w-extensions. Le Chapitre 9 propose un état de
lart de l'utilisation d’outils issus de la théorie de la calculabilité au sein de modeles
non standards de 'arithmétique. On y présente le schéma général de construction de
nouveaux modeles par w-extension, ainsi que son utilisation pour établir des résultats
de conservation pour les formules du premier ordre.

Le Chapitre 10 fournit une nouvelle borne supérieure a I’ensemble des conséquences
au premier ordre du théoréme de Ramsey pour les paires. Les résultats présentés sont
issus de 'article :

Q. Le Houérou, L. Levy Patey, and K. Yokoyama “Conservation of
Ramsey’s theorem for pairs and well-foundedness.” Trans. Amer. Math.
Soc., 378(3):2157-2186, 2025.

Le Chapitre 11 étudie une version déséquilibrée du théoréme de Ramsey, dans
laquelle les cliques monochromatiques d’une certaine couleur sont de taille bornée.
Les résultats présentés sont issus de I'article :

Q. Le Houérou and L. Patey. “The reverse mathematics of bounded
Ramsey’s theorem for pairs.” The Journal of Symbolic Logic, pages 1-
26, 2026.

Partie IV : Cette derniere partie explore les liens entre des versions finitaires
et infinitaires de théoremes de la théorie de Ramsey, en particulier en vue de
I’obtention de résultats de conservation partiels. Le Chapitre 12 présente la notion
d’ensemble a-large due & Ketonen et Solovay [72], et présente de nouvelles techniques
de construction de modeles non standard par coupure basées sur ces ensembles. Ces
techniques sont issues de 'article :

Q. Le Houérou, L. Levy Patey, and K. Yokoyama “II} conservation of
Ramsey’s theorem for pairs.” J. London Math. Soc., 113: €70419. (2026)

Le Chapitre 13 présente des résultats d’intérét essentiellement combinatoires en
donnant des bornes optimales & des versions finitaires du théoréeme de Ramsey et du
principe des tiroirs portant sur les ensembles a-larges. Les résultats présentés sont
principalement issus de l’article :

Q. Le Houérou and L. Patey “Partition theorems for Ketonen-Solovay
largeness.” preprint (2026).

Le Chapitre 14 exploite ce formalisme de construction de coupures, ainsi que
les bornes obtenues au chapitre précédent, afin d’établir la caractérisation des
conséquences au premier ordre du théoréeme de Ramsey pour les paires, pour une large
classe de formules, obtenue dans l'article « IT1] conservation of Ramsey’s theorem for
pairs ». La construction présentée y simplifie celle de ’article original.

Le Chapitre 15 applique ce méme formalisme a des théorémes portant sur des
coloriages d’arbres afin d’en obtenir des résultats de conservation partiels. Les
résultats présentés sont issus de l'article :
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Q. Le Houérou and L. Levy Patey “II{ conservation of the Ordered
Variable Word theorem.” The Journal of Symbolic Logic 2025:1-16.

Par souci de briéveté, ainsi que dans la volonté de proposer un document formant
un ensemble cohérent, certains résultats obtenus au cours de ces trois années n’ont
pu étre mentionnés que tres brievement, voire ne figurent pas dans cette these. C’est
notamment le cas de résultats portant sur la comparaison de la taille des preuves
entre diverses théories, obtenus dans ’article :

Q. Le Houérou and L. Patey. “Largeness notions and polytime translation
for VX9-consequences of RT3 preprint (2026).

Le formalisme des interprétations de forcing introduit par Avigad [4] et tel
quutilisé par Kolodziejczyk et al. [78], de méme que la combinatoire mobilisée dans
cet article, étaient trop lourds a introduire dans le cadre de cette these et le résultat
y est simplement mentionné.

Il en va également ainsi de la comparaison des différentes versions du principe des
tiroirs le long de la hiérarchie arithmétique obtenue dans :

Q. Le Houérou, A. Mimouni and L. Levy Patey. “The reverse mathematics
of the pigeonhole hierarchy.” preprint (2024).

Ces résultats ne s’inséraient pas naturellement au sein des parties de cette theése
et reposaient aussi sur un formalisme lourd.

1.2 Introduction in English

Many mathematical theorems can be viewed as problems asserting that every instance
admits a solution (every field has an algebraic closure, every bounded sequence of real
numbers has a convergent subsequence, etc.). The difficulty of explicitly describing
such a solution from the instance may then be regarded as a measure of the strength
of the theorem.

When the theorem concerns finite objects, this question belongs to complexity
theory: for an instance of size m, how many computational steps are required to
produce a solution?

When dealing instead with objects that cannot necessarily be described by a finite
number of symbols (real numbers, topological spaces, etc.), it is often possible to
restrict our attention to the countable case (where such objects can then be described
by an infinite sequence of zeros and ones, or equivalently by a set of integers). This
leads into the realm of computability theory.

Not all sets of integers are equally complex. There are finite sets and, more
generally, the so-called computable sets, which, although they may be infinite, can
nevertheless be described by an algorithm, and hence by a finite string of symbols.
This is the case for most sets encountered in mathematics, such as the set of prime
numbers or the sequence of decimal digits of m. However, there also exist non-
computable sets, which in fact constitute the overwhelming majority of sets of integers.

One possible temptation is therefore to restrict mathematical practice solely to
computable objects, for philosophical or practical reasons. Such an approach would,
however, amount to giving up a large part of modern mathematics, since many
theorems necessarily imply the existence of non-computable objects. For example,
there exists a computable sequence of reals in [0, 1] such that none of its convergent
subsequences is computable, and therefore the Bolzano-Weierstrass theorem requires
the existence of such objects in order to hold.
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Using the tools of computability theory, it is possible to organize these
non-computable sets into a hierarchy (some sets may be regarded as more non-
computable than others) and thereby classify mathematical theorems according to
the computational complexity of the objects they involve.

The question of the computational strength of mathematical theorems is closely
related to that of their axiomatic strength. Reverse mathematics (les mathématiques
a rebours in French) is a branch of mathematical logic, initiated by Harvey Friedman,
whose aim is to determine the minimal axioms required to prove a given theorem.

The idea behind reverse mathematics is to work within a deliberately restricted
axiomatic system, in which only the existence of computable sets can be proved. In
such a framework, theorems involving non-computable sets are no longer provable
(without, however, becoming refutable, since one does not assume the nonexistence
of non-computable sets).

One may then investigate which additional assumptions are required to establish
these theorems. The method consists, after proving a theorem from stronger axioms,
in reversing the argument: one seeks to show that the theorem itself suffices to recover
those axioms, thereby demonstrating that they were necessary for the original proof.

A surprising structural phenomenon then emerges: the overwhelming majority
of classical theorems fall into five major equivalence classes modulo computable
mathematics. The axiomatic strength of each of these classes corresponds to
a particular philosophical conception of mathematics and to a certain level of
computational power.

Ramsey’s theorem for pairs (in its infinite form) constitutes one of the first natural
counterexamples to this structuring phenomenon. This raises the question of the
position of other results from Ramsey theory, especially regarding generalizations,
weakenings, or variations of Ramsey’s theorem.

Rather than organizing themselves into a sixth major equivalence class, these
various statements instead form a kind of “zoo” of new classes: some stronger, some
weaker, and others incomparable with one another.

One of the aims of this thesis is the study of these statements (notably from the
viewpoint of computability theory and reverse mathematics), in particular concerning
methods for separating two theorems, that is, for showing that one does not follow
from the other. While it is often “easy” to show that one result is a consequence of
another by giving a proof, demonstrating the absence of such a proof is generally far
more delicate.

One of the main tools used to obtain such results relies on the use of nonstandard
models of arithmetic. These are structures that resemble the standard natural
numbers {0,1,2,...} in many respects, while differing from them at certain specific
points. By analogy, they may be compared to models of non-Euclidean geometry,
which made it possible to show that the parallel postulate does not follow from the
other axioms of Euclidean geometry, or to the example of the plucked chicken used
by Diogenes to expose the limitations of Plato’s definition of Man as a “featherless
biped”.

1.2.1 Structure of the thesis and contributions

This thesis is divided into four parts.

Part I: This part is a survey of the state of the art. Following the guiding thread of
Hilbert’s program introduced in Chapter 2, it presents various fragments of first-order
arithmetic (in Chapter 3), as well as theories of second-order arithmetic and reverse
mathematics (in Chapter 5). Chapter 4 introduces computability-theoretic notions
and their connections with arithmetical definability. Finally, Ramsey’s theorem,
together with its computability-theoretic and reverse-mathematical properties, is
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introduced in Chapter 6.

Part II: This part focuses on the study of theorems from a computability-theoretic
perspective. Chapter 7 introduces new tools from algorithmic randomness theory and
studies the characterization of a particular class of permutations, namely separable
permutations, as the hardest patterns to avoid in certain variants of Ramsey’s
theorem. The results presented come from the article:

Q. Le Houérou and L. Patey, “Ramsey-like theorems for separable
permutations.” Preprint (2025).

Chapter 8 studies the generalization to colorings of tuples of unbounded size of
three variants of Ramsey’s theorem exhibiting a form of combinatorial weakness. It is
shown that this weakness persists for only one of them, namely the rainbow Ramsey
theorem. The results presented come from the article:

L. Carlucci, O. Gjetaj, Q. Le Houérou, and L. Levy Patey, “Ramsey-like
theorems for the Schreier barrier” The Journal of Symbolic Logic, pages
1-29, 2025.

Part III: This part gathers several results obtained through the construction of
new models by the method of w-extensions. Chapter 9 provides a survey of the use
of computability-theoretic tools within nonstandard models of arithmetic. It presents
the general scheme for constructing new models via w-extensions, together with its
use in establishing conservation results for first-order formulas.

Chapter 10 provides a new upper bound on the set of first-order consequences of
Ramsey’s theorem for pairs. The results presented come from the article:

Q. Le Houérou, L. Levy Patey, and K. Yokoyama, “Conservation of
Ramsey’s theorem for pairs and well-foundedness.” Transactions of the
American Mathematical Society, 378(3):2157-2186, 2025.

Chapter 11 studies an unbalanced version of Ramsey’s theorem in which
monochromatic cliques of a given color are required to have bounded size. The results
presented come from the article:

Q. Le Houérou and L. Patey. “The reverse mathematics of bounded
Ramsey’s theorem for pairs” The Journal of Symbolic Logic, pages 1—
26, 2026.

Part I'V: This final part explores the connections between finitary and infinitary
versions of theorems from Ramsey theory, in particular with a view toward obtaining
partial conservation results. Chapter 12 introduces the notion of a-large sets due to
Ketonen and Solovay [72], and presents new techniques for constructing nonstandard
models by cuts based on such sets. These techniques arise from the article:

Q. Le Houérou, L. Levy Patey, and K. Yokoyama, “IIJ conservation of
Ramsey’s theorem for pairs.” Journal of the London Mathematical Society,
113:€70419 (2026).

Chapter 13 presents results of primarily combinatorial interest by giving optimal
bounds for finitary versions of Ramsey’s theorem and the pigeonhole principle over
a-large sets. The results presented mainly come from the article:

Q. Le Houérou and L. Patey, “Partition theorems for Ketonen—Solovay
largeness.” Preprint (2026).
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Chapter 14 exploits this formalism for constructing cuts, together with the bounds
obtained in the previous chapter, in order to establish the characterization of the
first-order consequences of Ramsey’s theorem for pairs for a broad class of formulas,
obtained in the article “IIJ conservation of Ramsey’s theorem for pairs.” The
construction presented there simplifies that of the original article.

Chapter 15 applies the same formalism to theorems concerning colorings of trees
in order to obtain partial conservation results. The results presented come from the
article:

Q. Le Houérou and L. Levy Patey, “II{ conservation of the Ordered
Variable Word theorem.” The Journal of Symbolic Logic 2025:1-16.

For the sake of brevity, and in the interest of providing a document forming
a coherent whole, some results obtained during these three years could only be
mentioned very briefly, or do not appear in this thesis at all. This is notably the
case for results concerning comparisons of proof lengths between various theories,
obtained in the article:

Q. Le Houérou and L. Patey, “Largeness notions and polytime translation
for VX9-consequences of RT3.” Preprint (2026).

The formalism of forcing interpretations introduced by Avigad [4] and used by
Kolodziejczyk et al. [78], together with the combinatorics involved in this article, was
too heavy to introduce within the framework of this thesis, and the result is therefore
only mentioned.

The same applies to the comparison of the different versions of the pigeonhole
principle along the arithmetical hierarchy obtained in:

Q. Le Houérou, A. Mimouni, and L. Levy Patey, “The reverse mathematics
of the pigeonhole hierarchy.” Preprint (2024).

These results did not fit naturally within the different parts of this thesis and also
relied on a rather heavy formalism.
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Part 1

State of the art
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Chapter 2

Hilbert’s program

2.1 Historical background

The motivation behind this thesis can be traced back to a program initiated by
David Hilbert at the beginning of the 20th century, aimed at establishing a solid
foundation for all mathematics. At that time, the discipline was facing a profound
crisis. For centuries, the concept of infinity used by mathematicians was only infinite
in potential: a line could always be extended further, and there was always a larger
integer. The idea of treating these potential infinities as completed or actual objects
that can be manipulated was dismissed, on the grounds that it was both unnecessary
for mathematical practice and logically problematic. Such objections could be found
in writings by Aristotle,

Our account does not rob the mathematicians of their science, by disproving the
actual existence of the infinite in the direction of increase, in the sense of the
untraversable. In point of fact, they do not need the infinite and do not use it.
They postulate only that the finite straight line may be produced as far as they
wish.

(Aristotle. (circa 360 B.C), Physics, Book III, Part 7 (R. P. Hardie & R. K.
Gaye, Trans.))

and Thomas Aquinas,

The same applies to a mathematical body. For if we imagine a mathematical
body actually existing, we must imagine it under some form, because nothing is
actual except by its form; hence, since the form of quantity as such is figure,
such a body must have some figure, and so would be finite; for figure is confined
by a term or boundary.

(Aquinas, T. (circa 1270), Summa Theologica I, q. 7, A3.C5 (C. Decaen,
Trans.))

Nevertheless, this did not stop Georg Cantor from making use of the actual infinity
in his development of set theory. His work sparked further philosophical objections,
with the examples of L. E. J. Brouwer’s intuitionism, or the finitism of Leopold
Kronecker or Ludwig Wittgenstein.

Let’s imagine a man whose life goes back for an infinite time and who says to
us: ‘I'm just writing down the last digit to Pi and it’s 2° Every day of his life
he has written down a digit, without ever having bequn; he has just finished.
This seems utter nonsense, and a reductio ad absurdum of the concept of infinite
totality.

(Wittgenstein, L. (1975), Philosophical Remarks, p. 166)

His theory was also under attack mathematically, for the many paradoxes
appearing from the careless manipulation of sets, such as the Russell and Burali-Forti
paradoxes.

19
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Seeing the potential of set theory as a unifying theory for all mathematics, and
not wanting to give up on the powerful proof techniques resulting from it, Hilbert
proposed a program that, if successful, would address those philosophical objections
and provide a strong guarantee that no new contradictions would arise.

It is not easy to provide a precise formulation of what the goals of this program
were, as it was formulated over a span of 30 years through a series of articles,
conferences, and books, each emphasizing different aspects. Nevertheless, a general
formulation of it can be stated as follows:

The first step of the program was to give a precise formalization of all the
mathematics developed up to that point:

Everything that previously made up mathematics is to be rigorously formalized,
so that mathematics proper or mathematics in the strict sense becomes a stock
of formulae.

(Hilbert, D. (1923), Die logischen Grundlagen der Mathematik. (Ewald, Trans.))

This would make it possible to see mathematical propositions and proofs as
finite sequences of symbols obeying some syntactic rules. With that, verifying the
correctness of a proof became a mechanical process, independent of the intended
meaning of the symbols involved. This part of the program has been rather successful,
with the examples of Zermelo-Fraenkel set theory (ZFC), or second-order arithmetic
(Z3) which can both be used to formalize a large part of mathematics, in particular
these infinitary arguments. For practical reasons, which will be made clear later, we
will work in the framework of second-order arithmetic, which we define in Chapter 5.

The next step is to isolate a fragment of mathematics corresponding to the
uncontroversial “finitary reasoning” that operates only with finite objects in finite
ways. Several possible candidates for such a theory have been proposed. Here we will
follow Tait [137] which identified the system PRA of Primitive Recursive Arithmetic
as a good formalization of finitary mathematics. The system PRA will be described
in detail in Section 2.2.

Finally, now that all mathematical reasoning has been reduced to a finite
manipulation of symbols, it is possible to discuss these strong theories dealing with
infinite totalities from a finitist viewpoint. The final step is then to prove, using only
finitary reasoning, that those strong theories are consistent, that is, that they do not
prove any contradiction and can therefore be safely used in the development of new
branches of mathematics. Thus, a proof in PRA of the consistency of Zs (which we
write PRA | Con(Z3)) would be seen as a realization of Hilbert’s program.

Several other goals in Hilbert’s program can be identified:

Independence: Before adding a new statement as an axiom to a theory, we
must ensure not only that the resulting theory remains consistent, but also that the
statement is independent of the theory, meaning it cannot be derived from the other
axioms, and thus its addition does not introduce any redundancy.

Completeness: A theory is said to be complete if it is consistent and if, for
every statement expressible in its language, the theory can either prove the statement
or prove its negation. Or, to put it another way, that no new axiom can be added
without either introducing a contradiction, or being redundant.

Decidability: Another desirable property of a theory would be its decidability,
that is, the existence of an algorithmic procedure that can determine whether any
given statement is provable within the theory. If a theory is complete, then we
can consider the algorithm that, given a statement, systematically lists all possible
proofs in that theory until it finds either a proof of the statement or of its negation.
This algorithm will always provide an answer, thereby proving the decidability of the
theory. This will not be the last link between the theory of proofs and the theory of
computability, as we will see in Chapter 4.
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Conservativity: An even stronger justification for the use of the actual infinity
in mathematical practice would be to establish the conservativity of the stronger
infinitary theory over the weak finitary one, that is, to show that every proof of
a finitary statement made using infinitary methods could also be obtained without
them. In this way, the use of actual infinity becomes merely a convenient shortcut,
one that can always be avoided if desired. Hilbert did not explicitly set conservativity
as a goal, but it emerged as a byproduct of several consistency proofs developed by
Hilbert, Bernays, Ackermann, and others. Conservation proofs will also play a key
role in this thesis.

Once it has been established that one theory is conservative over another, a
natural question arises: does the stronger theory allow for shorter proofs than the
weaker one? These kinds of questions were first investigated in 1936 by Kurt Godel
in a short paper [52], and has since gained increasing importance, particularly due to
its connections with complexity theory.

One way to establish the consistency of a given theory is to assign meanings to the
symbols in its language and construct a model for it; that is, to exhibit a structure
that satisfies all the axioms of the theory. We will refer to arguments of this kind
as semantic proofs. Such proofs indeed demonstrate the theory’s consistency, since if
the theory were to prove a contradiction, then every model of the theory would also
satisfy that contradiction, which is impossible once we have constructed even a single
model. More generally, to show that a theory does not prove a particular statement,
it is sufficient to build a model of that theory in which the statement is false. One
famous example of this method is the models of non-Euclidean geometries, such as
the Poincaré disk model. These models satisfy the first four axioms of Euclidean
geometry but not the parallel postulate, thereby showing that it cannot be derived
from the other axioms.

Unfortunately, except in a few very simple cases such as the consistency proof for
propositional logic, where the intended model is the finite set {true,false}, proofs of
this kind are generally not finitist, since the theories in question usually admit only
infinite models, and constructing such models requires some form of set-existence
axioms:

Das Problem der Erfillbarkeit eines Aziomensystems (bzw. einer logischen
Formel), welches im Falle endlicher Individuenbereiche positiv durch Aufweisung
gelost werden kann, ist im Falle, wo zur Erfillung der Axiome nur ein
unendlicher Individuenbereich in Betracht kommt, nicht nach dieser Methode
losbar, weil die Existenz unendlicher Individuenbereiche micht als ausgemacht
gelten kann.'

(Hilbert, D., Bernays, P. (1934), Grundlagen der Mathematik.)

Another way to establish the consistency of a theory is through syntactic
manipulations. There are several possible approaches to such proofs, but the general
strategy is to assume the existence of a proof of a contradiction within the theory
and then transform that proof into a simpler one, using techniques such as cut
elimination. This transformation may eliminate certain axioms, thereby reducing the
consistency of the theory to that of a weaker one, or it may simplify proofs to a form
where an induction on their structure shows that no proof of a contradiction can exist.

Unfortunately, Hilbert’s program came crashing down due to Gobdel’s
incompleteness theorems. By the first theorem, no complete theory of even

IThere is currently no official translation of this passage, so here is the author’s own version: “The
problem of the satisfiability of an axiom system (or a logical formula), which can be solved positively
by demonstration in the case of finite individual domains, cannot be solved using this method in
cases where only an infinite individual domain can be considered for the satisfaction of the axioms,
because the existence of infinite individual domains cannot be taken for granted.”
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basic arithmetic can be given?, and, even more damning, the second theorem showed
that all the theories in question cannot prove their own consistency, let alone that of
any stronger theory.

Nevertheless, although the program in its full generality has failed, certain partial
results remain possible. For example, rather than directly proving the consistency
of a theory using finitary means, one may instead show that its consistency can be
reduced to that of a weaker theory. A notable example of such a result is due to
Cohen [28], who, through his method of forcing, showed that the consistency of ZF
is equivalent to the consistency of ZF plus the negation of the continuum hypothesis.
Moreover, his proof could be reformulated to be finitistically acceptable, that is,
PRA - Con(ZF) — Con(ZF + —CH) (see, for instance, Weaver [141] for a discussion
on how set-theoretic forcing can be formalized within weak theories such as Peano
arithmetic).

We will say that a theory T is finitistically reducible if it can be shown, using
finitary methods, that the consistency of 7 can be reduced to that of finitary
mathematics (formalized here by PRA), that is, if PRA  Con(PRA) — Con(T)
(rather than a direct proof PRA | Con(7)). Such a result may be regarded as a
partial realization of Hilbert’s program, since the consistency of finitary mathematics
itself was never in question. And, as noted by Simpson [127], a large part of modern
mathematical practice is finitistically reducible.

The first part of the thesis presents the foundational material necessary to
understand the contributions outlined in the other three. This exposition proceeds
gradually, beginning with the introduction of the weak finitistic theory PRA and
progressively introducing stronger theories, while also introducing the necessary
background material. Along the way, we examine the extent to which each of these
theories is finitistically reducible.

In this first part, all the statements of relative consistency between theories have
been proven by syntactic proofs: they proceed by showing that a contradiction derived
in a stronger theory can be transformed into a contradiction in a weaker one (such
as PRA in the case of proofs of finitistic reducibility). Moreover, such proofs often
yield a stronger result: not only can proofs of contradictions be transformed, but also
proofs of a broader class of statements, thereby proving the conservation of the strong
theory over the weak one for these statements.

The culminating result of this first part is the fact that a rather strong theory
of second-order arithmetic, called WKL, is finitistically reducible. This theory
corresponds exactly to the strength needed to do most semantic proofs of relative
consistency: if a weak theory is consistent, then it has a model (by Godel’s
completeness theorem, provable in WKL), and we can then transform this model into
one of a stronger theory, thereby proving its consistency. Similarly, such semantic
proofs can also yield partial conservation results, when some properties of the old
model are preserved in the new one.

For that reason, in the remaining parts of this thesis, all the proofs of relative
consistency, partial conservation, and non-implications will be done using semantic
proof techniques, which explains why we will not go into the details of the syntactic
proofs of the first part.

2.2 Primitive recursive arithmetic

Hilbert drew the line between finitary and infinitary mathematics at the use of
quantifiers on an unrestricted domain:

2More precisely, no such computable theory exists. This computability requirement is typically
implicit when seeking a workable formal theory; examples of non-computable theories will appear in
Chapter 4.



2.2. PRIMITIVE RECURSIVE ARITHMETIC 23

Now, where do we first depart from the concrete intuitive and from the finite?
Obviously, already with the application of the concepts ’all’ and ’there exists’.
(Hilbert, D. (1923), Die logischen Grundlagen der Mathematik. (Ewald, Trans.))

This restriction may seem too harsh, but, surprisingly, Skolem’s theory of Primitive
Recursive Arithmetic (PRA) [131] demonstrated that a significant portion of what is
known about the natural numbers can be formalized without the use of the existential
and universal quantifiers.

To still be able to make non-trivial statements about the integers (i.e., statements
whose truth cannot just be checked by a computation, unlike simple identities such
as 2 + 3 = 3 + 2), PRA treats formulas like z + y = y + 2 as implicitly universally
quantified. Philosophically, the formula = + y = y + & can be seen as a statement
about two arbitrary numbers x and y, whereas the universally quantified formula
VaVy(z + y = y + x) is seen as an infinite conjunction over all possible values of x
and y. This distinction makes the former acceptable within a finitistic framework,
but not necessarily the latter. However, in first-order logic, due to the rules of
universal generalization and instantiation, both formulas effectively express the same
proposition (in an empty context where nothing is assumed about x and y, which
makes them truly arbitrary).

2.2.1 Primitive recursive functions

The theory PRA is based on a subclass of computable functions known as the primitive
recursive functions. These are the functions whose inductive definitions make them
obviously computable and total (roughly speaking, another way to view them is as
functions computed by programs that use only “for” loops for iteration). For a detailed
explanation of why these functions are considered the “finitistic” ones, see Tait [137].

Definition 2.2.1 (Primitive recursive function). A primitive recursive function is a
function from N* to N for some k € N that belongs to the class defined inductively as
follows:

e The constant 0 is primitive recursive.
e The successor function, succ : N — N, is primitive recursive.

o The projections p? : N — N, (xq,...,Z,—1) — x; are primitive recursive for
every i,n € N with ¢ < n.

o If f is an m-ary primitive recursive function and gy, . .., gn—1 are m-ary primitive
recursive functions, then & — f(go(Z),...,gn—1(Z)) is an m-ary primitive
recursive function.

e If f and g are respectively n-ary and n + 2-ary primitive recursive functions,
then h : N**! — N, defined by:

- h(07$07 QK 7xn71) = f(x()w o 'wrnfl)
- h(y+ ].,LUQ,...,In_l) = g(ya h(y7x07--'axn—l)ax07"'7xn—1)

is primitive recursive.

Definition 2.2.2. A relation on N™ is said to be primitive recursive, if the function
N" — {0, 1} corresponding to its graph is primitive recursive. Similarly, a subset of N
is primitive recursive if its characteristic function is primitive recursive.

Proposition 2.2.3. The following functions are primitive recursive:
e addition, multiplication, exponentiation, tetration, . ...

o The function that, given an index e of a program in some formalism (such as
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Turing machine) and an integer s, outputs 1 if the program halts within s steps
of computation and 0 otherwise.

One way to obtain a computable total function that is not primitive recursive is by
diagonalization: we can computably obtain a list of all primitive recursive functions
Pe : N — N and consider a function f by letting f(e) = maxe<epe(€) + 1. By
definition, f eventually outgrows every primitive recursive function and thus cannot
be itself primitive recursive. This diagonalization method is essentially the way
the Ackermann function is defined, so that it outgrows additions, multiplications,
exponentiations, tetrations, ....

Why are the functions obtained by this diagonalization method not considered
“finitistic” 7 After all, if the primitive recursive functions are obviously total and
computable, then diagonalizing over them should also yield a function that is again
obviously total and computable. Tait addresses this issue by observing that “the
notion of a finitist function is not finitist”, since the notion of a function is itself
not finitist (a finitist cannot talk about functions, he can only manipulate some
expressions involving some unbound parameters that we view as functions from a
nonfinitist viewpoint). Rather, what Tait is trying to accomplish is to “characterize
the finitist functions and finitist proofs from a nonfinitist standpoint”: while a
finitist may accept any given inductive definition of a primitive recursive function
as meaningful, the collection of all such functions (or an effective enumeration of
them) is not something the finitist can meaningfully grasp, hence a function whose
definition uses this collection is not considered “finitistic”.

2.2.2 PRA

Similarly, the theory PRA described below is a formalization of finitary mathematics,
but it should be noted that this formalization is not itself carried out from a finitistic
perspective: a finitist would accept every proof made within PRA, yet they would
not view the theory PRA itself as something finitistically meaningful. This justifies
why the theory PRA is allowed to have a language with infinitely many symbols (one
for every primitive recursive function) and to have infinitely many axioms: all that
matters is that every proof made in PRA uses finitely many of them.

Definition 2.2.4 ((quantifier-free) PRA (see Avigad [5, Chapter 9])). The language
of PRA includes one function symbol for every description of a primitive recursive
function (there may be several ways to define the same primitive recursive function
starting from the basic functions and using composition and primitive recursion;
we pick a symbol for every such way), the propositional connectives (A, v, —,—),
infinitely many variables, and the equality symbol =. We will use symbols like +
and x to denote the function symbols corresponding to their standard descriptions as
primitive recursive functions.

The terms are obtained inductively using the variables and function symbols (e.g., x,
succ(0), p3(z,y,0), * +y, ...). For every n € N, we write n as a shorthand for the
term succ(suce(. .. suce(0) ...)) with n iterations of succ.

The axioms of PRA are given by:

1. =(succ(x) = 0)
2. pM(xo,...,2n—1) = x; for every n and every i <n

3. h(xo, oee ,Z‘m_l) = f(go(.fl“,o7 caey I‘m_l), cee ,gn_l(l'(), v ,xm—l)) if h was defined
as the composition of f and the g;.

4. h(0,zq,...,xp—1) = flxoy...,xn—1) and h(succ(y),xo,...,Tn-1) =
9(y, h(y, o, ..., Tp-1),Z0,...,Zn—1) if h was defined from f and g by
primitive recursion.

5. The tautologies of intuitionistic propositional calculus.
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We assume that the axioms are closed under substitution, i.e., that the free variables
in their formulation can be replaced by any terms.

Finally, we also add the quantifier-free induction rule stating that, from A(0) and
A(z) — A(succ(z)) we can deduce A(t) for any term ¢ Using a small trick, this
deduction rule can in fact be replaced by axioms expressing the fact that we have
induction in a quantifier-free way (see, e.g., Avigad [5, Section 9.4]).

The theory PRA is sufficiently strong to formalize all the basic syntactic
proof-theoretic arguments. Indeed, all the standard encodings of propositions
and proofs (e.g., Godel numbering " - "), and the various operations on them
(renaming of variables, composition of proofs..) are given by primitive recursive
functions. Thus, PRA is able to formulate statements about itself. For example,
there exists a primitive recursive function Prpra(z,y) that is equal to 1 when x is
the encoding of a proof of the formula encoded by y in PRA and 0 otherwise. The
consistency of PRA can then be expressed by the formula (with one free parameter
x) Con(PRA) := Prpra(x,'0 = 1") = 0. By Godel’s second incompleteness theorem,
it follows that PRA does not prove its own consistency: PRA £ Con(PRA).

Whether PRA is based on classical or intuitionistic propositional calculus is
inconsequential, since the resulting theories coincide, as demonstrated by the following
result:

Proposition 2.2.5 (see, e.g., Avigad [5, Proposition 9.1.4]). For every formula A in
the language of PRA, PRAF A v —A.

Therefore, from this point onward, we will freely use the excluded middle in our
proofs. Including it as axioms allows for shorter proofs. Indeed, A v —A can then
be derived in a single line for every formula A, whereas without it, several steps are
required. That said, the gap between those two systems is not that significant: by
analyzing the proof of the preceding proposition, we obtain proofs in PRA of A v —A
whose size (i.e., total number of symbols used) is bounded by a polynomial in the size
of A.

Now that we have identified a theory corresponding to finitary mathematics, we
can begin to compare its strength with more powerful infinitary theories. As a first
step, we can extend the language of PRA by introducing quantifiers, thereby crossing
into the realm of infinitary mathematics. This will be done in the next chapter, which
introduces first-order arithmetic and examines the relative strength of several of its
theories, both among themselves and in comparison to PRA.
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Chapter 3

First-order arithmetic and
fragments

Bounded quantifiers are quantifiers of the form Yz < b ¢(x) or 3z < b ¢(x) where
b is a term not containing the variable . These are often defined using unbounded
quantifiers by letting Vo < b ¢(z) be shorthand for Vz(x < b — ¢(x)) and 3z < b ¢(z)
be shorthand for 3z(z < b A p(z)). Despite this, their use was not seen by Hilbert as
problematic from a finitistic viewpoint, as they can be seen as finite conjunctions or
disjunctions:

The assertion that all the objects of a finite existing surveyable totality possess a
particular property is logically equivalent to a conjunction of several individual
assertions,

Hilbert, D. (1928), Die logischen Grundlagen der Mathematik. (Ewald, Trans.)

And indeed, PRA can simulate the use of bounded quantifiers: if ¢(z,¥) defines
a primitive recursive relation and if b is a term not containing the variable x, then
Jz < b ¢(x,%) and Yz < b ¢(x, ) are primitive recursive relations, and there exist
formulas in the language of PRA that serve the same purpose. Thus, from now on,
we allow the use of bounded quantifiers in PRA proofs. A formula where all the
quantifiers are bounded is said to be a bounded formula.

For unbounded quantifiers, we have to extend the language of PRA. The resulting
theory, which we will call first-order PRA, has the same axioms as the quantifier-free
version of PRA (except that we can now take their universal closure: Yo —(succ(z) =
0) instead of —(succ(x) = 0).., which dispenses with the need to close them under
substitution) but in an extended language with quantifiers (and the corresponding
rules of first-order logic to handle them).

First-order PRA is still a weak theory, as even in this extended language, we
only have induction for quantifier-free formulas (or bounded formulas, by our above
remark). The theory of Peano arithmetic (PA) can be seen as the extension of first-
order PRA obtained by adding the induction scheme for all first-order formulas (also
called arithmetical formulas). Below PA, we can consider several subtheories, called
fragments, forming hierarchies measuring the amount of induction at our disposal.

3.1 Arithmetical hierarchy

The standard way to measure the complexity of a formula in first-order arithmetic is
via the arithmetical hierarchy. At its base are the simplest formulas, which contain
only bounded quantifiers. Then, the more we alternate between existential and
universal quantifiers to express the formula, the more complicated it is. In Chapter 4,
we will see how the arithmetical hierarchy is closely connected to concepts from
computability theory.
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Definition 3.1.1 (X,- and II,,-formulas). We define inductively the classes 3, and
II,, of formulas for n an integer:

e The classes Xy and IIy are equal and correspond to first-order formulas where
all the quantifiers are bounded (e.g., Ve <7y <z 2xy=2v2xy+1==x)

o If pis X, then VzoVry ... Var_1p(Z) is a II,,41-formula for every k € N. If ¢ is
I1,,, then 3z¢3x; ... a1 (Z) is a X, 1-formula for every k € N.

Example 3.1.2. e The property of being a prime number is expressible by a
Yo-formula: prime(z) ==z > 1A Vy<aVz <z (y+2)(z +2) # x)

e The primitive recursive relations are exactly those definable by a ¥g-formula.

o The Goldbach conjecture is a IIy-statement: Y23y < 2z+4 prime(y) A prime(2z+

4 —vy).
o The twin prime conjecture is a Ilo-statement: Ya3y y > x A prime(y) A prime(y +
2).

e For every formula ¢, the statement that there exists a proof of ¢ in PRA, PA,
ZFC..., is ¥.

With this definition, not every first-order formula falls into the 3, or II,, classes
for some n, as only the formulas in prenex normal form (with the quantifiers moved
to the front) are classified. Nevertheless, classical first-order logic is sufficient to show
that any formula is equivalent to one in prenex normal form. For convenience, we will
sometimes abuse notation and refer to a formula as being ¥,, or II,, when it is clear
how to rewrite it in prenex normal form (e.g., given a X,-formula ¢, we may refer
to =@ as being 11, as it is clear how to push the negation inside the quantifiers).
Note that we do not close the classes under logical equivalence, as is sometimes done.
In doing so, we would sacrifice the desirable feature of these classes having a purely
syntactic (and decidable) definition.

Using the existence of a bijection between N¥ and N for every k € N, which
we denote by {ag,...,ax—1y, we can group multiple quantifiers into one, writing
Vxo, ..., xp—1)p(x0,...,xx—1) in place of Vg ... Vap_10(z0o, . . ., k1) (and similarly
for existential quantifiers). Therefore, without loss of generality, we will often assume
that X,- and II,,-formulas consist of exactly n strictly alternating single quantifiers.

3.2 First-order PRA

The following proposition shows that the first-order version of PRA is conservative
over its quantifier-free counterpart. That is, adding quantifiers does not allow us to
prove any new statements in the original, quantifier-free language: every quantifier-
free statement provable in first-order PRA is already provable in quantifier-free PRA.
In particular, if quantifier-free PRA is consistent (i.e., does not prove 0 = 1), then its
first-order extension is also consistent.

In fact, we have a stronger result: for every Ils-statement provable in first-order
PRA (e.g., of the form Vax3yp(x,y) with p(z,y) a Xp-formula), there is a statement
provable in quantifier-free PRA that implies it (of the form ¢(x, f(x)) for f a primitive
recursive function symbol).

Proposition 3.2.1 (see, e.g., [5, Section 9.4]). The first-order version of PRA is
I -conservative over the quantifier-free version of PRA in the following sense: If first-
order PRA proves a formula of the form Y3y, ..., y—10(Z, Yo, - - -, Yk—1), with ¢ a
bounded formula, then there exists primitive recursive function symbols fo,..., fr_1
such that quantifier-free PRA proves o(Z, fo(Z), ..., fr—1(Z)).



3.3. INDUCTION 29

The original techniques introduced by Hilbert to obtain such “quantifier
elimination” results were based on a formalism known as the epsilon calculus.
Today, Gentzen’s method of cut elimination is more commonly used. The preceding
proposition, for instance, can be proved using Herbrand’s theorem, which in turn
can be derived either via cut elimination or from the epsilon theorems of Hilbert
and Bernays. These proof techniques can all be formalized in quantifier-free PRA,
which gives us our first partial realization of Hilbert’s program: the addition of first-
order quantifiers has been finitistically justified, and from now on, we will freely use
first-order PRA in our finitary proofs of Il;-statements.

Nevertheless, transforming proofs via cut elimination and Herbrand’s theorem can
lead to a substantial increase in proof size (up to a tower of exponentials in the size of
the original proof, as shown by Statman [136]). And it was conjectured by Ignjatovic
[66] that the first-order version of PRA yields a non-elementary speedup over the
quantifier-free version, where a function is said to have elementary growth if it can
be bounded by a tower of exponentials of fixed height.

3.3 Induction

Having infinitely many function symbols in a theory of arithmetic is not something
usual and is often cumbersome to work with. Instead, when defining a theory such
as PA, one typically works in a more restricted language, with only 0, succ, + and X
as function symbols (and sometimes < as a relation symbol). Other functions are
then handled by defining relations that represent their graphs in terms of these basic
symbols.

Adopting this restricted language leads to a revised presentation of the
arithmetical hierarchy, in which the base class ¥y = IIy now consists of bounded
formulas using only these function symbols. The relations definable by such formulas
are known as the rudimentary relations and are strictly included in the primitive
recursive relations (see e.g., Salehi [121] for an example of a primitive recursive relation
that is not rudimentary). This modification, however, does not affect the higher
levels of the hierarchy. Indeed, every primitive recursive relation (and even every
computable relation) can be defined by both a ;- and a II;-formula in that restricted
language (as we will see in Chapter 4). Consequently, for all n > 1, the classes of
relations definable by ¥,,- or II,,-formulas remain unchanged. For the remainder of
this thesis, we shall work in this language and with the new definition for the base
class Yo = 1.

Once the graph of a computable function has been defined by both a ;- and a
I1;-formula, its basic computational properties can be established using only those
of suce, + and x, as provided by the theory of Robinson arithmetic (Q) introduced
below. For instance, the graph of the function (x,y) — z¥ can be defined by a Xg-
formula pow(z,y, 2) (see [57, Theorem V.3.15]), and hence also both by a ¥1- and a
IT;-formula. Then, for every n,m,k € N, one can derive either Q + pow(n,m, k) or
Q + —pow(n,m, k), depending on whether n™ is equal to k (where n, m, and k are
shorthand for iterated applications of succ to 0).

Definition 3.3.1 (Robinson arithmetic). The theory of Robinson arithmetic (Q) is
given by the universal closure of

o succ(z) # 0 o =+ succ(y) = suce(x + y)
o succ(x) = succ(y) > x =y
e zx0=0
o z=0v (Jy)succ(y) =z
e z+0=ux o xXxsucc(y) = (zxy)+zx

The ability of Q (and of stronger theories) to prove the outcome of any computation
is captured by the notion of 3;-completeness:
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Definition 3.3.2 (X;-complete). A theory T is said to be Xj-complete if for any
Y1-statement ¢, T ¢ if and only if ¢ is true in N.

The theory Q contains no induction axiom and is too weak to establish even basic
I1; properties of + and x (such as their commutativity and associativity). Hence,
although Q suffices to prove the outcome of any given computation, we will always
extend it with additional axioms to make it a workable theory.

When considering theories without induction, a more natural standalone theory
is the theory PA™, which includes the axioms of Q, as well as the basic algebraic
properties of +, x and < (commutativity and associativity of + and x, distributivity
of x over +, compatibility of + and x with <, and the fact that no element lies strictly
between a number and its successor). Another description of PA™, emphasizing
its purely algebraic content, is its characterization as the axiomatization of the
nonnegative part of discretely ordered rings, where an ordered ring is a commutative
ring together with a linear order compatible with its two operations (a < b and ¢ < d
implies a + ¢ < b+ d and 0 < a,b implies 0 < a x b), discrete means that there is
no element between 0 and 1 and the nonnegative part are the elements of the ring
greater than 0.

We can now consider the following hierarchy of induction schemes. The inclusion
of PA™ (or other weak base theories) in the definition of IT" and of the other schemes
considered in this chapter is purely a matter of notational convenience, as it makes it
possible to work with them as self-contained theories, and not have to write PA™ +IT°
every time.

Definition 3.3.3 (IT'). For ¢(x) a formula (with possibly other free variables), the
induction axiom associated to it is the universal closure of the formula:

(0(0) A Va(p(z) = ¢(z + 1)) = Vep(z)

For T" a class of formulas, we let II' be the axiom scheme comprised of the induction
axiom for every formula in I" together with the axioms of PA™.

Proposition 3.3.4 (Paris and Kirby [107]). For every n € N, IX, is logically
equivalent to 111, (and we will mostly talk about 1%, from now on).

The theory IX is strong enough to prove many properties of pow(z,y, z), such as
the fact that V, yo, y1, 20, 21 pow(z, Yo, 20) A pow(x,y1,21) — pow(x,yo +y1,20 X 21)-
However, defining a function via its graph is different from including a corresponding
function symbol. When a function symbol is part of the language, the totality of
the corresponding function is guaranteed by definition. In contrast, if a function
is defined through its graph, its totality must be proved, and this is not always
achievable within weak theories. For example, 1Zq does not prove the Ily-statement
exp := VaVyIzpow(z,y, z) expressing the totality of the function (z,y) — V.

Fortunately, in stronger theories like PA (which we can now define as .y 121),
the induction at our disposal is sufficient to prove the totality of many functions,
which makes it possible to work with them as if they are part of the language from
the start, and justify the use of a restricted language. In fact, for every primitive
recursive function, 13, is sufficient to prove the totality of the standard algorithm
computing it. As a result, 13, can be viewed as including first-order PRA.

In fact, by the following statement, 13 is finitistically reducible (and, similarly to
Proposition 3.2.1, this statement can be proven in PRA itself). Thus, from now on,
we will freely use ¥1-induction when proving Ils-statements in PRA, and will assume,
when convenient, that we work in a theory using only 0, succ, +, x and < as function
and relation symbols.

Proposition 3.3.5 (see, e.g., Avigad [5, Theorem 10.6.1]). 1X; is IIy-conservative
over PRA.
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I33; admits a non-elementary speedup over PRA, even for II;-formulas. This was
shown by Ignjatovi¢ in his dissertation [66, Theorem 2.9], with a later published
account given by Caldon and Ignjatovié¢ [12]. This further justifies the use of 1%;.

As we will see in Proposition 3.6.5, 13 is already a theory that is not finitistically
reducible (as X5 proves the consistency of PRA, which is a II;-statement that PRA
does not prove).

In Chapter 4, we will introduce the notion of a A,, set as one that is definable by
both a ¥,- and a II,,-formula. This is purely a semantic notion, as such equivalences
are undecidable in general, hence we will not speak of A, -formulas. Nevertheless, we
will sometimes say that a given property or a given set is provably A, in a theory
T when 7T is able to prove the equivalence: for instance, in I¥; the provably A; sets
coincide exactly with the primitive recursive sets by Proposition 3.3.5. This is also
not to be confused with the notion of a A,, set inside a specific structure, which we
will introduce in Chapter 9.

Definition 3.3.6 (IA,). For n € N, the A,-induction scheme (IA,) is the theory
comprised of PA™ together with, for every 3,,- and IL,,-formulas ¢(z) and ¢ (x) (with
possibly other free variables), the universal closure of the following axiom:

(Vap(z) < ¢(x)) = 0(0) A (Vap(z) = ¢(z + 1)) = Vop(z)

3.4 Collection

Other natural classes of first-order statements to consider are the collection schemes.
They correspond to the axiomatic power needed to uniformly bound a finite number
of existential witnesses.

Definition 3.4.1. For ¢(z,y) a formula (with possibly other free variables), the
collection axiom associated to it is the universal closure of the formula:

Vn[(Vaz < nJye(z,y)) — IV < ny < bp(z,y)]

For I a class of formulas, we let BI' be the axiom scheme comprised of the collection
axiom for every formula in I" together with the axioms of 1Xg.

A conjunction or disjunction of ¥,- (resp. IIL,-) formulas is logically equivalent
to a 3~ (resp. II,-) formula. The following result shows that, assuming BY,,, we
can add bounded quantifications in front of a 3,- (resp. II,-) formula and obtain a
formula that is still equivalent to a X,,- (resp. II,-) formula.

Proposition 3.4.2 (Parsons [109]). Let ¢ be 3, and ¢ be I1,,, then BX,, proves that
Ve < yp and Iz <y are equivalent to a ¥,- and a 11, -formula, respectively.

Proposition 3.4.3 (Kirby and Paris [107]). For every n € N,

e BX, 11 and BIIL, are logically equivalent. In particular BX, is equivalent to
BII, = BXy.

o X, 41 implies BX,, 11, which itself implies 1%, and the converse implications do
not hold.

The following result relates the collection and induction schemes. The assumption
that the exponential function is total (which was denoted by exp) is only relevant in
the case n = 1 as both BY,, and IA,, prove it when n > 2. It remains open, however,
whether this assumption can be removed entirely.

Proposition 3.4.4 (Slaman [132]). For every n > 0, BX,, is equivalent to 1A,, under
the assumption that the exponential function is total.



32 CHAPTER 3. FIRST-ORDER ARITHMETIC AND FRAGMENTS

The case n = 1 of the following statement yields another conservation result: BX,
is II3-conservative over 131, hence, by Proposition 3.3.5, it is IIs-conservative over
PRA.

Proposition 3.4.5 (Paris [106] see, e.g., [57, Theorem IV.1.59]). For every n € N,
BY,, 41 s Il 19-conservative over 13%,,.

By Kolodziejezyk, Wong, and Yokoyama [78, Theorem 4.9], for every n > 1, every
proof of a I1,, ; o-statement in BX,, 1 can be translated to a proof in 13,, with at most
a polynomial increase in size. A similar result also holds for n = 0 but requires the
inclusion of exp in the theories.

These results were independently discovered by Fedor Pakhomov (personal
communication from Kolodziejczyk), with an argument that appears to remove the
need for the inclusion of exp in the case n = 0.

3.5 Bounded comprehension

The theory PRA is strong enough to handle encodings of finite sets via integers.
For instance, the relation x €4.¢ y, which holds precisely when the z-th bit in the
binary expansion of y is 1, is a primitive recursive relation and can even be defined
by a ¥p-formula, using the Xg-formula pow(z,y,2). One can then define the usual
operations on such encodings, such as taking unions, computing cardinalities, or
removing elements. Moreover, PRA proves the basic properties of these finite sets,
such as the finite pigeonhole principle.

However, PRA does not in general prove the existence of a finite set defined by
an arbitrary arithmetical formula. This motivates the consideration of the following
hierarchies of statements:

Definition 3.5.1 (BCT'). For ¢(x) a formula (with possibly other free variables), the
bounded comprehension axiom associated to it is the universal closure of the formula:

VEINYY(Y €ack 1 < (y <t A (y)))

For I' a class of formulas, we let BCI' be the axiom scheme comprised of the bounded
comprehension axiom for every formula in I" together with the axioms of PA™.

For n € N, the A,, bounded comprehension scheme (BCA,) is the theory comprised
of PA™ together with, for every X,,- and IL,-formulas ¢(x) and ¢(x) (with possibly
other free variables), the universal closure of the following axiom:

(Vop(z) < P(x)) — VEInVY(y €ack m < (¥ <t A ©(y)))

This leads to the following equivalences between bounded comprehension schemes
and the various levels of the induction hierarchy.

Proposition 3.5.2 (See e.g., Hijek and Pudlék [57]). For every n € N,
« 15 + exp - BCY,, < BCIL, < IS,
o 13y +exphk 1A, & BCA,

3.6 Well-foundedness

Another important hierarchy of statements that will feature prominently in this
thesis concerns the well-foundedness of certain ordinals. Developing a general theory
of ordinals requires strong set-theoretic axioms that are not finitistically available.
Even when restricted to countable ordinals, substantial axiomatic strength is needed:
as Simpson [128] observed, “ATR( is the weakest set of axioms which permits the
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development of a decent theory of countable ordinals”, where ATRy is a strong theory
of second-order arithmetic (see Chapter 5). Fortunately, for our purposes, developing
a general theory of countable ordinals is not required.

A linear order is said to be well-founded (or well-ordered) if it contains no
infinite decreasing sequences (or, equivalently, if every non-empty subset has a least
element). The general theory of ordinals investigates such orders through order-
preserving functions, aiming to classify and compare them. Ordinals are usually
defined either as equivalence classes under order-preserving bijections, or by picking
some representative of these classes, where the set membership relation € is the order
relation. The ordinals themselves can then be linearly ordered, depending on whether
they can be embedded into each other by an order-preserving function.

Here, as we do not have at our disposal the tools to prove the basic properties
of this equivalence relation, or to define those sets, we will go in a different direction
with the use of ordinal notations.

An ordinal notation is a way to encode a set of ordinals with natural numbers, so
that the set of codes and the induced order relation between them are computable
(and even primitive recursive in our case). Here, we will only consider a notation for
ordinals below the ordinal g9 (where ¢ is defined as the first solution to the equation
w® = « or, equivalently, as the supremum of the sequence (wy,)nen, Where w,, = w}
and the wyy are defined inductively by letting wg := o and wg,, := w*n for a < gg).
Our notation will be based on the Cantor normal form theorem, which can be used to
represent ordinals below ¢( as trees. Another desirable feature of this notation is the
fact that the basic ordinal operations on the codes, such as addition, multiplication,
exponentiation will be computable (and even primitive recursive).

We will then study the logical strength of the statement asserting the well-
foundedness of the induced ordering.

Theorem 3.6.1 (Cantor normal form). For every ordinal «, there exists a finite
sequence By < -+ < Br—1 of ordinals and a finite sequence ng,...,nx—1 € N\{0} of
integers such that:

a = wPF-1 x nk_1+'--+wﬁ° X N

This expression is called the Cantor normal form of «, and it is unique.

For an ordinal o smaller than eg, the coefficients 3; in its Cantor normal form are
strictly smaller than «, and we can inductively replace them by their own Cantor
normal form to express a using only integers, w, ordinal addition, multiplication, and
exponentiation (e.g., w®”X3+@ x3+w » 4 4 (@ x8+1 x 6 4 17). Thus, every ordinal
below €¢ can be written this way using a finite number of symbols, hence can be
encoded by some integer.

The statement asserting the well-foundedness of a countable order is a second-
order statement, as it quantifies over all the possible sequences of elements of that
order. Here, we consider a restricted version of that statement, which quantifies only
over sequences that are X;. More precisely, a ¥, sequence refers to a total function
f : N — N whose graph {(z, f(x)) : € N} is encoded by a X;-formula Isp(x,y, s)
which holds exactly when y = f(z). Since f is total, its graph can equivalently
be given by a IIj-formula, namely VsVa' 2’ # = — —p(2',y,s). As we will see in
Chapter 5, the second-order version will be of similar strength.

Definition 3.6.2 (WF(«)). For every o < €9, let WF(a) be the statement that there
is no infinite decreasing 1 sequence of ordinals smaller than «

The statement WF(«) is a II3-statement for every ordinal a < eq. It is clear that
if & > 3, then PRA - WF(a) —» WF(p).

The following result, due to Gentzen, may be viewed as a partial realization of
Hilbert’s program and is the foundational result of ordinal analysis, a field of logic that
assigns to every theory an ordinal measuring its proof-theoretic strength. Although
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Godel’s incompleteness theorem shows that PA cannot prove its own consistency (and
in particular that PRA £ Con(PA)), the system PRA+WF(eg) is able to prove Con(PA).
Consequently, PA itself cannot prove WF(eg).

Theorem 3.6.3 (Gentzen [49]). PRA + WF(go) - Con(PA).
More generally, an analysis of Gentzen’s proof yields PRA + WF(wy,+1) — Con(1X,,).

In particular, PRA +WF(w*) I Con(IX;), which is a II;-statement not provable in
I3 by Godel’s incompleteness theorem, hence PRA + WF(w®) is not II;-conservative
over PRA and is not finitistically reducible.

The following result, due to Kreuzer and Yokoyama, shows that WF(w®) is
equivalent to several other well-studied fragments of first-order arithmetic.

Proposition 3.6.4 (Kreuzer and Yokoyama [84, Theorem 5]). Over 1%y, the following
are equivalent,

. WF(w®)

o The totality of all the functions defined by the same scheme as the Ackermann
function (from a total function f : N — N, we define Ay : N> > N by A;(0,n) =
f(n), Ap(m +1,0) = A¢(m,1) and Ay(m + 1,n + 1) = Ag(m,Ar(m + 1,n)).
The Ackermann function is simply the case where f is the successor operation).

o BME, (which will be introduced in a second-order form in Chapter 10)

o P31, which is the scheme comprised of PA™, together with, for every X1 -formula
o(x,y) (with possibly other free variables), the universal closure of the axioms
stating that: if o(x,y) encodes a partial function, then for every k € N, there
exists a sequence (s;)i<k of integers, such that, for every i <k, if o(x,y) holds
for some x < s;, then necessarily y < s;4+1-

However, these equivalences do not generalize well to other ordinals of the form
wy, for n > 2. The scheme PY,,, which generalizes PY; to all ¥, -formulas p(z,y),
lies strictly between 13,41 and 13,, while being incomparable with BY,, 1, and, by
the following proposition, even PRA + WF(eg) is not strong enough to prove 1¥5 (and
hence PX5). Thus, the theories PRA + WF(«) are of peculiar strength: they are able
to prove the consistency of certain strong theories of arithmetic, yet are not able to
establish the truth of their axioms.

Proposition 3.6.5 (See e.g., [57, Theorem I1.3.18 and Theorem IV.1.33]).

e For every n,k € N, IZ,, = WF(wF), in particular, 159 - WF(w®) and the IZ,
are not finitistically reducible for n > 1.

o If ¢ is a lI3-formula consistent with BXs, then BXs + ¢ £ 1X5. In particular,
PRA + WF(gg) t£ 1Xs.

Now that we have defined several hierarchies of fragments of first-order arithmetic,
we will see in the next chapter various connections between the arithmetical hierarchy
and computability-theoretic notions. These connections make it easier to work
with arithmetical formulas by relating them to more intuitive concepts, such as the
termination of an algorithm. They also provide a general form for X,- and II,-
formulas, which allows us to establish the existence of universal X,,- and II,,-formulas,
respectively, and deduce that the theories 1%, BY,, 11, and 1% + WF(w,,) are in fact
finitely axiomatizable for n > 0.



Chapter 4
Computability

Among the infinite objects studied by mathematicians, not all are equally problematic.
Even setting aside the very large sizes of infinity studied by set theorists, there is
already a distinction to be made between the different subsets of N. Indeed, some
of these subsets can be completely described as consisting of the integers satisfying
a simple property expressible with a finite number of symbols. In such cases, it is
not entirely clear what is gained by treating them as completed entities, rather than
simply replacing their use by their finite definition (i.e., saying “let n be such that
©(n)” instead of saying “let n € X”). In contrast, other subsets cannot be defined by
a finite number of symbols, and the question of what it means for such sets to “exist”
raises deep philosophical concerns.

In the next chapter, we will see that some set existence axioms are indeed
finitistically reducible. ~This chapter introduces the tools and definitions from
computability theory which will be used to establish those results, by classifying
sets based on their computability-theoretic content.

We will not go into detail on how to formalize what is an algorithm. In line
with the Church-Turing thesis, we assume that our intuitive notion of what can be
computed can be formalized, and that all algorithmic procedures described using
natural language in this thesis could also be expressed using Turing machines,
lambda calculus, or any other Turing-complete formalism.

The following facts and notations will be useful in our subsequent descriptions of
algorithms:

e We regard all computable functions as being partial functions from N to N, or
equivalently as partial functions from {0,1}<N to {0,1}<N, where A<N denotes
the set of finite sequences of elements of A (we also introduce the notation A<"
and AS™ for sequences of elements of A of length < n and < n, respectively).
For functions taking more than one parameter as input, or a different type of
data, we rely on the fact that such inputs can be computably encoded as a
single natural number. On a given input, an algorithm either halts and returns
an integer, or never halts and the corresponding function is undefined for that
input.

o There exists an enumeration (®.)cen containing all the computable functions
and such that this enumeration is effective, in the sense that there exists some
computable function ® (hence belonging to the list) such that ®({e, x)) is equal
to ®.(x) (and is undefined if ®.(z) is). The index e is said to be the Turing
index of ®,.

e We write ®.(z)| to specify that ®. halts on input x, and we write ®.(x)| =
v to specify that it halts and returns v. Conversely, we write ®.(z)? if the
computation never halts.

35
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e We assume that our formal model allows a computation to be broken down
into a sequence of discrete steps, and we write ®.(x)[s] for the result of the
computation after s steps (we write ®.(z)[s]| or ®.(x)[s]? to specify whether
the computation has already halted after those s steps).

o The function defined by (e,z,s) — 0 if ®.(z)[s]? and (e,z,s) — v + 1 if
. (x)[s]| = v can be assumed to be primitive recursive.

Definition 4.0.1 (computable set). A set X is said to be computable if its
characteristic function is computable.

A set X is said to be computably enumerable (or c.e.) if X = W,, for some Turing
index e, where W, is the domain of ®,.

Thus, a set X is computable if there exists an algorithm that takes an integer n
as input, and answers whether n is in X or not. A set X is computably enumerable
if there is an algorithm that takes an integer n as input, and only halts if n is in X.

Proposition 4.0.2. A set X < N is computable if and only if X and its complement
N\X are computably enumerable.

Contrary to what its name suggests, computability theory is mainly concerned
with what is not computable. The field examines mathematical objects and theorems
through the lens of their computational content, and from this point of view, the
computable cases are seen as trivial. In the next section, we will see how to compare
the computational content of subsets of N.

4.1 Relativized computability and arithmetical sets

The notion of a computable function can be relativized to define computation relative
to a given set A, called the oracle. In this context, it is assumed that the computation
has access to all the bits of A (for example, by adding another tape to a Turing
machine with A written on it, or in lambda calculus by including the characteristic
function of A as a primitive in the language). We can then talk about A-computable
functions, consider @f, the e-th such function and define Wg“ as the A-c.e. sets...
More generally, this relativization can be done in a uniform manner, and there exists
a computable list (®X).cy of the so-called Turing functionals, where the oracle X is
seen as a parameter. For example, we can consider the code e of the functional ®X
that searches the first element of a given set X and outputs it if there is one.

Since every computation that halts does so in a finite number of steps, the result
of it only depends on a finite number of bits in the set A. We can also assume that in
s steps of computation, we only have access to the first s elements of A. This gives
Proposition 4.1.1, which can be seen as stating the continuity of the total functionals
on the Cantor space {0, 1} (for the product topology). We first introduce notation
for working with finite sets and finite binary sequences.

By abuse of notation, we identify subsets of N, infinite binary sequences, and
functions from N to {0, 1}. We will also make use of set-theoretic notations, writing k
for the set {0, ...,k —1}. Thus, 2V denotes the Cantor space and 2" the set of binary
sequences of length n. For finite subsets E € N (which we denote E C¢;, N), the
link with finite binary sequences is less direct, since two sequences that differ only by
trailing zeros represent the same set.

We will often view finite sets and finite binary sequences as approximations of
infinite sets. For this reason, both notations have their own purpose: finite subsets
contain only positive information about which elements belong to the infinite set,
whereas finite binary sequences contain both positive and negative information about
which elements do or do not belong to the set.

We write 0 < 7 for the prefix relation between two binary sequences (finite or
infinite). |o| will denote the length of a sequence o and card E will denote the
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cardinality of the set E. For k € N, we write olk for the sequence o restricted
to the domain {0,...,k—1}. We will abuse notation and often write ¢ € E (meaning
that o(i) = 1 implies i € E for every i < |o]|), Elk (for En{0,...,k —1}) and E(7)
(equal to 1 if i € E and 0 otherwise).

Proposition 4.1.1 (use property). Let A € N and z,e,v € N. If ®2(2)[s]| = v,
then for every B € N with Als = Bls, ®B(z)] = v.

Another consequence is that it is not necessary to specify all the bits of the oracle.
For a finite binary sequence o, we define ®¢ to be the computation that behaves like
@4 for any set A C N extending o (i.e., with o < A) up to the |o|-th step, and if the
computation has not halted at the |o|-th step, ®¢ enters an infinite loop.

This relativization of the notion of computability allows us to compare sets by the
amount of information they contain.

Definition 4.1.2 (Turing reducibility). For A,B < N, we say that A is Turing-
reducible to B and we write A <p B if A is B-computable.

The structure (P(N),<r) is a preorder. One may then define the equivalence
relation =7 (Turing equivalence) by letting A =r B if A <r B and B <7 A. An
equivalence class for = is called a Turing degree and we let D be the set of all Turing
degrees. By construction, < is compatible with the quotient by =p. The resulting
order (D, <r) is a join-semilattice, with minimal element 0, the degree of ¢, i.e., the
class containing exactly the computable sets, and with join @ induced by the following
operation on sets (which is compatible with =7).

Definition 4.1.3 (join). For A, B € N, we define A @ B, the join of A and B, to be
theset 2Au (2B+1)={2n:ne Alu{2n+1:ne B}.

The join operator as defined here is not associative, but we can easily compute
(A®B)®C from A® (B® () and vice versa, thus we will abuse notation and write
Ay @@ Ay, for the join of n sets.

Proposition 4.1.4. For A,B,C,D € N, if A=r B and C =r D, then A®C =¢
B® D, thus @ can be defined for degrees.

We will also talk of the join of Ag, A1,--- € N, an infinite countable family of
sets and define it to be the set @, . An := {{(k,n) : k € A,}. However, it should be
noted that this definition cannot be applied to degrees: if By, By, -+ N is another
infinite family with A,, =7 B, for every n € N, then @,y An is not necessarily
Turing equivalent to @,,. Bn. In fact, (D,<r) is not complete in a strong sense:
by Spector [135], every countable increasing sequence of degrees has no least upper
bound.

Definition 4.1.5 (Turing jump). For A € N, let A’ = {e : ®%(e)|} be its Turing
jump (also called the halting set relativized to A).

A’is an A-c.e. set, and we define, for each s € N, A'[s] = {e : ®7}(e)[s]l}, its A-c.e.
approximation. We have A’[0] < A'[1] < ..., and A" = |J,.y A'[s]. The modulus of
A’ is the function p : N — N which sends x € N to the first integer s € N such that
A'ls]te = A |x.

Proposition 4.1.6. For every set A, B < N:

o A <r A in a uniform manner: there exists some index e such that for every set
C, ®" is the characteristic function of C.

o A" L7 A (undecidability of the halting problem, relativized to any set A)
o Let pu: N — N be the modulus of A’, and let f : N — N be such that u(n) < f(n)
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for every n € N (that is, f dominates u). Then A® f =>r A’.

o If A<y B, then A’ <t B’, hence we can define the jump A’ of a degree d to be
the degree of the jump of any of its elements.

o A =W2A, for some Turing index e (which does not depend on A).

We write A for the iterated Turing jumps of a set A (i.e., A®) = A and
At — A(”)I), and similarly for degrees. We can continue iterating the jump
operator into the transfinite by letting A®) := D en A™M Tt should be noted that
the degree of A“) is not the least upper bound of the degrees of the A for n e N
(A set can compute A™) for every n € N, but may not compute A if the A™) are
not computed in a uniform manner).

Let A, B < N be such that B is A’-computable. Then there exists an index ¢ € N
such that ®4'(x)| = B(x) for every z € N. For every s € N, define B, = {z <

s ool (x)[s]{ = 1}. The sequence (Bs)sen is A-computable and satisfies that
lim,_,, Bs(x) exists and is equal to B(x) for every x € N.

Indeed, let z be the modulus of A’ and fix # € N. Since ®4 ()|, there exists
y € N such that @?/Ty(x)l and, since A'[s]ly = A’ly for every s = u(y), we have

o1l (x)[s]} = B(z) for every sufficiently large s. From this, we obtain the following
result, which connects computations relative to the jump of a set with computations
in the limit.

Proposition 4.1.7 (Shoenfield’s limit Lemma). Let A € N. A set B is A'-
computable if and only if there exists an A-computable function g : N> — N such
that lim, o, g(n, x) exists for every x € N and is equal to B(x).

We now have sufficient background to classify the sets defined by arithmetical
formulas in terms of computable sets and repeated applications of the jump operator.

To the syntactical notion of a ¥,- or IL,-formula, we associate the semantical
notion of a ¥, or II,, set.

Definition 4.1.8 (arithmetical,, II,, and A, sets). Let ¢(x) be an arithmetical
formula with « its only free variable, and let X = {n : ¢(n)}. The set X is said to be
arithmetical.

If p is a X~ (resp. II,-) formula, then X is also said to be X, (resp. II,,).

A set X < N is said to be A, if it is both ¥,, and IL,.

The notion of a A,, set has no syntactical equivalent, as the equivalence between a
¥,- and a II,,-formula is not a syntactic property (and in fact not even decidable). The
following central theorem of computability theory relates the levels of the arithmetical
hierarchy to iterations of the Turing jump. The level n = 1 is due to Kleene [76]
building on the work of Godel [51].

Theorem 4.1.9 (Post’s theorem [116]). Let A € N and n > 0. Then, the following
hold:

o Ais A, if and only if A <p g1
o Ais Y, if and only if A is @D _c.e.

One consequence of this theorem and the existence of a computable list of all the
computable functions, is the existence, for every n > 1, of a universal X,-formula
(here the word universal does not refer to universal quantifiers, but rather to the fact
that the formula is universal among the other X, -formulas), i.e., a 3,-formula ()
such that PRA proves that for every other ¥,-formula ¢(y) there exists an index
e € N such that ¢ (y) is equivalent to ¢({e,y)). Similarly, by taking its negation, we
also obtain a universal II,-formula. See Hajek and Pudlék [57, I.1] for an explicit
construction of such formulas.
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Using this universal X, -formula, we obtain that the theories
1%, 0, 1A, +1,BE,,+1,BIl, and 1¥; + WF(«) are all finitely axiomatizable for
n > 0 (as they all contain PRA and thus prove the existence of this universal
formula). More precisely, for every n > 0, 12, and 1A, can be axiomatized by a
single II,, 1 o-formula and BX,, ;1 by a single II,, ; 3-formula.

A general phenomenon in computability theory is the ability to relativize a given
result. For a fixed set A, almost all results remain valid when every occurrence of
“computable” is replaced by “computable with oracle A”. In Chapter 5, we will
likewise relativize the arithmetical hierarchy by allowing set parameters to appear in
formulas. The relativization of Post’s theorem will give us a characterization of the
X =1_computable sets and the X" D_c.e. sets in terms of formulas with X as a
parameter.

4.2 PA degrees

By Godel’s first incompleteness theorem, no complete extension (or completion) of
PA™ is computable. The canonical example of such a theory is the theory of true
arithmetic, that is, the set of all first-order sentences satisfied by the structure
(N, 0, suce, +, x,<). This theory is far from being computable, as it is Turing
equivalent to ). Nevertheless, there exist completions that are computationally
less complex. In this section, we investigate the exact computable strength needed
to produce a complete extension of PA™ and of other stronger systems such as PA or
ZFC.

Definition 4.2.1 (PA degree). A degree d is a PA degree if it computes a complete
extension of PA.

We can represent all the possible completions of a computable theory 7T as the
infinite paths of some computable infinite binary tree T. The idea is to make every
level n of our tree represent a choice: do we take the n-th formula ¢,, or its negation
in our theory, and if our choices lead to a contradiction, then we simply cut the
corresponding branch. Thus defined, this tree is not computable, as we cannot decide
whether a given theory is consistent or not. Nevertheless, if a theory is inconsistent,
then a proof of a contradiction will eventually be found, and we can rather define T’
as follows: a given binary sequence o € 2° belongs to T if and only if there is no proof
of size < s of a contradiction using the formulas encoded by the bits of o together
with the axioms of T of size < s. This property is indeed computable, and the infinite
paths of T" are exactly those encoding completions of 7 (as we have made a choice
between ¢ or —¢ for every formula ).

If the theory T is consistent and contains PA™, then this construction defines
an infinite binary computable tree with no infinite computable path (by Godel’s first
incompleteness theorem). The statement that every infinite binary tree has an infinite
path is known as weak K6nig’s lemma (or WKL), and our construction shows that it
is not constructively valid (to believe in the truth of that statement requires believing
in the existence of some non-computable sets). Nevertheless, as we will see in the
next chapter, the statement WKL is finitistically reducible.

WKL will play an important role in this thesis, in part due to the following
equivalence, which gives several characterizations of the sets of paths through a
computable tree. WKL also plays an important role in reverse mathematics, as we
will see in Chapter 5.

Proposition 4.2.2. Let P < 2V, the following are equivalent:

o There exists a computable tree T such that P is the set of all infinite paths in T
(denoted [T]).

o There exists a computable set I of binary sequences, such that 28°\P = | J,,[o],
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where [o] denotes the basic open set {X € 2V : 0 < X} (i.e., P is effectively
closed in the product space 2V )

o There exists a Turing functional ®X that takes no input, and such that P = {A :
41}

A class P satisfying those properties is said to be a 119 class.

The standard proof of WKL proceeds as follows. Let T be an infinite binary tree.
We define an infinite path X through T as X = |, .y 0n Where (0,,)nen is a sequence
of elements of T satisfying o9 < o1 < ..., such that for every n € N, |o,,| = n and
there are infinitely many elements of 1" extending o,. Such a sequence is defined
inductively as follows: let oy be the root of T'. Since T is infinite, there are infinitely
many elements of T' extending og. Now assume o, has been defined for some n € N.
Fori<2,let A, ={oc€eT:0>0p,-i},then,as {c €T :0>0,} = {o} UAyuU A is
infinite, at least one of the A; is infinite and let 0,41 = o, -7 for such an i. Continuing
this process inductively yields an infinite path through 7.

The set X defined above is not computable, since we cannot effectively find an
1 < 2 for which A; is infinite. In general, deciding whether a computable set X < N is
infinite requires ", as the formula Vax3y y > x Ay € X is equivalent to a Ils-formula.
However, due to the specific form of the sets A;, namely, their closure under prefixes
for elements extending o, - 7, this could be reduced to a IT;-formula: A; is infinite if
and only if for every level £ > |o,,| of the tree, we have A; n 2 # . This allows the
infiniteness of A; to be decided using only @’. We can go beyond that by noticing
that the construction does not require deciding, for each i < 2, whether A; is finite
or not, but only to find one index ¢ < 2 such that A; is infinite. As we will see, this
can be done without having to compute ¢’.

Definition 4.2.3 (DNC; degree). A degree d is a DNCy degree (for diagonally non-
computable) if it computes a total function f : N — {0,1} such that f(n) # ®,(n) for
every n € N. Any such function is referred to as a DNCs function.

Consider the program &, that performs a breadth-first search on the trees Ag and
A; in parallel, and outputs ¢ < 2 if it discovers that A; is finite, while never halting
if both Ag and A; are infinite. Then, for any DNCy function f, the value of f(e)
indicates which branch to follow in order to continue the construction of our path. As
this could be done in a uniform manner, any DNC, degree computes a path through
any infinite computable subtree of 2V,

Conversely, given a complete theory 7 extending PA (in fact, PRA suffices), we
can compute a DNC, function f as follows. For each e € N, search for a proof in
T of a statement of the form —(®.(e)| = ¢) for some i < 2, and define f(e) = i.
This function is well-defined. Indeed, PRA proves that ®.(e) cannot take two distinct
values, so 7 cannot prove ®.(e)] = 7 for both i < 2. By completeness of T, it
must therefore prove —(®.(e)| = i) for at least one i < 2, ensuring that the search
eventually succeeds. Finally, by the ¥1-completeness of PRA, the function f is indeed
DNCsy: if ®.(e)| = 4, then this fact is provable in PRA, and hence cannot be refuted
in T, so f(e) # i.

Thus, we have the following characterization of PA degrees:

Proposition 4.2.4. A degree d is PA if and only if it is DNCy if and only if it
computes an element of any non-empty I1Y class.

As stated before, we don’t need to go as high as &) or @&’ to find sets of PA
degree.

Theorem 4.2.5 (Jockusch and Soare [71] (cone avoidance basis theorem)). For every
non-computable degree d, there exists a PA degree a such that d € a.
In particular, there exists some PA degree a such that a 27 0.
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The jump operator is not injective on Turing degrees: there exist multiple degrees
whose jump is equal to 0’. Such degrees are called low, and they will play an important
role in this thesis. Indeed, by the relativization of Post’s theorem, if X is a low set,
then every Yo- and Ia-formula in which we allow X to appear as a parameter (which
will be referred to as ¥5(X)- and IIo(X)-formulas in the next chapter) is equivalent
to a Yo- and a Ils-formula respectively, and we will use this fact to show that, from
a proof-theoretic viewpoint, assuming the existence of some low sets is often no more
problematic than working with computable sets.

Definition 4.2.6 (low degrees). A degree d is low if d' =1 0.
For n > 0, we say that d is low, if d™ =, 0™,

Theorem 4.2.7 (low basis theorem (see e.g., [57, 1.3.8])). There exist PA degrees that
are low.

Again, all the results in this section relativize. For example, Proposition 4.2.2
remains true when considering A-computable trees T', A-computable sets I of binary
sequences and Turing functionals ®X®4 | resulting in the definition of a TI{(A) class.
Similarly, we can say that a set B is of PA degree relative to A (which we write A « B)
or PA over A, and say that a degree d is low relative to a if (a®d) =r a’.
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Chapter 5

Second-order arithmetic

We have seen in Chapter 3 several first-order theories extending PRA, and we have
compared their strength as well as whether they are finitistically reducible. In this
chapter, we will extend PRA in another direction, by adding the possibility to talk
and quantify not only over integers, but also on sets of integers.

Contrary to Zermelo-Fraenkel set theory (ZFC) where everything is a set, the
language of second-order arithmetic £z, is two-sorted, meaning that the universe of
discourse comprises two distinct kinds of objects (i.e., the integers and sets of integers).

The language of second-order arithmetic extends the one of first-order arithmetic
with the addition of set variables (written in uppercase A, B, XY, ...), set quantifiers
(written VX and 3X) and of one binary relation: the membership relation € between
one integer and a set of integers.

We can now extend the arithmetical hierarchy to include statements involving set
variables and quantifiers.

5.1 Relativized arithmetical and  analytical
hierarchies

Before classifying second-order formulas by their number of alternations of second-
order quantifiers, we can consider second-order formulas with no second-order
quantifiers (i.e., where the set variables are not quantified over and appear free).
Those formulas can be seen as almost first-order, but relative to a collection of set
parameters.

For a (possibly infinite) collection of set variables Xg, Xi,..., the ¥, (Xo,...)-
and IT,,(Xq, ... )-formulas are defined in the same way as the X,- and II,-formulas,
except that atomic formulas of the form = € X; are allowed in the base case (e.g.,
(X)) :=Vady y >z Ay e X is a Il (X)-formula asserting that the set X is infinite).

In the absence of second-order quantification, it is often helpful to view set
variables not as second-order objects, but rather as unary relations on N without
any additional assumptions.

More generally, we will often not specify the set parameters and simply say that
a formula is X9 (respectively I12) if there exist some set variables X such that the
formula is ¥, (X) (respectively II,,(X)).

For n > 0 and Cy,C1, -+ € N a (possibly infinite) sequence of sets, we define
similarly the %,,(Co,C1,...),1,(Co,C1,...) and A,(Cy,Cy,...) sets. The link
between computability and the arithmetical hierarchy can also be relativized: a set A
is A,,(Co, Cy,...) ifand only if it is (C;,@®- - -®C;,_, )"~ D-computable for some indices
ig < -+ <ip—q and A is X,(Cy, Cq,...) if and only if it is (C;, ®- - ~(—BC¢k_1)(”*1)—c.e.
for some indices ig < - -+ < 9p_1.

43
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Definition 5.1.1 (X!- and II}-formulas). We define inductively the classes X! and
I1! of formulas for an integer n:

e The classes X} and IIj are equal and correspond to formulas with no
set quantifiers, or equivalently to the arithmetic formulas with second-order
parameters.

o If g is XL, then VXVX; ... ¥X_19(X) is I, ; for every k € N.
If ¢ is I}, then 3X3X; ... E!Xk,lw()Z) is 1, for every k € N.

As with first-order quantifiers, we will work in theories strong enough to combine
several second-order universal (resp. existential) quantifiers into one. To do so, it
is sufficient to be able to prove the existence of the join Ao @ - @ Ag_1, from the
existence of Ag,...,Ar_1. We can then write VXo @ - - @ Xk,lgp()?) in place of
VXO e VXk_lgp(X)

The existence of universal formulas also relativizes and there exists a universal
Yo (X)- (resp. II,,(X)-) formula for every n € N. That is, a formula ¢(x,y,Y’) such
that, for every formula ¢(y,Y) in the corresponding class, there exists some e € N
such that IX9 = VYVy(p(e,y,Y) < ¥(y,Y)).

Another consequence of the link between computability-theoretic notions and the
arithmetical hierarchy is the following result, due to Kleene. It can be seen as relying
on the use property (see Proposition 4.1.1) to show that the truth of a X¢-formula
depends only on a finite portion of its set parameters. This observation then allows
us to rewrite such formulas in a simpler form in which this finite dependence is made
explicit.

Proposition 5.1.2 (Kleene normal form for ¥9-formulas (Kleene [77], see also
Simpson [128, Theorem 11.2.7])). 1X9 proves that for every ¥9-formula o(Y, ), there
exists a X9-formula 1 (z,Y, ) such that

VYV (Y, §) < Fay(z, Yz, §))

and such that, if (x,Y lx,4) holds for some x,Y,q, then ¥(x,Y 12, §) also holds for
every ¥’ > x.

By taking negations of the formulas under consideration, one can also
speak of Kleene normal form for II)-formulas. More generally, let o(Y) :=

Vaodzy ... Qrn_10(zo,. .., 20 1,Y) a X0-formula (resp. a IIY-formula), where Q €
{3, V} is determined by the parity of n. Then, the subformula Qz,,_10(xq,...,zp_1,Y)
can be replaced by its Kleene normal form Qz,_16'(zo,...,2p—1,Y [2,_1) yielding a

new formula (YY) := Vzodz;...Qrp—160'(zo,...,Tn—1,Y [Tn_1) equivalent to p(Y)
which will be referred to as its Kleene normal form.

In this thesis, we will primarily be concerned with statements of the following
form: a I} problem P is a formula

VXY [p(X) = 9(X,Y)]

where both ¢ and 1 are arithmetic formulas. Such a statement can be interpreted as
claiming that for any set X such that ¢(X) holds (called a P-instance), there is a set
Y such that (X, Y) holds (called a P-solution to X).

For example, the Bolzano—Weierstrass theorem is a II} problem, where the
instances are bounded sequences of reals and the solutions are convergent
subsequences.

A major problem in the computable analysis of theorems is to relate the
complexity of an instance of a problem to the complexity of its solutions (given a
computable instance X, does there exist a computable solution, a 0’-computable one,
or at least an arithmetically definable one?). These kinds of questions are related to
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the study of the proof-theoretic strength of ITi-statements.

Following Hilbert’s program, the infinite sets of integers added to our theories can
be seen as ideal elements: useful in proving statements about the integers, but whose
existence requires justification through consistency proofs. To this end, we study
the first-order part of second-order theories, namely the set of first-order statements
provable within them.

Given a computable second-order theory 7, one can consider the computably
enumerable set consisting of all first-order statements proved by 7. Using Craig’s
trick [31], it is then possible to obtain a computable (and even primitive recursive)
axiomatization of this set. However, this approach is unsatisfactory, as it is a mere
tautology that provides no meaningful insight into the first-order consequences of
T. A more interesting answer is to search for a “natural” first-order theory 7
axiomatizing those first-order consequences (or, equivalently said, proving that 7T
is conservative over T for all first-order sentences).

For example, consider the second-order counterparts of the theories introduced
in Chapter 3: 1%2, 1112, 1A% B0 BIIY.... For all those theories, the relativization of
formulas to include set parameters does not give new proofs of first-order statements,
as shown by the result below.

Theorem 5.1.3 (See Clote et al. [27]). For every n = 1, the first-order parts of
120 1119 1A% BXO BIIO ...are 13, 111, I1A,,, BE,,, BIL, ..respectively.

The search for the first-order part of a theory 7 becomes more interesting when
the theory 7 contains some set existence axioms, as those sets can sometimes be
used (in an essential way) in the proof of some first-order statement. An important
part of this thesis will focus on determining the first-order part of many statements,
primarily coming from Ramsey theory.

For the statement WF(a), we can define its second-order counterpart WF® ()
asserting the non-existence of a set encoding an infinite decreasing sequence of ordinals
below a. For WF%(a) to imply WF(a), we need to be able to prove the existence of
a set encoding every ¥; decreasing sequence of ordinals. This will be the case in the
finitistically reducible theory RCA(, which will be introduced in Section 5.3.

5.2 Henkin models

Just as the independence of the fifth postulate of Euclidean geometry was proven by
studying structures different from the Euclidean plane, the same thing can be done
with arithmetic, by studying models different from the intended one N.

Definition 5.2.1 (first-order structure). A first-order structure is a 6-tuple
(M, 0p1, sucenr, +ar, X a1, <pr) where M is a set, Opp € M, sucepr : M — M is a
unary function, +j,s and X s are binary functions on M, and <), is a binary relation
on M. When the interpretations of these symbols are clear from context, we simply
denote the structure by M.

Given a first-order sentence ¢, we say that M is a model of ¢ (denoted M k& ¢) if ¢
holds true when interpreted in M. For example, M & VaVy(z +y = y + x) means
that for all xz,y € M we have x +y y =y +n .

More generally, if T is a theory of first-order arithmetic, we say that M is a model of
T (denoted M = T) if M &= ¢ for every axiom p € T.

All the first-order structures M we will consider will at least be models of PA™.
In that case, the axioms of PA™ guarantee that 0j; is the smallest element for <,;,
that succp(0p7) is the next smallest, followed by succps(sucepr(0p7)) and so on.
Thus, every model of PA™ has an initial segment that is isomorphic to the standard
integers, and we can show that +); and xj; do coincide with the standard addition
and multiplication on this set.
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But, as shown by the following example, there can be elements in M that do not
belong to that copy of N, and are thus bigger than all the standard integers. Such
elements are said to be non-standard, and, accordingly, a model with non-standard
elements is also said to be non-standard.

Example 5.2.2. Consider the order < defined on Z[X] by P < @ if the leading
coefficient of P — @ is positive. Then, (Z[X],0,1, +, x, <) forms a discretely ordered
ring. Let M be its nonnegative part (i.e., the polynomials with positive leading
coefficient or 0), then, (M, 0, succ, +, x, <) forms a model of PA™ where succ is the
function sending a polynomial P to P + 1.
In this model, we have 0 < 1 <2 < -+ < X -1 <X <X +1< -+ <2X <
< X?-1<X?2<...< X3 < .... Thus, the non-constant polynomials form
non-standard integers.

The existence of non-standard models can be used to prove non-implication results.
For example, in the above model, there is no polynomial Y € M such that 2Y = X or
such that 2Y + 1 = X, thus, the first-order sentence ¢ := Vziy,z =2y v =2y +1
claiming that every integer is odd or even is not provable in PA™. By contrapositive,
they can be used to prove the consistency of a given theory (here, we have a proof
that PA™ + —¢ is a consistent theory).

There are several possible ways to define second-order structures. The most
natural approach is given by full semantics, where a second-order structure M is just
a first-order structure, and set quantifiers are interpreted as ranging over all subsets of
M. However, this choice leads to significant drawbacks: most of the major theorems
of model theory now fail, such as completeness, compactness, and the Lowenheim-
Skolem theorems. Moreover, the truth of a formula in a given model may depend
on set-theoretic assumptions about the powerset of M like the continuum hypothesis
(which led Quine to refer to second-order logic as “set theory in sheep’s clothing”).

For these reasons, we instead adopt Henkin semantics where not every subset of a
first-order structure M needs to be in the model. This allows us to obtain counterparts
of the main model-theoretic tools from first-order logic.

Definition 5.2.3 (Henkin Structure). A Henkin structure M is a T-tuple
(M, S, 001, suCCrr, + My X M, <pr) (often shortened to (M, S)) where:

o (M,0p0m, succpt, + s X m, <m) is a first-order structure (called the first-order
part of M).

e S P(M) (called the second-order part of M)

For ¢ a second-order sentence and 7 a second-order theory, we define similarly M =
(M,S) = ¢ and M = (M, S) & T by interpreting second-order quantifiers as ranging
over the elements of S, and by interpreting the symbol € as the membership relation
between elements of M and elements of S.

A special kind of model that will be of particular interest in this thesis is the
w-model, which allows for the direct application of computability-theoretic methods
in their construction and study.

Definition 5.2.4 (w-models). An w-model is a second-order structure of the form
(N, S,0, suce, +, x,<) for § < P(N) where (N,0,succ,+, x,<) are the standard
integers.

Thus, an w-model is fully specified by its second-order part.

The following two theorems justify the use of model-theoretic arguments in proof
theory, by showing a correspondence between syntax (proofs) and semantics (models).
If a theory T proves something, then it holds for every model of 7 (soundness), and
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reciprocally, if something holds for every model of a theory, then the theory proves it
(completeness).

Theorem 5.2.5 (Soundness). Let T be a theory of first-order (resp. second-order)
arithmetic and ¢ be a first-order (resp. second-order) statement. If T \ ¢, then for
every model M (resp. M) of T, we have M = ¢ (resp. M E ¢).

In particular, if T is not consistent, then T has no model.

Theorem 5.2.6 (Completeness (Godel [50] and Henkin [60])). Let T be a theory of
first-order (resp. second-order) arithmetic and ¢ be a first-order (resp. second-order)
statement. If T t£ o, then there exists a model M = —¢ (resp. M E —p).

In particular, if T is consistent, then T has a model.

Even in theories 7 containing infinitely many axioms, a proof 7 I ¢ of a statement
uses only finitely many of them. Combined with the completeness theorem, this
observation gives us the following compactness result:

Theorem 5.2.7 (Compactness). Let T be a theory of first-order (resp. second-order)
arithmetic. T has a model if and only if every finite subset of T has a model.

Although the intended model of second-order arithmetic (N, P(N), 0, suce, +, x, <)
is uncountable, the following theorem shows that it is possible to work with only
countable structures. This makes it possible to encode entire models of second-order
arithmetic using a single set, hence making it possible to talk about some models of
second-order arithmetic in the language of second-order arithmetic itself.

Theorem 5.2.8 ((downward) Lowenheim-Skolem). Let T be a theory of first-order
(resp. second-order) arithmetic. If T has a model, then T has a countable model.

Those model-theoretic statements, as stated here, are in the language of set theory
and not second-order arithmetic. Since we will only work with countable models and
countable theories, we only need a version of the completeness theorem stating the
existence of a countable model for every countable consistent theory (this version
of the completeness theorem also encapsulates one use of the Loéwenheim-Skolem
theorem). This version is formalizable in the language of second-order arithmetic.

Non-standard models of arithmetic are not finitist objects. However, in the next
section we introduce the theory WKL, which captures precisely the strength required
to establish the model-theoretic results discussed above. WKLy is a finitistically
reducible theory, thereby allowing us to use model-theoretic tools for the remainder
of this thesis.

5.3 Reverse mathematics

The field of reverse mathematics attempts to find the optimal axioms required to
prove various theorems of second-order arithmetic. To ensure that a given axiom
was necessary to prove a theorem, it is sufficient to go in the opposite direction
and prove the axiom from the theorem. Of course, a theorem is rarely sufficient
to prove anything on its own, and we need to work modulo a weak base theory.
For example, in the context of set theory, we can prove modulo ZF that the axiom
of choice is equivalent to Zorn’s lemma, and is thus necessary for its proof (in a
theory weaker than ZF the equivalence doesn’t necessarily hold, and working modulo
ZFC makes this equivalence uninteresting, as all true propositions are equivalent). In
reverse mathematics, the choice fell on a theory called RCAq encapsulating computable
mathematics. Theorem 5.3.5 shows us that this choice is also justified from the point
of view of Hilbert’s program, as RCAq is finitistically reducible.
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Definition 5.3.1 (Comprehension scheme). For ¢(z) a formula (possibly with
additional free first- or second-order variables), the comprehension axiom associated
to it is the universal closure of the formula:

IXVz(x e X — p(z))

This defines the corresponding axiom scheme for every class of formulas.

We use the same trick as with |A,, and define the Af-comprehension scheme to include,
for every ¥9- and I19-formulas ((x) and v (x) (with possibly other free variables), the
universal closure of the following axiom:

(Vz p(z) « P(x)) — IXVy(y € X < ¢(y))

Definition 5.3.2 (RCAj). RCA( (stands for recursive comprehension axiom) is
the theory of second-order arithmetic composed of 139 together with the AS-
comprehension scheme.

From the existence of a universal X{-formula, it follows that the theory RCA is
finitely axiomatizable.

The following definition gives a useful characterization of the w-models of RCAq
in terms of computably-theoretic notions.

Definition 5.3.3 (Turing ideal). A Turing ideal I is a subset of P(N) which is:
e non-empty.
o stable under Turing reducibility (if A€ I and B <t A, then B € I)
o stable under (finite) join (if A, B € I, then A@ B e I)

Proposition 5.3.4. The w-models of RCAq are exactly those whose second-order part
is a Turing ideal. Hence, there exists a minimal w-model of RCAq: the model COM P
whose second-order part consists of the computable sets.

The following theorem confirms our intuition about the harmlessness of
computable sets. The original proof given by Friedman [48] is not syntactic but
model-theoretic, see Sieg [126] for one formalizable in PRA.

Theorem 5.3.5 (Friedman [48]). RCAq is IIi-conservative over 159 (and hence 1la-
conservative over PRA ).

In particular, the first-order part of RCAq is IX; and, by Ignjatovic [66, Theorem
3.5], RCAq has at most a polynomial speedup over 3.

In second-order arithmetic, there are two ways to formalize the notion of a finite
set. Ome approach is to use sets coded by integers, as introduced in Section 3.5.
Alternatively, one may consider second-order objects X that are bounded by some
first-order object b, in the sense that every x € X satisfies x < b.

In RCAy, these two notions coincide. In particular, if M = (M,S) E RCA,,
then the sets X € S that are bounded by some element of M do not depend on the
second-order part S of the model. We will refer to such sets as M -finite sets.

Note, however, that not every bounded subset of M is M-finite. For instance, if
M = (M,S) & RCAy and M is non-standard, then the set w of standard integers
is bounded in M but not M-finite. We will refer to arbitrary subsets of M (not
necessarily elements of S) as being either M-bounded or M-unbounded. An M-
unbounded set that belongs to S will be called M-infinite.
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5.3.1 The Big Five

We can then begin comparing the strength of various theorems from across different
areas of mathematics by examining the implications between them over RCAg,
and studying the resulting lattice structure. In doing so, an interesting empirical
phenomenon emerges: most theorems fall into one of five large equivalence classes
(see Simpson [128] for examples of such equivalences). These classes are known as
the “Big Five” (see Montalban [104]).

The first of those classes consists of statements already provable in the base theory
RCAy. The subsequent four classes can be axiomatized by the following theories,
listed in order of increasing strength. Although some of these systems, such as ACA
or IT{-CAq are canonically defined with axiom schemes, each of them can be finitely
axiomatized by a theory of the form RCAy + ¢ where ¢ is any theorem belonging to
the class.

WKLg: The theory WKLy is RCAg together with weak Kénig’s lemma (WKL).
It corresponds to the power needed for compactness arguments. Examples of
statements equivalent to WKLy modulo RCA( are: the Brouwer fixed point theorem,
the compactness of closed intervals of R and many others. More interestingly for
our purposes, the countable version of the completeness theorem is also equivalent to
WKLy modulo RCA( (the soundness theorem is already provable in RCAy).

ACAy: The theory ACA( is RCA( together with the comprehension scheme for
arithmetical formulas. Examples of statements equivalent to ACAg modulo RCA, are
the Bolzano-Weierstrass theorem and the Arzela—Ascoli theorem.

ATRg: The theory ATR; is RCAq together with the axiom of arithmetic transfinite
recursion.

IT3-CAg: The theory I3-CAq is RCAq together with the comprehension scheme
for IT}-formulas.

We will not use the theories ATRy and I13-CAy in this thesis and mostly consider
statements provable in ACAg.

We also have a characterization of the w-models of WKLy and ACAq in terms of
computability-theoretic notions:

Definition 5.3.6 (Scott ideal). A Scott ideal I is a Turing ideal that additionally
satisfies the condition that for every X € I, there is a set Y € I that is of PA degree
relative to X.

Proposition 5.3.7. The w-models of WKLq are exactly those whose second-order part
is a Scott ideal.

By iterating and relativizing Theorem 4.2.5, we can construct a Scott ideal that does
not contain any given non-computable set. In particular, there is no minimal Scott
ideal.

Proposition 5.3.8. The w-models of ACAy are exactly those whose second-order
part is a Turing ideal that is closed under Turing jump, such ideals are called jump
ideals. Hence, there exists a minimal w-model of ACAg: the model ARITH whose
second-order part consists of the arithmetical sets.

In the same way that the Von Neumann—Bernays—Godel set theory (NBG) is
conservative over ZF, ACAy is conservative over Peano arithmetic.

Theorem 5.3.9 (See e.g., [128, Corollary IX.1.6]). The first-order part of ACAq is
PA.

And, as in the case of NBG and ZF, Solovay, Pudldk, and Friedman (see e.g.,
[117]) showed that ACA( has a non-elementary speedup over PA.
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For WKLy, the following proposition, combined with Theorem 5.3.5 yields the
II5-conservation of WKLy over PRA. The original proof from Harrington was not
syntactic as it uses model-theoretic arguments. A direct syntactic proof (formalizable
in PRA) of the IIs-conservation of WKLy over PRA was later given by Sieg [126], and
more recently, a syntactical proof of Harrington’s result by Ferreira and Ferreira [45].

Theorem 5.3.10 (Harrington (see Simpson [128, Corollary 1X.2.6])). WKLg is I1}-
conservative over RCAq.

By Avigad [4, Theorem 10.1], every proof of a II}-statement in WKLy can be
transformed into a proof of the same statement in RCAy with at most a polynomial
increase in size.

Thus, WKLy is finitistically reducible. In view of this result, and since WKL
is sufficiently strong to formalize most model-theoretic constructions, the use of
model-theoretic arguments to derive conservation and non-implication results is
finitistically justified. And we will primarily rely on this kind of argument throughout
the remainder of this thesis instead of resorting to syntactical proofs.

One important point to keep in mind when working with conservation results is
that, even after the conservation of a statement ¢ over a theory 7 has been established
for a class I' of formulas, there is no guarantee that this will remain true when replacing
T with a stronger theory 7’. Indeed, a procedure that transforms a proof in 7 + ¢
into a proof in 7T, does not necessarily yield a corresponding transformation from
proofs in T’ + ¢ to proofs in 7'. Fortunately for us, this seems to be the case for most
“natural” examples of theories and statements, and the first-order parts of theories
such as RCAg + 132, RCAg + BXY, WKLy + 1322 and WKLg + BX? are respectively 1%,
BX,, IX, and BY,,, as shown by Clote et al. [27].

For WF®(a), we can see that it implies WF(a) modulo RCAg. Indeed, as discussed
in Chapter 3, any X;-definable decreasing sequence of ordinals below « can also be
defined by a II;-formula and thus forms a computable set. By similar arguments, we
get that the first-order part of RCAg + WF®(a) is 1%, + WF(a).

5.4 Semantic proofs

There are several ways to compare the strength of two second-order statements P and
Q:

First, one may compare their first-order strength by identifying first-order
sentences that are provable in RCAy + P but not in RCAg + Q. Similarly, their
consistency strength can be compared by determining whether RCAy — Con(RCA( +
P) — Con(RCAy + Q).

One can also compare their second-order strength by checking whether every w-
model of RCAy + P is again a model of Q.

Finally, one may ask whether RCAy - P — Q, which reflects both the first-order
and second-order strength of P relative to Q.

Two theories may share the same first-order consequences, while differing in
second-order strength. For instance, WKLy and RCA( prove the same arithmetical
statements, yet COMP, the w-model whose second-order part consists of the
computable sets, is not a model of WKL,.

Conversely, two theories may have the same w-models but differ in their first-order
consequences. For example, RCAq + X% and RCAq +1X9 for n # m > 0 have distinct
first-order parts (1X,, and 1¥,,), but both hold in every w-model of RCA,.

If RCAg - P — Q, then, in particular, the first-order part of RCAg + Q is included
in that of RCAg + P, and every w-model of RCAj + P is an w-model of Q (since this
holds for every model).
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Semantic proofs showing that a theory 77 is ['-conservative over a theory 7, for I" a
class of formulas typically proceed as follows. Arguing by contrapositive, suppose that
To t~ ¢ for some ¢ € I'. Then, by Gédel’s completeness theorem, there exists a model
M of Ty + —¢. From this model, we construct a new model M’ that is sufficiently
similar to M to still satisfy —¢, while also ensuring that M’ = Ty, thereby showing
that 71 t£ .

As mentioned earlier, our main focus will be on comparing the strength of ITi-
statements, particularly those arising from Ramsey theory. The remaining three
parts of this thesis are organized according to the different kinds of model-theoretic
arguments used to build models.

In Part II we will only consider w-models. In Chapter 7, we compare Ramsey’s
theorem for pairs and two colors (RT%) to several of its restrictions by proving that
they hold in the same w-models. In Chapter 8, we prove that a statement called
the rainbow Ramsey theorem for exactly w-large sets (RRT!“’) does not imply ACAq
over w-models, by constructing an w-model of RRT" that does not contain &’ and
is therefore not a model of ACAy. This is achieved by proving that RRT" admits a
property called cone avoidance, as is the case for WKLy by Theorem 4.2.5.

In Part III, we consider models M = (M,S) of RCAy and see ways to expand
them into new models M’ = (M, S’) by adding second-order elements. These models
may have a non-standard first-order part M and we will provide a general overview
of them in Chapter 9. Since M and M’ share the same first-order part M, any
Y1-formula that holds in M also holds in M’. This fact will be used in Chapter 10
to prove the ITl-conservativity of RT3 over the theory RCAg + BXY + WF°(g). In
Chapter 11 we construct a model of the ascending/descending sequence principle
(ADS) that is not a model of the bounded Ramsey theorem (BRT3), thereby showing
that RCAg 1~ ADS — BRTZ. Such a construction could not have been carried out in
an w-model as every such model satisfies BRTZ.

Finally, in Part IV, we consider models M = (M, S) and see ways to define initial
segments I € M called cuts, in order to build new models whose first-order part is
I. In Chapter 12 we introduce the general framework for constructing such I so that
any II4-formula true in M remains true in /. In Chapter 13 we prove some additional
combinatorial properties related to this framework. Then, we apply it in Chapter 14
and Chapter 15 to prove the VII}-conservativity of RT% and of the ordered variable
word theorem (OVW) over RCAq + BYY. Here, a VII{-formula is any formula of the
form VX p(X) where ¢ is I19.

The next chapter will introduce several statements from Ramsey theory that will
be used all along this thesis and compare their first-order, computability-theoretic
and reverse-mathematical strength.
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Chapter 6

Ramsey’s theorem

Introduced by Frank Ramsey in 1930 [119], Ramsey’s theorem was originally conceived
as a tool in formal logic for deciding the truth of certain formulas. It has since evolved
well beyond its original purpose, giving rise to Ramsey theory, which studies related
results. Broadly speaking, Ramsey theory investigates the extent to which particular
substructures must necessarily appear within sufficiently large structures.

Definition 6.0.1. For A € N a set, and n € N an integer, we write [A]™ for the set
of subsets of A of cardinality n.
For b € N, we will also write [b]" for [{0,...,b— 1}]™.

For a function f with domain [A]™, we will write f(xo,...,2,—1) as shorthand for
f{xo, ..., 2n-1}) whenever xy < -+ < Tp_1.

Statement 6.0.2 ((infinite) Ramsey’s theorem). For n,k € N, RT}, is the statement
that: “For every coloring f : [N]™ — k, there exists some infinite subset X < N such
that f is constant on [X]™.

Equivalently, we say that the set X is f-homogeneous.

RT" is the statement VERT}, and RT is the statement VnVERT).

RT! corresponds to the infinite pigeonhole principle, which states that, for any
partition of N into finitely many parts, one of the parts must be infinite.

Ramsey’s original paper also features a finitary version of this theorem, focusing
on colorings of [A]™ for a finite set A.

Theorem 6.0.3 ((finite) Ramsey’s theorem). For every n,k,d € N, there exists a
bound b := b(n, k,d) € N such that, for every coloring f : [b]™ — k, there exists some
f-homogeneous subset B < {0,...,b— 1} with card B > d.

The finite version is provable in RCAg by a proof giving explicit bounds b(n, k, d)
from the parameters n,k and d. For instance, in the case of colorings of pairs, let
Ry (d) be the optimal bound b(2,k,d). The standard upper bound for the finite
Ramsey theorem for pairs and two colors, obtained by Erdés and Szekeres in [42],
states that Ro(d) < (%7') < 4%. This upper bound generalizes to Ry(d) < k** (see
Graham, Rothschild, and Spencer [53, Section 1.1}).

The following proof shows that the finite Ramsey theorem follows from the infinite
by a compactness argument (i.e., is provable in WKLy + RT). It is a far less optimal
proof than the one in RCAgy, but is a good example of the kind of compactness
argument that will be used all along this thesis to obtain finite bounds from results
holding for every infinite set. It is also a good example of a proof of a finitary result
using infinitary means, and the last part of this thesis, Part IV, will study in more
detail the relation between finitary and infinitary versions of Ramsey’s theorem. In

53
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fact, we will see in Proposition 12.0.3 how a slight modification of that proof yields,
in WKL( + RT, a proof of a variant of the finite Ramsey theorem for pairs that is not
provable in ACAg (and hence not in PA either).

Proof. Fix n,k € N and consider the set T}" of all colorings f : [a]® — k for some
a € N. This set naturally forms a tree under inclusion: a coloring f : [a]” — k is a
predecessor of g : [c]” — k if a < ¢ and gl[a]™ = f. The tree is finitely branching,
since for each a there are only finitely many colorings ¢ : [a + 1] — k, and hence
only finitely many immediate extensions of a given coloring f : [a]™ — k. The set of
infinite paths [7}'] corresponds exactly to the set of all colorings f : [N]" — k.

Now fix d € N and consider the subtree S}'(d) < T} consisting of those colorings
f ¢ [a]* — k for which no f-homogeneous subset of cardinality d can be found.
This tree has no infinite path: indeed, any infinite path through S} (d) would yield
a coloring f : [N]® — k that admits no f-homogeneous subset of cardinality d,
contradicting RT}, which proves the existence of an infinite f-homogeneous set.

Since the statement WKL is stated in terms of binary trees, we cannot apply its
contrapositive to Si'(d) directly, as its branching may exceed 2. However, since we
can computably find the code of the finite set of immediate extensions of any given
node in S} (d), one can computably replace each branching of S} (d) by a bounded
number of successive binary branchings, yielding a binary tree with no infinite path
either, and which is finite iff 57}(d) is. Therefore, by the contrapositive of WKL, the
tree S}'(d) is finite. In particular, there exists b € N such that S}(d) has no node of
height b € N, that is, for every coloring f : [b]" — k, there exists an f-homogeneous
subset of cardinality d. O

A lot is already known concerning the reverse mathematical strength of the
RT} (see Hirschfeldt [61] for a gentle introduction to the reverse mathematics of
Ramsey-like theorems).

For every n,k € N, the statements RT)) and RT) are vacuously true and RT? is
trivial, so we only consider statements RT}, for & > 2 and n > 1.

The infinite pigeonhole principle is computably true, in the sense that for every
instance f : [N]' — k of RT}, (i.e., every partition of N into k sets) there exists a
A1(f) infinite f-homogeneous set. In particular, RT,lc is provable in RCA, for every
fixed k € N.

Proposition 6.0.4. For every k € N, RCAq RT,lc,

Nevertheless, proving that VkRT,lc holds requires more inductive power than is
available in RCA,.

Theorem 6.0.5 (Hirst [64]). RCAg - RT' < BX, hence RCAq i~ RT".

The RT} form a hierarchy of statements with the following implications between
them:

Proposition 6.0.6.
o RCA¢ - VnVEk = 2Vm <n RT; - RT™
o RCA - VnVkVl < k RT;; — RT}
o RCAq - VnVk > 2 RT; — RT},

But the hierarchy collapses after n = 3 and everything is then equivalent to ACAg.
This is due to the existence of a computable instance of RT‘;’, every solution of which
computes the halting set ¢f'.

Theorem 6.0.7 (Jockusch [70] and Simpson [128, Theorem II1.7.6]). For n = 3 and
k =2, RCAg - RT} & ACAy < RT".



6.1. FIRST-ORDER PART 55

Thus, there remains the question of the reverse mathematical strength of Ramsey’s
theorem for pairs. As RCAq + RT% — RT% for every k € N, we will only focus
on Ramsey’s theorem for pairs and two colors. RT% has been shown to escape the
structural phenomenon of the Big Five by being strictly between RCAg and ACA( but
incomparable with WKL,.

Theorem 6.0.8 (Jockusch [70] and Liu [95]).
o WKL I£ RT3
« RCAq + RT3 i~ WKL

The unprovability of RT; in WKL, follows from the following proposition.

Proposition 6.0.9 (Jockusch [70]). There exists a computable instance of RT3 for
which no Yo infinite set is homogeneous.

Indeed, from the low basis theorem (Theorem 4.2.7), every computable instance
of WKL admits a solution that is low (and in particular As). This result can then
be used (in a relativized form) to build an w-model of WKLy in which every set is
Ay (see Proposition 8.1.5 for a similar construction but for the cone avoidance basis
theorem). By Proposition 6.0.9, this model is not a model of RT3 (as it contains an
instance of RT3 but no solution for it).

Nevertheless, Jockusch [70] showed that every computable instance of RT3 admits
a Ils solution. Moreover, even though no analogue of the low basis theorem (where
&’ can compute the jump of a solution) can be proven for RT%, the following result
shows that solutions of weak strength still exist (where a PA degree relative to ' can
compute the jump of a solution).

Theorem 6.0.10 (Cholak, Jockusch, and Slaman [19]). Let d be of PA degree over &'
(i.e., d computes a path in any &' -computable binary tree). Then every computable
instance of RT§ admits an infinite homogeneous set H such that d > H'.

In particular, by the low basis theorem (Theorem 4.2.7) relativized to &', there
exists some d of PA degree over (¥’ that is low over ¢’ (i.e., such that (d® &')" <r
&"). Thus, we obtain the following result:

Theorem 6.0.11 (Cholak, Jockusch, and Slaman [19]). Every computable instance of
RT% admits an infinite homogeneous set that is lows, i.e., a set H such that H" <r &".

Ramsey’s theorem for pairs and two colors is often formulated in graph-theoretic
terms: for every 2-coloring of the edges of the infinite complete graph (N, [N]?), there
exists an infinite monochromatic clique (where a clique is a set of vertices with edges
between each pair).

6.1 First-order part

Concerning the first-order part of RT%7 since RCAy + RT% — RT!, we have the
following lower bound:

Proposition 6.1.1 (Hirst [64]). RT3 implies BXY over RCA.

Whether the first-order part of RT% is BXy or not is a major open problem in
reverse mathematics and this thesis makes several contributions to the subject.

Question 6.1.2. Is RT3 IIl-conservative over RCAy + BX9?

By the following result, the first-order consequences of RT% are included in those
of |22
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Theorem 6.1.3 (Cholak, Jockusch and Slaman [19]). RT3 is IT}-conservative over
RCAg + I39.

But, by Chong, Slaman, and Yang [23], this upper bound is strict in that RT%
does not imply 1%Y over RCA.

Patey and Yokoyama [115] extended this result by proving RT3 to be finitistically
reducible:

Theorem 6.1.4 (Patey and Yokoyama [115]). WKLy + RT3 is VII3-conservative over
RCAq (where a VII3-formula is any formula of the form VX p(X) where ¢ is 113).

Later, Kolodziejczyk et al. [78] were able to prove that WKLy + RT3 offers at
most a polynomial speedup over RCAq for VII-formulas by adapting the general
scheme of forcing interpretation as introduced by Avigad [4].

Even if, for each k£ € N, we have RCA( RT% - RTi, there is not enough induction
available to derive VART} from RCAq + RT3. In fact, the exact first-order strength of
RT? is known to be stronger than that of RTj.

Theorem 6.1.5 (Slaman and Yokoyama [133]). The first-order part of RCAg + RT?
18 Bzg

6.2 Ramsey-like theorems

A common tool in the study of Ramsey’s theorem for pairs and two colors was
to decompose it into several weaker statements, each focusing on one part of the
combinatorics. One decomposition that will be used in all parts of this thesis is the
decomposition of RT2 into the Erdés-Moser theorem about infinite tournaments and
the ascending/descending sequence principle about linear orders. We will formulate
both these theorems in terms of coloring so that they form special cases of RT% for
so-called transitive colorings.

Definition 6.2.1. Let A € N and let f : [A]> — 2 be a coloring. Then, f is said to
be transitive if for every x <y < z € A and every i < 2, if f(z,y) = f(y, 2) = 4, then
flz, z) = 1.

A subset H < A is said to be f-transitive if f][H]? is transitive.

Definition 6.2.2. A tournament on a domain D € N is an irreflexive binary relation
R < D? such that for every a,b € D with a # b, exactly one of R(a,b) and R(b,a)
holds. A tournament R is transitive if for every a,b,c € D, if R(a,b) and R(b, c) then
R(a,c).

A subtournament of R < N? is fully characterized by its domain and the parent
tournament R. We therefore identify subtournaments with infinite sets H € N. The
following statement is known as the Erd&s-Moser theorem, and is an infinitary version
of a theorem of Erdés and Moser [41].

Statement 6.2.3 (Erd6s-Moser theorem). EM is the statement “Every infinite
tournament admits an infinite transitive subtournament”.

There exists a one-to-one correspondence between tournaments R and colorings
[ IN]? - 2, by letting f({x,y}) = 1 if (R(x,y) < x < y). EM can be restated as
“for every coloring f : [N]? — 2, there exists an infinite f-transitive subset H < N”.

Statement 6.2.4 (Ascending/descending sequence principle). ADS is the statement
“Every infinite linear order admits an infinite ascending or descending subsequence”.

Here again, there is a one-to-one correspondence between linear orders £ = (N, <)
and transitive colorings f : [N]? — 2, by letting f({z,y}) = 1if (z <y < x <, y).
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Then ADS can be restated as “for every transitive coloring f : [N]?> — 2, there
exists an infinite f-homogeneous set”. Using the reformulations of EM and ADS, the
following proposition is immediate:

Proposition 6.2.5 (Bovykin and Weiermann [11]). RCAq - RT3 <> EM A ADS.

Proof. EM and ADS are both particular cases of RT% (as every f-homogeneous set is
f-transitive), hence RCAg — RT2 — EM A ADS.

On the other hand, given a coloring f : [N]?> — 2, first apply EM to obtain
an infinite f-transitive subset X = {xg < x1 < ...}. Let g : [N]> — 2 be the
transitive coloring defined by g(a,b) = f(z4,2s). By ADS, there exists an infinite g-
homogeneous subset H € N. The set {z, : a € H} is infinite and f-homogeneous. [

From a combinatorial viewpoint, the decomposition of RT% into EM and ADS
divides the difficulty of Ramsey’s theorem for pairs as follows: the combinatorics of
EM are very close to those of RT3, but without the disjunctive nature of RT3 (there
is no need to pick a color at one point). On the other hand, ADS has very simple
combinatorics, but is a disjunctive statement.

From a reverse mathematical viewpoint, the decomposition is non-trivial, in
that EM and ADS are both strictly weaker than RT3 (see Lerman, Solomon, and
Towsner [94]).

From a proof-theoretic viewpoint, both statements imply BX9 over RCA, (see
Hirschfeldt and Shore [63, Proposition 4.5] and Kreuzer [83, Proposition 16]), and
RCA( + ADS is known to be II}-conservative over RCAg + BX (see Chong, Slaman,
and Yang [22]). By an amalgamation theorem of Yokoyama [142], it follows that RT3
is I11-conservative over RCAq + B iff so is EM.

The second (and historically the first) decomposition of RT3 we will consider is
the decomposition by Cholak, Jockusch, and Slaman [19] in their seminal article on
Ramsey’s theorem for pairs. It decomposes RT% in terms of the cohesive set principle
(COH) and the stable Ramsey theorem (SRT3).

Definition 6.2.6 (stable coloring). A coloring f : [N]? — k is stable if for every z € N,
there exists some color i < k and some rank b € N such that, for every y = b, f(z,y) =i
(i.e., lim, f(x,y) exists for every x € N).

Statement 6.2.7 (Stable Ramsey’s theorem for pairs). SRT denotes the restriction
of RT% to stable colorings.

By Shoenfield’s limit lemma (Proposition 4.1.7), there is a correspondence between
stable colorings and A9 sets. For f : [N]?> — 2 a stable coloring, we can consider the
partition N = Ay 1 Ay where A; = {z : lim, f(z,y) = i} for i < 2. Both A; are Ax(f)
sets, and, if for some ¢ < 2 we have some infinite subset C < A;, then we can compute
from C and f an infinite f-homogeneous set. Indeed, proceeding inductively, suppose
that for some n € N, some zg < --- < #,—1 € C have been chosen so that f(z;,zx) =1
for all j < k < n. Then, as C < A;, we have lim, f(z;,y) = ¢ for every j < n and
we will eventually find some z,, € C with z,, > 2,1 and such that f(z;,z,) = i for
every j < n.

Continuing this way yields an infinite f-homogeneous set. Notice that we don’t
need to compute the stage at which the limit stabilizes (which is not computable),
but need only to know that such a stage exists.

This proof can then be formalized in RCAg to establish the equivalence between
SRT% and the infinite pigeonhole principle for A9 sets (D2): for every set X and every
partition Ag A1 = N with each A; a Ay(X) set, there exist ¢ < 2 and an infinite set

The original proof of this equivalence, due to Cholak et al. [19, Lemma 7.10],
contained a gap: proving the existence of a uniform bound after which all the zg <
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.-+ < m,_1 have reached their limit behavior requires BX9. This gap was later closed
by Chong et al. [20] who showed that D3 implies BX9.
D3 is often combinatorially simpler to use than SRT3.

Definition 6.2.8. Given an infinite sequence of sets R= Ry, Rq, ..., an infinite set C
is R-cohesive if for every s € N, C c* R, or C * N\R,, where €* denotes inclusion
up to finite changes.

Statement 6.2.9 (Cohesive set principle). COH is the statement “Every infinite
sequence of subsets of N has a cohesive set”.

The following equivalence is essentially due to Cholak, Jockusch, and Slaman [19],
with the proof RCA - RT3 — COH fixed by Mileti [99, Appendix Al.

Proposition 6.2.10. RCA; - RT3 <> SRT5 A COH.

Proof. We omit the proof of the forward direction. Let us prove that RCAg — SRT% A
COH — RTZ. Given a coloring f : [N]2 — 2, define the sequence of sets R —=
Ro,Ry,... by Ry = {y : f(x,y) = 1}. Given an infinite R-cohesive set C = {zo <
Ty < ...}, let g : [N]? — 2 be defined by g({a,b}) = f({za,7s}). By cohesiveness
of C, the coloring g is stable, so by SRTS, there is an infinite g-homogeneous set H.
The set {z, : a € H} is infinite and f-homogeneous. O

From a reverse mathematical viewpoint, the decomposition of RT3 into SRT3
and COH is also non-trivial (see Hirschfeldt et al. [62] and Monin and Patey [103]).

The computability-theoretic content of the cohesive set principle is well-
understood: it admits a maximally complex instance, which is the sequence of all
primitive recursive sets. A cohesive set for this sequence is called p-cohesive. For
every uniformly computable sequence of sets ﬁ, every p-cohesive set computes an R-
cohesive set. Moreover, by Jockusch and Stephan [69], a set G computes a p-cohesive
set iff G’ is PA over 0.

From a proof-theoretic viewpoint, by Hirschfeldt and Shore [63], COH is r-IIi-
conservative over RCAg, where a r-Il3-formula (for restricted 113) is a formula of
the form VX[n(X) — 3V p(X,Y)] where n is arithmetic and p is £Y, in particular
COH is IT}-conservative over RCA. SRT% implies BX9 over RCA( and, again, by the
amalgamation theorem, RT3 is II1-conservative over RCAg 4+ BXY iff so is SRT3.

The idea of using cohesiveness to transform a coloring into a stable one can be
applied to EM and ADS. We call SEM and SADS the restrictions of EM and ADS
to stable tournaments and linear orders, respectively. In a stable linear order, every
element is either smaller than everyone except a finite number of elements, or bigger
than everyone except a finite number of elements. Therefore, such an order can only
be of three types: w+w*, w+k* and k+w*, for some k € N (where o* is the opposite
order to a). The two latter cases are computably true (provable in RCAq), so the only
interesting case is when it is of order type w + w*. This is why SADS is often defined
as the statement “Every linear order of type w + w* admits an infinite ascending or
descending sequence”.

Combining the two kinds of decomposition, we shall use the following equivalence:
Proposition 6.2.11. RCA, - RT3 < SEM A SADS A COH.

We will often prove conservation, implication, and non-implication results about
COH, SEM and SADS independently, and use the previous decomposition to obtain
our main theorems.
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The fact that RT% escapes the Big Five phenomenon has led to the study of many
other Ramsey-like theorems, with the goal of finding other statements of unusual
strength. In this context, a phenomenon opposite to that of the Big Five emerges:
instead of a small number of equivalence classes over RCA( corresponding to well-
studied subsystems of second-order arithmetic, one finds an entire zoo of equivalence
classes®. In this thesis, we shall study some of these Ramsey-like theorems of peculiar
strength.

Thttps://www.computability.org/zoo-viewer/
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Chapter 7

Ramsey-like theorems for
separable permutations

7.1 Introduction

In this chapter, we pursue the computability-theoretic study of weakenings of
Ramsey’s theorem for pairs by considering infinite cliques avoiding some finite coloring
patterns instead of monochromatic cliques. For instance, the weakening of RT% to
cliques avoiding the following two patterns yields the Erdés-Moser theorem (EM) as
they correspond to the two ways a set can be non-transitive.

We also consider dual weakenings of Ramsey’s theorem for pairs by restricting
colorings to those avoiding some pattern. For instance, RT% for colorings avoiding
(7.1) yields the ascending/descending sequence principle (ADS).

We give a particular focus on transitive forbidden patterns, that is, patterns
which do not include (7.1). These patterns are in one-to-one correspondence with
permutations. Among these, the class of separable permutations introduced by
Bose, Buss, and Lubiw [10] will play an important role. Our main result is a
characterization of the patterns whose avoidance implies RT% over w-models, as the
separable permutations (Theorem 7.1.6). For this, we use an elaborate computability-
theoretic analysis of a probabilistic construction.

7.1.1 RT;-patterns

An RTZ-pattern or simply pattern is a function p : [(]> — 2. We then write |p| for
its size £. Fix a function f : [A]?> — 2 for some A € N. We say that a finite set
F={xog<-<xp_1} S A f-realizes p if for every i < j, f(z;,x;) = p(i,75). We say
that H € A f-avoids the pattern p if no subset of H f-realizes p. When H = A, we
simply say that the coloring f avoids p.

A pattern g : [(]? — 2 is a sub-pattern of p if some subset of {0, ..., ¢—1} p-realizes
q. In that case, every coloring avoiding ¢ will also avoid p.

We are primarily interested in the following two families of statements:

Statement 7.1.1 (RT3(p)). Given a pattern p, RT3(p) is the statement “For every
coloring f : [N]? — 2, there exists an infinite set f-avoiding p.”

Statement 7.1.2 (coRT3(p)). Given a pattern p, coRT5(p) is the statement “For
every coloring f : [N]? — 2 avoiding p, there exists an infinite homogeneous set.”

63
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The statements RT5(p) and coRT3(p) were studied both classically and from a
reverse mathematical viewpoint for small patterns p. The Ramsey-like statements
for permutations of size 3 were studied by multiple authors, and summarized in
Cervelle, Gaudelier, and Patey [16, Section 1.2].

Note that if the pattern p is a constant function i < 2, then the statement RT3 (p)
is combinatorially false, as witnessed by the function f : [N]?> — 2 also equal to i
on its whole domain. By Ramsey’s theorem for pairs, RT% (p) is true for any other
pattern p. The statements RT% (p) and coRTg (p) play a dual role with respect to R'I'g7
as RCAg - RT2 < RT2(p) + coRT2(p) for any non-constant pattern p. We will also
consider stable instances of coRT3(p) and define coSRT3(p) to be coRT3 restricted
to stable colorings, i.e., colorings f : [N]?> — 2 such that lim, f(x,y) exists for every
z € N. As with the decomposition of RT3 into SEM + SADS + COH, we have the
decomposition RCAg — RT3 < RT5(p) + coSRT5(p) + COH (we will not consider a
stable variant of RT3(p) for our purposes).

Every pattern p : [¢]> — 2 admits a dual pattern D : [(]*> — 2 defined by p(z,y) =
1 — p(z,y). In particular, the non-transitivity patterns (7.1) are dual. Over RCAq,
RT3(p) and RT5(p) are equivalent, as given a coloring f : [N]> — 2, one can always
consider the dual coloring f : [N]> — 2 and apply RT3(p). Thus, over RCAq, EM is
equivalent to the statement RT2(p), where p is any of (7.1).

7.1.2 Permutations

A permutation on £ € N is a bijection 7 : £ — £. A permutation 7 can be seen as
a linear order £, = ({,<,) defined for every {z,y} € [{]*> by z <. y iff 7(z) <y
7(y). There is therefore a one-to-one correspondence between permutations on ¢ and
patterns of size £ avoiding both non-transitivity patterns (see (7.1)).

Indeed, given a permutation 7 on ¢, one can define a unique pattern p, : [(]?> — 2
coding the graph of <, that is, for x <y y <y ¥, pr(z,y) = 0 if x <, y and
pr(x,y) = 1 otherwise. Thanks to this correspondence, we shall consider permutations
as particular RTg—patterns, and will use either representation when most convenient.
Permutations enjoy a simple notation as their range sequence. For instance, the
sequence 2031 denotes the permutation 7 on 4 defined by 7(0) = 2, (1) = 0, 7(2) = 3
and 7w(3) = 1. Under the pattern representation, this corresponds to

Permutations enjoy two natural associative operators, namely, the skew sum ©
and the direct sum @', combining shorter permutations into longer ones. They are
defined as follows: for m and o two permutations of size m and n, respectively,

m(z) +n for x <m,

(rOo)(z) = {

olx—m) form<z<m+n,

7(x) for x < m,

(r®o)(x) = {

olx—m)+m form<xz<m+n.

These sums enable us to define the class of separable permutations, which will
play a central role in this chapter.

1We will also use the symbol @ to denote the join of two sets, as defined by Definition 4.1.3
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Definition 7.1.3. A permutation is separable if it can be obtained from the trivial
permutation 0 by direct sums and skew sums.

Bose, Buss, and Lubiw [10] introduced the notion of separable permutation as a
natural family for which multiple problems (sub-pattern decision, longest common
sub-pattern) admit a polynomial-time procedure. Separable permutations admit the
following historical characterization in terms of pattern avoidance:

Theorem 7.1.4 (Bose, Buss and Lubiw [10]). A permutation is separable if and only
if it does not contain the permutations 1302 and 2031 as sub-patterns.

The main interest of this characterization in this article is the existence of a finite
number of patterns (the two non-transitivity patterns and the permutations 1302
and 2031) such that every coloring avoiding all of them also avoids all non-separable
patterns.

By Lerman, Solomon, and Towsner [94, Theorem 1.15], EM does not imply RT%
over w-models. Hence, RT3(p) does not imply RT3 over w-models when p is not a
permutation.

This result was generalized by a theorem of Mimouni and Patey [102, Main
Theorem 1.8], who showed that RTS (p) does not imply RT% over w-models when p is
not a separable permutation. Their result was not directly expressed in the formalism
of separable permutations, but rather using another equivalent characterization of
them, more suitable for their computability-theoretic analysis (see [90, Section 2] for
details on this equivalence).

Their theorem implied that the separable permutations are exactly the patterns p
for which the statement RT3(p) does not admit so-called preservation of w
hyperimmaunities, where a function f : N — N is (X-)hyperimmune if it is not
dominated by any (X-)computable function.

Definition 7.1.5. A problem P admits preservation of w hyperimmunities if for every
set Z, every countable sequence fy, f1,... of Z-hyperimmune functions and every Z-
computable P-instance X, there is a P-solution Y to X such that fy, f1,... are all
Y @ Z-hyperimmune.

Being able to preserve w hyperimmunities is a weakness property of problems that
RT% does not enjoy (in fact RT% can only preserve at most 1 hyperimmunity). This
distinction can be used to build an w-model of RT5(p) that is not an w-model of RT3
for every pattern p that is not a separable permutation (with a construction similar
to that of the proof of Proposition 8.1.5).

In this chapter, we prove the converse, showing that every w-model of RT3(p)
where p is a separable permutation is also a model of RT%, thereby establishing the
following characterization.

Main Theorem 7.1.6. For every pattern p, RTg(p) implies RT% over w-models if
and only if p is a separable permutation.

To do so, we show that in the decomposition of RT3 into RT3(p)+COH+coSRT3(p)
for non-constant separable permutations, the statements COH and coSRT3(p) are
already implied by RT3(p) over w-models.

More precisely, for every separable permutation p, we prove that RCAy
RT3(p) — ADS in Section 7.2, and thus that RCAg - RT3(p) — COH as RCA,
ADS — COH (Hirschfeldt and Shore [63]).

And we prove that for every separable permutation p, every computable instance
of coSRT3(p) admits a probabilistic solution. To formalize this, we consider the
product topology on the space 21, whose basic open sets are of the form [o] = {X €
2N o < X} for each o € 2<N. We then equip this space with the standard measure
A, defined by A([¢]) = ﬁ and then extended to all Borel sets. We then prove that,
for every such instance, the set of oracles computing a solution has measure 1.
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Most statements we consider do not admit probabilistic solutions. For example,
there are instances of EM, ADS and WKL for which the class of oracles computing
a solution has measure 0 (Astor, Bienvenu, Dzhafarov, Patey, Shafer, Solomon, and
Westrick [3]).

A central theme in the field of algorithmic randomness (see Nies [105] or Downey
and Hirschfeldt [37] for a good introduction to the topic) is to quantify how much
randomness is needed for a probabilistic statement to hold. In our case, we consider
the sets with the property (true almost everywhere) of computing a so-called '-DNC
function, and prove that any such set computes a solution to any computable instance
of coSRT3(p). This is also the case for computable instances of coRT3(p), although
the proof is more involved (as done in the original article [90, Section 6]).

7.1.3 Diagonal non-computation

In Chapter 4, we introduced the X-DNC, functions as those functions f : N — {0,1}
satisfying f(e) # ®X (e) for every e € N. If we relax the requirement that the codomain
be {0,1} and instead allow values in N, we obtain the historical definition of the DNC
functions:

Definition 7.1.7 (X-DNC). A function f : N — N is diagonally non-X-computable
or X-DNC if for every e € N, f(e) # ®X(e). A Turing degree is X -DNC if it computes
an X-DNC function.

Intuitively, it is easy to construct an X-DNC function. Let f : N — N be defined
by choosing each f(e) uniformly at random from {0,...,10°"t — 1}. Then, f is X-
DNC with probability at least [ [ oy(1 — 106%) > 0. By replacing the sequence e + 1
with e+ C for C' € N large enough, this probability can be made arbitrarily close to 1.
Thus, although no X-DNC function is X-computable by definition, the set of oracles
that compute one can be shown to be of measure 1, regardless of the set X.

An X-DNC function does not need to compute the set X. In fact, when X
is not computable, most X-DNC functions do not compute X, since the set of
oracles computing a non-computable set has measure 0. This contrasts with X-DNC,
functions, which always compute X. Indeed, equivalently, every set Y of PA degree
over X satisfies Y =1 X, as witnessed by the X-computable infinite tree whose only
path is X.

The diagonally non-computable degrees have many characterizations, using
various paradigms, such as fixpoint-free functions ([68]), infinite subsets of random
sequences ([74, 54], see [37, Theorem 8.10.2]), sequences of high Kolmogorov
complexity ([75]). The following characterization, in terms of uniform avoidance of
finite 31 (Z) sets with bounded size, is arguably the most useful:

Definition 7.1.8. A function ¢ : N> — N is Z-escaping if for every e,k € N, if
card WZ < k, then g(e, k) ¢ WZ where WZ is the e-th Z-computably enumerable set,
as defined in Chapter 4.

Lemma 7.1.9 (Folklore (see [7, Lemma 3.3])). Fiz a set Z and a Turing degree d.
The following are equivalent:

(1) d computes a Z-DNC function;

(2) d computes a Z-escaping function.

Proof. (1) — (2). Given a Z-DNC function f and e,k € N, define g(e, k) as follows:
For every ¢ < k, let (I>aZi be the function which, on every input, searches for the
i-element x; of W2 in order of appearance, if it exists, and interprets z; as a (k + 1)-
tuple (¥, ...,z5) and outputs x!. Let g(e,k) = (f(ao),..., f(ar)). Suppose for
contradiction that card W7 < k but g(e,k) = x; € WZ for some i < k. Then
®Z (a;) = a! = f(a;), contradicting the fact that f is Z-DNC.
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(2) — (1). Given a Z-escaping function g, and e € N, define f(e) as follows:
Let WZ be the Z-c.e. set whose unique element is ®Z(e), if it exists, and WZ = &
otherwise. Let f(e) = g(a,1). By construction, card WZ < 1, so g(a, 1) ¢ W7, hence
f(e) = g(a,1) # ®Z(e). B

One can refine the previous lemma to require the Z-escaping function to output
its value within an infinite computable set X < N, by transforming any Z-c.e. set
WZ < X into the set of positions of its elements in X.

By a result of Mimouni and Patey [102, Main Theorem 1.2], there exists a
computable coloring f : [N]?> — 2 such that for every infinite set H f-avoiding
any pattern, H computes a @f-DNC function. Thus, by relativization, for every
set X and every pattern p, there is an X-computable instance of RT% (p) such that
for every solution Y, Y @ X-computes an X’-DNC function. And, as we will see
in Theorem 7.5.6, if p is a separable permutation, every X-computable instance of
coSRTZ(p) can be solved from X@Y . Hence, together with Proposition 7.2.1 implying
that RCAq - RT3(p) — COH, we get that every w-model of RCAq +RT35(p) is a model
of RCA¢ + RT3(p) + COH + coSRT35(p) or equivalently of RCAq + RT3, which is what
we wanted.

7.2 Separable permutations and ADS

The goal of this section is to prove that RCAg — RT3(p) — COH for any separable
permutation p. We shall actually prove a stronger implication, namely, RCAq
RT2(p) — ADS, by showing that ADS restricted to linear orders avoiding any
separable permutation is computably true.

Proposition 7.2.1. Let L = (N, <) be a computable linear order avoiding a separable
permutation p. Then there is an infinite computable L-ascending or L-descending
sequence.

Proof. We show by induction on p that for every computable linear order £ = (N, <)
without any infinite computable L-increasing or L£-decreasing sequence, the pattern
p appears. More precisely, we proceed by structural induction on the construction of
p by a series of direct and skew summations, starting from the trivial permutation
with one element. This statement holds for the trivial permutation. The direct sum
and the skew sum playing a dual role, we prove the inductive step only for the direct
sum.

Let p be the direct sum of two permutations py and p; satisfying the induction
hypothesis and let £ = (N, <) be a computable linear order without any infinite
computable L-increasing or L-decreasing sequence, hence both of these patterns
appear in L.

If the pattern py appears in £ at position Fy with the element xy = max, Fj
such that the set {x € N: x >, x} is infinite, then we are done, as we can consider
the induced order ({x € N : z >, zp A ¢ > max Fy}, <) and apply the induction
hypothesis on it (by first taking a computable bijection between this order and one
having N as base set), thus, the pattern p; appears in that order at some position
F1, and by construction, Fy < Fy and Fy <z F; holds (where A < B and A <, B
are shorthand for Vz € AVy € B x < y and Yz € AVy € B x <, y respectively), thus
Fy u Fy L-realizes po @ p1.

If for every set Fy L-realizing pg, we have that zo = max, Fy satisfies that {z e N :
x > xo} is finite, then we can contradict our assumption on the order by computing
an infinite £-decreasing sequence. Indeed, under our assumptions, there exists an
infinite computable sequence FO < F! < ... of sets realizing py and such that the
sequence (z;)ien, where z; = max, F?, is infinite and L-decreasing.

Such a sequence can be defined as follows: for every ¢ € N, assuming that F)

has been defined for every j < i, the set |J;_;{z € N : 2 >, x;} is finite, as it is
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equal to {x e N: a >, a;_1} if i > 0 and to ¢F if i = 0, hence its complement is
infinite and computable and we can apply the induction hypothesis on the induced
order ({z € N:Vj <i,z <z zj A x> max F/}, <) and computably find an instance
of pp at a position F* in that ordering. By construction, z; := max; F' < z; and
Fi > FJ for every j < i.

O

Proposition 7.2.2. For every separable permutation p, RCAg RTg(p) — ADS.

Proof. The proof of Proposition 7.2.1 is formalizable over RCAg, except the induction
on the structure of p which is too complex. Thus, for every separable permutation
p, we have a proof of RT3(p) — ADS in RCAy, but this does not give us a proof of
RCA I Vp separable(RT5(p) — ADS). O

In particular, for every separable permutation p, RT2(p) implies the cohesiveness
principle (COH) and the %9-bounding scheme (BX9) over RCAg, as ADS implies both
statements (see Hirschfeldt and Shore [63, Proposition 2.10, Proposition 4.5]).

We shall now see a direct proof of the second statement in the more general case
of all permutations.

Proposition 7.2.3. Let p be a permutation. Then RCAy - RT5(p) — BXY.

Proof. As BY is equivalent to RT! modulo RCA,, we consider by contrapositive some
coloring f : N — ¢ for some a € N with no infinite f-homogeneous subset.

Let g : [N]? — 2 be defined by g(z,y) = 1 if f(z) < f(y) and g(z,y) = 0
otherwise. We claim that for every permutation p, there is no infinite set g-avoiding
p.

Firstly, by external induction on n (see Chapter 9 for a more precise distinction
between internal induction which is the induction available within a (potentially non-
standard) model, used to prove a property for all elements of that model, and external
induction, the usual form of induction, which proves a property only for the standard
integers, but without any restriction on the complexity of the formulas involved), we
prove that for every infinite set H = {zg,x1,...} there exists some z;, < - < x;,_,
such that f(z;,) <--- < f(x;,_,). Note that if there exists one such n-tuple, there
exists an infinite amount of them, by truncating the beginning of H.

If n =1 (or n = 0), the property holds. So assume the property to be true for
some standard integer n and fix such an infinite set H = {xg,z1,...}. Let H € H
be the set of all z;, , € H such that there exists some x;, < --- < x;, , € H with
f(ziy) < -+ < f(x4,_,). By the inductive hypothesis, this set is infinite. If for some
z;, , <xzj,_, € H wehave f(x;, ,) < f(z;, ), thenz;) <z, <--- <z, , <zj _,
is the desired sequence. Otherwise, the values taken by f on the elements of H' form
an infinite non-increasing sequence of integers smaller than a, which must eventually
be constant by IX, contradicting the assumption that no infinite f-homogeneous set
exists. This proves that for every standard integer n, no infinite set can g-avoid the
homogeneous set of size n and of color 1.

Let p: n — n be a permutation on n elements and let H < N be an infinite set.
There exists an infinite sequence of n-tuples of elements of H

each g-homogeneous for the color 1. Notice that for a given n-tuple (xg,...,zp_1),
there are a™ possible values for (f(zo),..., f(zn—1)), so, by the finite pigeonhole
principle for a™ colors (provable in RCAg), there exists a sequence kg < -+ < kp_1

such that f(zF) = f(xf") for every ¢ < ¢’ < n and every i < n. Then, the set

k

Ep(o) kp(n-1)
{z,"” <y

P <<, POV Y gerealizes p. O
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7.3 Basis for separable permutations

The separable permutations form a relatively large family. In this section, we define
canonical sub-families for separable permutations, the k-fractals for & € N, which
enjoy some universality properties: for every k > 2, every separable permutation is a
sub-pattern of a k-fractal. These families will play an essential role in Section 7.5 to
prove our main theorem.

Definition 7.3.1. A family P of patterns is a basis for another family Q of patterns
if every pattern ¢ € Q is a sub-pattern of some pattern p € P.

Suppose P is a basis for Q. Then the statement “For every p € P, every coloring
avoiding p satisfies a given property” implies “For every ¢ € @, every coloring
avoiding ¢ satisfies the same property”. Indeed, if a coloring does not satisfy the
property, then every pattern in P appears in it, and as P is a basis for Q, every
pattern in Q also appears.

Definition 7.3.2. The family F of k-fractals is defined inductively as follows:
o The k-fractal of dimension 0 is the trivial permutation p : [1]* — 2.

e Let p, be the k-fractal of dimension n. The k-fractal of dimension n + 1 is the
permutation p,1 defined as the direct sum p, @ --- @ p,, of k copies of p, if n
is even, and as the skew sum p,, © --- O p, of k copies of p, if n is odd.

Note that since the skew sum and the direct sum are associative, the previous
definition is well-defined.

Remark 7.3.3. For a fixed coloring f : [N]? — 2, by a small abuse of notation, we
shall simply call k-fractal of dimension n any finite set f-realizing the k-fractal of
dimension n.

Example 7.3.4. Let f : [N]? — 2 be a coloring. The sets f-realizing the k-fractal of
dimension 0 are the singletons. The sets f-realizing the k-fractals of dimension 1 are
the f-homogeneous sets for color 0 of cardinality k. The sets f-realizing the k-fractals
of dimension 2 are the finite sets of cardinality k2 which can be partitioned into k
blocks Fy < Fy; < .-+ < Fj;_1, such that each F; is f-homogeneous for color 0, and
the pairs between any two blocks have color 1.

Proposition 7.3.5. For every k = 2, the family Fy is a basis for the family of
separable permutations.

Proof. Inductively on the structure of a separable permutation p, obtained as a
series of direct and skew sums, we can show that there exists some n such that p is a
sub-pattern of the k-fractal of dimension n.

This is the case for the trivial permutation of a single point. It is a sub-pattern
of the k-fractal of dimension 0.

If p = po@p1, with ng, nq such that p; is a sub-pattern of the k-fractal of dimension
n; for every i < 2. Let n be any odd number greater than max(ng,n1). Then py and p;
are sub-patterns of the k-fractal of dimension n—1, hence p = po@p; is a sub-pattern
of the k-fractal of dimension n (since k > 2).

The case where p is a skew sum of two separable permutations pg,p; is similar,
with n taken to be even. O

7.4 The example of coSRT(120)

We will prove in Proposition 7.5.5 that for all n,k € N, any stable coloring f that
avoids the k-fractal of dimension n has the property that every ¢@’-DNC degree d
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computes an infinite f-homogeneous set. Hence, as the k-fractals of dimension n
form a basis for the separable permutations, the statement will also hold for stable
colorings avoiding some separable permutation. Our proof will proceed by induction
on the dimension n of the k-fractal. The case n = 0 is immediate, since no coloring
avoids a k-fractal of dimension 0. The case n = 1 is more interesting, and a more
detailed analysis of its general form, not restricted to stable colorings, will be carried
out in Chapter 11, where it will be referred to as the bounded Ramsey theorem for
pairs, denoted by BRT%.

Statement 7.4.1 (Bounded Ramsey theorem for pairs). BRT3 is the statement “For
every coloring f : [N]?> — 2 and every £ € N such that there is no f-homogeneous set
for color 1 of size ¢, there is an infinite f-homogeneous set for color 0.

In contrast with the general situation, this case does not only admit a probabilistic
solution: it is in fact computably true, in the sense that every computable instance
has a computable solution.

Lemma 7.4.2. Let f : [N]?> — 2 be a computable coloring and k € N such that no
clique of size k is f-homogeneous for the color 0. Then there exists some infinite
computable f-homogeneous set for the color 1.

Belanger’s proof over 1%9. Let T'< N<N be a computable tree such that
(1) every z € N appears in some node o € T}
(2) every o € T is f-homogeneous for color 0;
(3) for every o € T and every z,y € N such that 0 - z,0 -y € T, f(z,y) = 1.

T can be constructed via a greedy algorithm: at each stage, we insert the next
element = € N into a suitable position in the tree, ensuring that properties (1) to (3)
are preserved.

By (2) and by assumption, T has finite depth, so by (1) and BXY, there is some
level £y € N such that {o € T : o] = £y} is infinite. By IX9, there is a least such level
¢ < {y. Since T has only one node at level 0, namely (), £ > 0. By minimality of ¢,
{oc € T:|o| = ¢— 1} is finite, so by BXY, there is some o € T of length ¢ — 1 with
infinitely many immediate children. The set {x € N: o - x € T} is therefore infinite,
and by (3), it is f-homogeneous for color 1. O

In Chapter 11, we will show the statement BRTS to be of peculiar strength. On
the one hand, the mere existence of a solution can be established using RT%, since
BRT; is a special case of it, hence RCAq + BRT3 does not imply 1X9 either. On the
other hand, we will show that proving the existence of a computable solution does
require 1Yo, demonstrating that the above proof is optimal in this respect. Since we
restrict attention to w-models throughout this chapter, we will not track the amount
of induction required in our proofs, and will instead focus on the second-order content
of the statements under consideration. From this perspective, the statement BRT% is
trivial, as it holds in every w-model of RCA.

Before proceeding with our induction and proving the general case for arbitrary
k-fractals of dimension n, we consider the case of the permutation 120 (corresponding
to the pattern below), and show that the statement coSRT3(120) admits probabilistic
solutions.
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The statement coRT5(120) was already studied by various authors under the
names SHER (Dorais et al. [36]), TAC (Conidis [29]), CAC for trees, and SAC (Cervelle,
Gaudelier, and Patey [16]). In particular, Cervelle, Gaudelier, and Patey [16, Section
3] proved that every computable instance of SAC admits a probabilistic solution. We
give here the argument in the language of coSRT3(120) as it already contains the core
ideas of the generalization to all separable permutations.

Lemma 7.4.3 (Cervelle, Gaudelier, and Patey [16, Section 3]). coSRT3(120) admits
probabilistic solutions.

Proof. Let f : [N]? — 2 be a stable computable coloring avoiding the permutation 120.

Given an infinite set X < N, we say that an element z € N is f-bad if
limy_,o f(z,y) = 1. Otherwise (i.e., if lim,_,o f(x,y) = 0), z is f-good.

Since f avoids 120, every finite f-homogeneous set F' < N for color 0 contains
at most one f-bad element. Thus, if one picks an element x € F at random, the
probability that it is f-bad is at most caii - By Lemma 7.4.2, if there exists some
bound b € N and some ¢ € N such that no subset F' > b of cardinality ¢ is f-
homogeneous for color 0, then there exists an infinite computable subset of {b,b +
1,...} that is f-homogeneous for color 1. In that case, no probabilistic argument is
needed, so we may assume that this situation does not occur.

Consider the following probabilistic algorithm to compute an infinite f-
homogeneous set Y for color 0:

Y will be defined as |, Es for Eg € E1 < ... an increasing sequence of finite
sets, satisfying the following additional constraints for every s € N:

e E, is f-homogeneous for the color 0, and hence Y is as well.

e card E; = s, and hence Y is infinite.

At stage 0, set By = .

At stage s, assume that F has been defined. Search for some finite f-homogeneous
set Fy > E, for color 0 of size 2572, such that f(x,y) = 0 for every x € E, and every
y € Fs. Pick an element x € Fy uniformly at random, and let Es; 1 = Es u {z} and
go to the next step.

If every element of E; is f-good, then there exists a bound b € N such that for
all y > b and all x € Ey, we have f(z,y) = 0. It follows, by our assumption, that a
suitable set F will eventually be found. Hence, as long as the property that every
element of F; is f-good is preserved, the construction can proceed.

Since every f-homogeneous set for color 0 contains at most one f-bad element,
the probability that an f-bad element is chosen at stage s is at most Car(li = 27572,

Therefore, the probability that the construction fails at some stage is bounded
by >, 27572 = % More generally, one can parameterize the construction by a
constant k € N, and require card Fy = 2°71%%_in which case the probability of failure
is at most 27F.

By encoding the choices within the blocks {F}}sen into chunks of an infinite binary
sequence, that is, decomposing any R € 2" into an infinite concatenation ot - oft - ...
where o is a string of length 2°7#+1 coding for the choice of an element in Fj, the
measure of oracles R € 2" such that this decomposition yields a successful construction
is at least 1 — 2%, This tends to 1 when k tends to infinity, so the measure of oracles

computing a solution is 1. O

An analysis of the complexity of the above argument using the tools of algorithmic
randomness shows that a so-called 2-random degree is sufficient to carry out the
construction. On the other hand, at first sight, the existence of an @’-DNC function
is not sufficient. Indeed, although the property of being f-bad is ¥, or equivalently
31 ('), an '-DNC function is only sufficient to avoid selecting a finite number of
f-bad elements from an infinite set and doesn’t provide a way of picking an element
in Fj.
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Every 2-random degree is f’-DNC, but the converse doesn’t hold. Unfortunately,
contrary to @§’-DNC degrees, there is no hope to prove the existence of a 2-random
degree from RT3(p), as Liu [96] proved that every computable coloring f : [N]> — 2
admits an infinite f-homogeneous set which does not compute any 1-random, and a
fortiori any 2-random.

Thankfully, a more involved argument, based on the following lemma, allows us to
reduce the required amount of randomness to that provided by @’-DNC degrees. For
that, we will exploit the fact that, instead of picking one f-good element from a finite
f-homogeneous set Fy, we may instead consider infinitely many such f-homogeneous
sets of arbitrarily large sizes.

Lemma 7.4.4. Let B € N be a Xy set of “bad elements”, (F;)ien be a computable
family of subsets of N and k € N such that: card F; n B < k and card F; > i for every
i. Then, every '-DNC degree d computes an infinite subset of | J; F;\B.

Proof. Fix such B € N, (F})en, k € N and d. We have two cases.

Case 1: d =1 @. Let £ < k be the largest integer such that card F; n B = ¢ for
infinitely many 7 € N. Let ¢t € N be such that for every ¢ > ¢, card F; n B < {. As B
is 35, one can @’-computably find infinitely many 7 > t such that card F; n B > £,
hence such that card F; n B = ¢, and pick an element in F;\B.

Case 2: d #7 ¢'. Let g <7 d be the function of Lemma 7.1.9(2). Let us be
the standard left-c.e. approximation of the modulus p of @', that is, us(x) is the
least ¢ < s such that ¢f}tx = ) lz. For every x € N, the sequence (pus(x))seny can
only change values at most z times (every time a program with Turing index less
than x stops), and let m§ < --- < m¥(= u(x)) be those values for some i < z. Then,
consider the ¢’-enumerable set We%;) containing {0,...,z — 1} and the position in
Fm;_c of the elements of Fm; N B for every j < 1.

Note that card We%;) < z x (k + 1), hence, by hypothesis on g, letting p, =
gle(z),z x (k + 1)), the sequence (pg)gen is such that p, ¢ We%;) for every z. In

particular, p, > « for every z as {0,...,z—1} < We%) Since d :1 &', the sequence
(pz)zen does not eventually dominate u, hence, for infinitely many z, we can d-
computably find some stage s such that ps(z) = p, and if s is chosen to be minimal,
this ensures that the element in position p, of F), (,) does not belong to B. Let S be
this set of elements. Then S < | J, F;\B, and since p, > z, S is infinite. O

We can now obtain an effective version of Lemma 7.4.3.

Lemma 7.4.5. For every computable instance of coSRT§(120), every @'-DNC degree
computes a solution.

Proof. Let f be an instance of coSRT§(120). As explained in the proof of Lemma 7.4.3,
for every finite f-homogeneous set F' € N for color 0, at most one element has limit 1.
If we let B = {z : lim, f(z,y) = 1} and (F,)nen be a sequence of f-homogeneous sets
for color 0 such that card F}, = n (if no such sequence exists, then by Lemma 7.4.2
there is a computable f-homogeneous set and we are done), then by Lemma 7.4.4,
any J’-DNC degree computes an infinite subset of A = {z : lim, f(z,y) = 0}, hence
computes an infinite f-homogeneous set (see e.g., the proof of the equivalence between
SRT2 and D3 in Chapter 6). O

This yields a new proof for the following theorem.

Theorem 7.4.6 (Cervelle, Gaudelier, and Patey [16]). RCAq + RT2(120) implies RT3
over w-models.

Proof. Let M = (N, S) be an w-model of RCA( + RT5(120). By Proposition 7.2.2, we
have that M = ADS and thus M = COH.
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Let f : [N]> — 2 be an instance of coSRT3(120) coded by a set in S. By a
relativization of Mimouni and Patey [102, Main theorem 1.2], there exists an f-
computable coloring g : [N]? — 2 such that for every infinite set H N that g-avoids
any pattern, f @ H computes an f’-DNC function.

As M = RCA(, we have that g € S, and, as M = RT%(lZO), there exists an infinite
set H € S that g-avoids the pattern 120. Hence, as f @ H € S, there exists a set G of
f/-DNC degree in S.

By a relativization of Lemma 7.4.5, G @ f computes an infinite f-homogeneous
set. Thus, every instance of coSRT%(lQO) in S admits a solution in S, showing that
M = coSRT3(120).

Thus, M = RT5(120) + COH + coSRT5(120), and as RCA - RT3 <> RT5(120) +
COH + coSRT3(120), we have M = RT3 as required. O

7.5 General case

We now turn to the study of coSRT2(p) for arbitrary separable permutations p. We
shall first prove the theorem for fractals, and deduce the general case since they form
a basis for separable permutations.

Definition 7.5.1. Fix k,n > 1. Let f : [N]2 — 2 be a coloring and F be a set f-
realizing the k-fractal of dimension n. The fractal decomposition of F' is the sequence
Fy < --+ < Fy_q of subsets of F' such that for every i < k, F; is a k-fractal of
dimension n — 1. We shall refer to the F;’s as blocks.

Given a k-fractal F' of dimension n, and o € NS? let F (o) be defined inductively
as follows: F({)) = F and F(w - 1) = F,(7), where Fy < --- < Fj_; is the fractal
decomposition of F, if w < k. If w > k, then F(w - 7) = . Note that if F(o) # &,
then F(o) is a k-fractal of dimension n — |o|.

For a stable coloring f : [N]? — 2, we will often omit explicit reference to f when
it is clear from the context, and simply say that an element x € N has limit ¢ < 2 if
limyeN f(xa y) =C.

The following definition generalizes the notion of f-good/ f-bad from Lemma 7.4.3.
Indeed, in the case n = 0, a finite set F' f-realizing the i-fractal of dimension 0 for
some ¢ > 0 is a singleton, and its unique element has limit ¢ if and only if F is
(f, k)-good for color c.

Definition 7.5.2. Fix k,i > 1 and n € N. Let f : [N]? — 2 be a stable coloring and
¢ < 2 be a color. A finite set FF € N f-realizing the i-fractal of dimension n is (f, k)-
good for color c if there is no subset G € F f-realizing the k-fractal of dimension n
with all its elements having limit 1 — ¢. Otherwise, F is (f, k)-bad for color c.

The following lemma bounds the number of bad choices of fractals of dimension n—
1 given a good fractal of dimension n. This yields a probabilistic algorithm to find an
element which has limit ¢ given an i-fractal F' of dimension n which is (f, k)-good for
color ¢: pick a block F” at random in the fractal decomposition of F'. With probability
1— 521 F' is an i-fractal of dimension n — 1 which is (f, k)-good for color c. Iterate
the process until we obtain an i-fractal of dimension 0 which is (f, k)-good for color ¢,
in other words, a singleton element which has limit ¢. The probability of making a
bad choice at some point is at most m, which can be made arbitrarily small by
considering i-fractals for very large ’s.

Lemma 7.5.3. Fir k,i,n > 1. Let f : [N]> — 2 be a stable coloring and ¢ < 2
be a color. Let F < N be a set f-realizing the i-fractal of dimension n and let
Fy < -+ < F;_1 be its fractal decomposition. If F is (f, k)-good for color ¢, then there
are at most k — 1 many blocks which are (f,k)-bad for color c.
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Proof. Assume, by contraposition, that there exist indices £y < -+ < £x_1 < i such
that, for every j < k, the block Fy; is (f,k)-bad for color c. Since n > 1 and by
definition of a (f, k)-bad block, for every j < k there exists a subset Gy, < Fy; such
that Gy, f-realizes the k-fractal of dimension n — 1 and all its elements have limit
1—-c

Then, Gg, u---UGy,_, f-realizes the k-fractal of dimension n and all its elements
have limit 1 — ¢, hence, F' is (f, k)-bad for color c. O

We now prove Lemma 7.5.4, which is the counterpart of Lemma 7.4.4. There
is however an additional level of difficulty: the probabilistic algorithm given before
Lemma 7.5.3 requires making n iterated queries to the @f'-escaping function, asking
each time to give an answer smaller than i.

Lemma 7.5.4. Let f : [N]?> — 2 be a stable coloring, ¢ < 2 some color and n,k € N.
Let (F;)ien be a computable family of finite subsets of N such that, for every i € N:

o F; f-realizes the i-fractal of dimension n.
o F; is (f,k)-good for color c.
Then, every &'-DNC degree d computes an infinite f-homogeneous set for color c.

Proof. Case 1: d 27 @'. Let i > k. By Lemma 7.5.3, every set F that is (f,k)-
good for color ¢ and f-realizes the i-fractal of dimension d for some d > 0 contains
at least i — k — 1 blocks that are (f, k)-good for color ¢ and f-realize the i-fractal of
dimension d — 1. Thus, by iterating, every such set F' contains at least (i — k — 1)¢
disjoint subsets that f-realize the i-fractal of dimension 0 and are (f, k)-good for color
¢, hence F contains at least (i — k — 1)? elements having limit c.

Thus, under our assumption, there exists an infinite number of elements having
limit ¢. These elements are ¢f’-computable, and from them we can compute an infinite
f-homogeneous set for color c.

Case 2: d 21 @'. Let g <t d be the function of Lemma 7.1.9(2) and let
is be the standard left-c.e. approximation of the modulus p of &', as defined in
Lemma 7.4.4. For every x € N, the sequence (us(z))seny can only change values at
most x times (every time a program with Turing index less than x stops), and let
m§ < --- <mf(= p(x)) be those values for some i < z.

For every ¢ < n, and (wp,...,we_1) € N, let We%;,@vo,--qwzfﬁ) be the '-c.e.
set containing {0,...,2 — 1} and the indices of the (f,%)-bad blocks in the fractal
decomposition of Fi,z ((wo, ..., we—1)) for every j < x.

For every ¢ < n, let wy be the g-computable function defined inductively as follows:

we(a) = {g(e(x,<>),k x ) ifr=0
gle(x,(wo(x),...,we—1(x))), k xx) ifl>0

Claim: For every z, j € N such that max{we(z) : £ < n} <mj and every £ < n,

(@) Fmz((wo(@), ..., we-1(x))) is (f, k)-good for color ¢;

(b) card w

e (w0 (2),ywe_1 (2)y) S KX T

We proceed by induction on ¢. If £ = 0, (a) is due to the fact that every F; is
(f,k)-good for color ¢, (b) follows from Lemma 7.5.3. Then, assuming the property to
be true for some £ < n, the set Fiz ((wo (@), - . ., we—1(x))) is therefore an mj-fractal of
dimension n—¢ which is (f, k)-good for color ¢. By Lemma 7.5.3, there are at most k—1
blocks in the fractal decomposition of Fiz ((wo(2), ..., we-1(x))) that are (f,k)-bad

for color c¢. The indices of these blocks are the ones output by We%; (w0 (@), r001 (2)))

for every j < z such that mj is defined. Hence card ng;’@o(w),m’wil(w») < (k-
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1) x x + z = k x 2 and (b) holds. Thus, by definition of g, wy(z) does not belong
to W2

e(z,{wo(z),..., 7
dimension n — ¢ — 1 which is (f, k)-good for color ¢, so (a) holds. This proves our

claim.

we_1(x)y) And Fre ((wo(z), ..., we—1(x), we(x))) is an mf-fractal of

Letting p, = max{we(z) : £ < n}, the sequence (p,)zen is d-computable. Since
d 37 &, there is no bound b € N such that p, > p(x) for every x > b, as otherwise
d would compute a function dominating p and therefore compute &'

Hence, for infinitely many x, we can d-computably find some j € N such that
wy(z) < mj for every £ < n. Once such z,j are found, we get by our claim that
Fipe ((wo (), - .., wp—1(2))) is an mj-fractal of dimension 0 that is (f, k)-good for
color ¢. Thus, we can d-compute an infinite set of elements having limit ¢, hence d
computes an infinite f-homogeneous set for color c. O

We can now prove our main proposition in the case of k-fractals.

Proposition 7.5.5. Let f : [N]> — 2 be a stable computable coloring. For every
n,k € N, if f avoids the k-fractal of dimension n, then every @'-DNC degree d
computes an infinite f-homogeneous set.

Proof. Let d be an @f’-DNC degree.

By induction on n, we show that for every k € N and every stable computable
coloring f : [N]? — 2 that avoids the k-fractal of dimension n, d computes an infinite
f-homogeneous set.

The case n = 0 is vacuously true, as no set f-avoids the singleton pattern. The
case n = 1 is true by Lemma 7.4.2.

Now assume the property holds for some n € N and fix k € N. Let f : [N]? — 2
be a stable coloring avoiding the k-fractal of dimension (n + 1). Let ¢ be equal to 1
if n is even and 0 if n is odd.

Suppose first that there is some i,b € N such that no finite set F > b f-realizes
the i-fractal of dimension n. Define g : [N]?> — 2 by g(z,y) = f(z + b,y + b). Then
g is stable, computable and avoids the i-fractal of dimension n. By the inductive
hypothesis, d computes an infinite g-homogeneous set, and hence computes an infinite
f-homogeneous set.

Thus, assume that for every i,b € N, there exists some finite set F > b that
f-realizes the i-fractal of dimension n. We distinguish two cases:

Case 1: There exists some bound b € N, such that every F' > b that f-realizes
the k-fractal of dimension n contains an element whose limit is c.

In that case, for every i € N, every F' > b that f-realizes the i-fractal of dimension n
is (f, k)-good for color ¢, as every subset G € F' f-realizing the k-fractal of dimension
n contains an element whose limit is ¢. By our assumption, such sets F' exist for every
1 € N. It then follows from Lemma 7.5.4 that d computes an infinite f-homogeneous
set.

Case 2: For every bound b € N, there exists F' > b that f-realizes the k-fractal of
dimension n and whose elements all have limit 1 — c.

In that case, construct a sequence Fy u --- U Fi_1 as follows. Let Fy € N f-
realizing the k-fractal of dimension n, with all its elements having limit 1 — ¢, and
let by € N be large enough that every element of Fy has reached its limit by stage
bg. Next, let F} > by with the same properties, and let b; > by witness stabilization

for all elements of F;. Continuing this way, we obtain a sequence Fy < --- < Fj_1
such that Fy U --- U Fi_1 f-realizes the k-fractal of dimension n + 1, contradicting
our assumption on f. O

Theorem 7.5.6. For every separable permutation p and every computable instance
of coSRTg(p), every &'-DNC degree computes a solution.
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Proof. Let f : [N]> — 2 be a stable computable coloring avoiding p. By
Proposition 7.3.5, there exists some k,n € N such that it avoids the k-fractal of
dimension n. Then by Proposition 7.5.5 every @f-DNC degree computes an infinite
f-homogeneous set. O

Theorem 7.5.7. For every separable permutation p, RCAg+RT3(p) implies RT3 over
w-models.

Proof. Let M = (N, S) be an w-model of RT3(p). By Proposition 7.2.2, M = ADS
and thus M = COH.

Let f : [N]2 — 2 be an instance of coSRT5(p) in S. By a relativization of Mimouni
and Patey [102, Main theorem 1.2], there exists an f-computable coloring g : [N]? — 2
such that for every infinite set H < N that g-avoids any pattern, f @ H computes an
f/-DNC function.

As M = RCAq + RT3(p), there exists an infinite set H € S that g-avoids the
pattern p. Hence, there exists a set G of f’-DNC degree in S.

By a relativization of Theorem 7.5.6, G @ f computes an infinite f-homogeneous
set. Thus, every instance of coSRTg(p) in S admits a solution in S, showing that
M = coSRT3(p).

Thus, M = RT2(p) + COH + coSRT2(p), and as RCAy — RT2 < RT%(p) + COH +
coSRT3(p), we have M = RT3 as required. O

We are now ready to prove our main theorem.

Main Theorem 7.1.6. For every pattern p, RT3(p) implies RT3 over w-models if
and only if p is a separable permutation.

Proof. If p is a separable permutation, then RTg(p) implies RT% over w-models by
Theorem 7.5.7. If p is not a separable permutation, then by Mimouni and Patey [102,
Main Theorem 1.8], RT5(p) does not imply RT3 over w-models. O

Note that the bound of Theorem 7.5.6 is not optimal, as for every separable
permutation p, every computable instance of coSRTg(p) admits an @f’-computable
solution, while there is no such @-DNC function. Moreover, for the case p = 120,
Cervelle, Gaudelier, and Patey [16] proved that ADS implies coRT3(120) over RCA,
and by Hirschfeldt and Shore [63], ADS does not even imply the existence of a DNC
function over w-models.

7.6 Open questions

Many questions concerning the computability-theoretic and proof-theoretic strength
of the statements RT3(p) and coRT2(p) remain open. The known relations over w-
models of RCA are given in Figure 7.6.

The most fundamental question is about the general structure of this partial order.

Question 7.6.1. What is the structure of the Ramsey-like statements, ordered by
implication over RCAy? over w-models?

Over w-models, if RT3 (p) is strictly weaker than RT3, then by Theorem 7.1.6, p is
not a separable permutation, so either it is not a permutation, in which case RT% (p)
follows from EM, or it is a permutation, but not separable, and by Theorem 7.1.4 it
follows from RT2(1302). By Mimouni and Patey [102], RT3(1302) does not imply EM
over w-models, but the other direction is unknown.

Question 7.6.2. Does EM imply RT3(1302) over w-models?

The main theorem of this chapter states that RT5(p) implies RT3 over w-models
whenever p is a separable permutation. The proof, however, seems to make a strong
use of w-models, in particular with Lemma 7.4.2 which uses Y¥s-induction.
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separable permutations

non-separable

permutations

[102] : 9 :
— L RT2(1302) |
RRE Tt N A
. RT3(p) |
RCA,

Figure 7.1: Implications over w-models of RCAg. A simple (double) arrow represents
a (strict) implication. A dashed arrow with a question mark denotes that the
implication is still open and a crossed arrow represents a non-implication.

Note that by [102], there exist non-permutations p such that RT3(p) is strictly weaker
than EM over w-models.

Question 7.6.3. For every separable permutation p, does RCAg — RTg(p) — RT;?
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Chapter 8

Ramsey-like theorems for the
Schreier barrier

8.1 Introduction

Among the variants of Ramsey’s theorem whose computational and proof-theoretic
power have been investigated, the free set, thin set and rainbow Ramsey theorems
have attracted significant interest in recent decades (see, e.g., [18, 140, 113, 17, 98]),
due to the peculiar behavior of these theorems when compared to Ramsey’s theorem.
For these three theorems, the instances are again colorings of the set [N]™, but this
time with infinitely many colors allowed.

The following thin set and free set theorems were introduced by Harvey Friedman
[47] and first studied in [18]. The thin set theorem is a weakening of Ramsey’s theorem,
where, instead of starting from a k-coloring of [N]™ and seeking to avoid all colors
except one, one considers a coloring of [N]” with infinitely many colors and aims to
avoid just a single one.

Statement 8.1.1 (Thin set theorem). Let n > 0, TS™ is the statement “For every
coloring f : [N]™ — N, there exists an infinite set H < N such that f([H]") # N”".
Such a set H is called thin for f (or f-thin).

Statement 8.1.2 (Free set theorem). Let n > 0, FS™ is the statement “For every
coloring f : [N]™ — N, there exists an infinite set H < N such that for every s € [H]",
if f(s) € H then f(s) € s".

Such a set H is called free for f (or f-free).

The notion of free set might seem ad hoc at first sight, but can be better
understood in the light of the thin set theorem. Indeed, an infinite set H < N is
f-free if and only if, for every x € H, the set H\{z} is f-thin with witness color z (in
the sense that f never takes value z on [H\{z}]™). Thus, the free set theorem is a
natural generalization of the thin set theorem.

The rainbow Ramsey theorem is sometimes called an anti-Ramsey theorem as
it requires the coloring f to be injective on the resulting set [H]™ instead of
monochromatic.

Statement 8.1.3 (Rainbow Ramsey theorem). Let n,k > 0, RRT}, is the statement
“For every coloring f : [N]™ — N such that every color is used at most k times, there
exists an infinite set H € N such that f is injective on [H]™”. We then let RRT" be
the statement VARRT}.

Such a coloring f is said to be k-bounded, and such a set H is called a rainbow for f
(or f-rainbow).

79
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While the hierarchy RT',RT? RT?,... collapses at the third level, where every
RT™ for n > 3 already implies the existence of ¢, and is equivalent to ACAg modulo
RCAy, this is not the case anymore for these three principles. This surprising result
is due to Wang [140], who showed that the free set, thin set and rainbow Ramsey
theorems do not code the halting set and satisfy the cone avoidance property.

Definition 8.1.4. A problem P admits cone avoidance if for every set Z, every non-Z-
computable set C' and every Z-computable P-instance X, there exists a P-solution Y
to X such that C £ Y & Z.

Proving that a problem P admits the cone avoidance property is the standard
method for showing that it does not imply ACAq over RCAy. We will present another
method in Chapter 15, based on the study of the first-order part of problems, to show
that a statement about colorings of infinite trees, namely the ordered variable word
theorem, does not imply ACAg over RCAy.

We already mentioned the cone avoidance basis theorem (Theorem 4.2.5) of
Jockusch and Soare [71] that demonstrates that WKL has this property. In the case
of RT3, the result was established by Seetapun and Slaman [124].

Proposition 8.1.5. If a 1} problem P admits cone avoidance, then RCAg+P 1~ ACAq.
In fact, this non-implication already holds over w-models.

Proof. We aim to construct an w-model M = (N, S) of RCAy + P + —ACA,. Since
ACA, proves the existence of all arithmetical sets, it suffices that ¢’ ¢ S in order for
M not to be a model of ACAg.

For M to be a model of RCAj, we require S to be a Turing ideal, that is, closed
under Turing join @ and downward-closed under Turing reducibility <. Moreover,
for M to be a model of P, every instance of P in S must admit a solution within S.

To achieve this, we construct an infinite sequence Yy, Y7,... of subsets of N such
that:

o Foreveryne N, Yo® - @Y1 27 &

e Whenever Yo @ --- @ Y,,_1 computes an instance of P, there exists some m € N
such that Y,,, is a solution to that instance.

We then define S to consist of all subsets of N that are computable from Yy@®- - -®Y,,_1
for some n € N. By construction, S is a Turing ideal. Furthermore, the conditions
imposed on the sequence (Y;) ensure that ' ¢ S and that every instance of P in S
has a solution in S.

The construction of the Y; proceeds as follows: fix n € N and assume Yy, ..., Y,
have already been defined so that Yo ®--- @ Y,—1 21 &'. Write n = {a,b) using a
coding of the pairs of integers. Since there are only countably many sets computable
from Yo @ - @Y}, there are countably many Yy @ - - - @ Yj-instances of P. Let X,
denote the a-th such instance under some fixed enumeration.

Wehave Yo @ @Y, 1 27 & and Yo @ - @ Y,,_1 =7 X, thus, by the cone
avoidance of P, there exists a P-solution Y;, to X,, such that Yo @ ---®@Y,, >+ &'
This completes the inductive step and allows the construction to proceed.

O

The cone avoidance property reflects the computational weakness of a problem
P, as it ensures that solving its instances does not enable one to compute any fixed
non-computable set. In fact, Wang [140] showed that FS™, TS™ and RRT" satisfy
even stronger forms of computational weakness.

Definition 8.1.6. A problem P admits strong cone avoidance if for every set Z, every
non-Z-computable set C' and every P-instance X, there exists a P-solution Y to X
such that C £ Y @ Z.
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Theorem 8.1.7 (Wang [140]). For every n € N, FS™, TS™ and RRT" admit strong
cone avoidance.

In the definition of the strong cone avoidance, no computability constraint is
given on the P-instance X which can thus be arbitrarily complex compared to Z
and in particular might compute C. Thus, the strong cone avoidance reflects the
combinatorial weakness of P, in the sense that no matter how complex the instance
is, it cannot code in its solutions an infinite binary sequence.

Neither RT2 nor WKL admits the strong cone avoidance property. For WKL,
consider the ¥’-computable tree whose only path is @’. For RT3, let g : N —» N
be a fast-growing function (such as the modulus of &) and define f : [N]? — 2
by f(xz,y) = 0 if and only if y < g(x). Then, every infinite f-homogeneous set
H = {zy < x1 < ...} must have color 1, and moreover satisfies x;11 > ¢(i). It
follows that if g is the modulus of @, then any solution to that ¢f’-instance of RT%
computes &'

In this chapter, we consider generalizations of the free set, thin set and rainbow
Ramsey theorems to colorings of objects of unbounded dimension. We show that,
among these, only the extension of RRT" to colorings of so-called exactly w-large sets
still satisfies the strong cone avoidance property. By contrast, for the corresponding
generalizations of TS™ and FS", this property fails dramatically, as these principles
imply the existence of the w-jump &),

8.2 Colorings of all finite sets

For A < N, we let [A]<N denote the set of all finite subsets of A. One should not
confuse this with A<N, the set of all finite sequences of elements of A.

When generalizing Ramsey-like statements to colorings of finite sets of arbitrarily
large sizes, one must proceed with caution, as these kinds of statements can easily be
false. For example, consider the statement RT=Y stating that “For k € N and every
coloring f : [N]<N — k of the finite subsets of N, there exists an infinite set H such
that f is monochromatic on [H]<N”. Then RT<N is false, as witnessed by the coloring
f : [N]=N — 2 which maps s to the parity of card s. Indeed, every infinite set contains
finite subsets of even and odd cardinalities.

Similarly, the generalizations RRT;", TSN and FS=V of the rainbow Ramsey
theorem, free set theorem and thin set theorem to colorings of [N]<N do not hold.

Proposition 8.2.1. There exists a coloring f : [N]<N — N such that for every infinite
set X, f([X]N) =N (i.e., TSN is false).

Proof. Let f : [N]<N — N be defined by setting f(s) = cards. Let X be an infinite

subset of N. Then f([X]<N) = N. O
As FS=N can be seen as a generalization of TSV, it is also a false statement.
For RRT<N, we will make use of the following class of finite sets. These sets will

then play a central role in this chapter and later in Part IV for different reasons.

Definition 8.2.2 ((Exactly) w-large sets). A finite s € N is w-large if cards >
1 + mins and is exactly w-large if cards = 1 + mins. For A € N, we write [4]" to
denote the exactly w-large subsets of A.

Proposition 8.2.3. There is a 2-bounded coloring f : [N|=N — N such that for every
infinite set H € N, f is not injective on [H|=N (that is, RRT2<N is false).

Proof. A finite set s € N is called quasi-exactly w-large if there exists an exactly
w-large set ¢ such that s = t\{mint¢}. Obviously if ¢ is exactly w-large, then ¢\{min ¢}
is quasi-exactly w-large. Also, it is easy to see that if s is quasi-exactly w-large then
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there exists a unique exactly w-large ¢ such that s = t\{mint}. Let b : [N]<N — N
be a bijection. We define f : [N]<N — N as follows. If s is exactly w-large then
let f(s) = b(s\{mins}), and otherwise, let f(s) = b(s). Let H < N be infinite.
Then for any s € [H]'” we have s\{mins} € [H]<N. But for any such s we have
f(s) = b(s\{min s}) = f(s\{mins}). Thus H is not a rainbow for f.

O

In every case, the failure of the generalization comes from the fact that, for every
large enough finite set F' € N, the colors of the subsets of F' make it impossible to
build a solution. For TSN, our coloring ensures that every set F of cardinality > z
contains a subset of cardinality x making the color z unavoidable. For RRT<N7 every
exactly w-large set contains a quasi-exactly w-large subset whose color is the same.

To avoid this issue, we restrict ourselves to generalizations involving colorings
f:C — N, where C < [N]<V is such that, for every F,G € C, if F < G, then F = G.
In other words, C is an antichain under inclusion. This is the case for the family of
the exactly w-large sets.

The w-large sets are also known as relatively large sets in the literature. The family
[N]* coincides with the famous Schreier barrier used in better quasi ordering theory
and Banach space theory [138].

The concept of w-large finite subset of the natural numbers is well-known in
the proof theory of arithmetic, as it is the basic ingredient for the celebrated
Paris-Harrington independence result for Peano arithmetic [108]. It is worth
noting that while Paris and Harrington characterized these sets using the condition
card s = min s, this variation is essentially equivalent to the one considered here.

The following is the generalization of Ramsey’s theorem to colorings of exactly
w-large sets. It appears as a special case of more general theorems by Pudlak and
Rodl [118] and by Farmaki and Negrepontis [43]. Besides, it is a particular case of
Nash-Williams’ generalization of Ramsey’s theorem to barriers, which in turn is a
consequence of the clopen Ramsey theorem (see [128]).

Statement 8.2.4 (Large Ramsey theorem). Let k& > 0. For every coloring f : [N]' —
k, there exists an infinite set H < N such that f is constant on [H]*. Following [15],
we abbreviate this statement by RTL‘”.

This principle is arguably the simplest example of a true version of Ramsey’s
theorem for colorings of objects of unbounded dimensions. Formulated this way, this
theorem can arguably be considered as a non-robust statement, in the sense that
even simple variations of it need not remain equivalent to it over RCAy. For example,
consider the variant in which, instead of coloring [N]*“; one colors [X]'“ for some
infinite set X < N. In the case of RT}, we can use the canonical bijection between X
and N to transform a coloring of [X]™ into one of [N]™. However, this argument no
longer applies to colorings of the exactly w-large sets, since the image of such a set
under the canonical bijection need not itself be exactly w-large.

A first solution, adopted by Carlucci and Zdanowski [15], consisted in directly
studying the theorem in its general formulation, where an instance is a pair (X, f) with
X an infinite subset of N and f a k-coloring of [X]'“. However, making the domain
part of the instance raises some issues when considering strong cone avoidance as we do
in Section 8.5 for the generalization of the rainbow Ramsey theorem. Indeed, one can
for example consider an @¥'-computable instance (X, f) where X is sufficiently sparse
that every infinite subset of X computes ¥ (for instance, by letting the principal
function px of X dominate the modulus of '), and where f is an arbitrary coloring.
In this case, every solution to the instance computes ¢f’, but for reasons unrelated to
the combinatorial complexity of the problem.

A different approach was therefore considered in [14], where the strong cone
avoidance result was obtained on a generalized version formulated in the language
of barriers. This generalization can be understood by observing that the property



8.3. COLORINGS OF EXACTLY w-LARGE SETS 83

cards = 1 + mins in the definition of an exactly w-large set can be replaced by
cards = h(mins), where h : N — N is a computable increasing function, without
significantly affecting the underlying combinatorics. Crucially, this reformulation is
preserved under bijections between an infinite set X and N, at the cost of adjusting
the bound function h.

The large Ramsey theorem has been studied from the perspective of computability
theory and reverse mathematics by Carlucci and Zdanowski [15], and its
generalization to barriers in computability theory by Clote [26]. They proved
that it is computationally and proof-theoretically stronger than the usual Ramsey’s
theorem for each fixed finite dimension (RT") and even stronger than Ramsey’s
theorem for all finite dimensions (VnRT™). From the point of view of computability,
the theorem corresponds to the w-th Turing jump &“); in reverse mathematics
terms, it is equivalent to the theory ACA] over RCAg, where ACA{ extends RCA( by
the axiom of closure under the w-th Turing jump.

The following theorem summarizes the known bounds for RTL“J.
Theorem 8.2.5 (Carlucci and Zdanowski [15] and Clote [26]).

1. All computable finite colorings of [N]* admit an infinite monochromatic set
computable in &),

w

2. There exists a computable coloring of [N]'* in 2 colors such that all infinite

monochromatic sets compute @),
8. RTY is equivalent to ACAS over RCA.

As stated before, the w-large sets will feature prominently in Part IV. Rather
than using them to measure the size of the finite subsets of N being colored, we
will use them to formulate variants of the finite Ramsey theorem where the resulting
monochromatic set is required to be w-large.

8.3 Colorings of exactly w-large sets

In this section, we introduce and prove the generalizations of the free set, thin set
and rainbow Ramsey theorems to colorings of exactly w-large sets. We also establish
some basic implications and relations among those principles.

Statement 8.3.1 (Large thin set theorem). TS™ is the statement “For every coloring
f:[N]'* — N, there exists an infinite set H < N such that f([H]"“) # N”.
Such a set H will be called f-thin.

Statement 8.3.2 (Large free set theorem). FS' is the statement “For every coloring
f : [N]* — N, there exists an infinite set H < N such that for every s € [H]", if
f(s) € H then f(s) € s”.

Such a set H will be called f-free.

Statement 8.3.3 (Large rainbow Ramsey theorem). Let k > 0, RRTY is the
statement “For every coloring f : [N]'* — N such that every color is used at most &
times, there exists an infinite set # < N such that f is injective on [H]'””. We then
let RRT™ be the statement YARRT .

Again, such a coloring f will be called k-bounded, and such a set H an f-rainbow.

It is quite natural to ask whether these generalizations hold. We will show that
they do, by proving that they are implied by RT'“.

When studying the computability-theoretic strength of various statements, we
have so far restricted attention to their relative strength over w-models of RCAy. To
show that a statement P implies a statement Q over such models, it is sufficient to
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show that a solution to any instance of Q can be given by solving a finite number of
instances of P one after the other.

However, this is not the only computability-theoretic notion of reducibility between
problems that one may consider. For example, we introduce the following notion of
reducibility whose variants became of central interest in computability theory and
reverse mathematics in recent years (see [39] for background and motivation).

Definition 8.3.4. Q is strongly Weihrauch reducible to P (denoted Q <gw P) if there
exist Turing functionals ® and ¥ such that for every instance X of Q we have that
®X is an instance of P, and if Y is a solution to P for ®¥ then ¥Y is a solution to Q
for X.

This form of reducibility is far more restrictive than implication over w-models.
First, only a single instance of P can be used. Moreover, the second functional ¥ has
access only to the solution Y of the P-instance, and not to the original instance X
itself. Finally, the reduction is more uniform in the sense that the Turing functionals
® and VU are fixed in advance and cannot depend on the particular instance X or on
the solution Y. This contrasts with implication over w-models, where some statements
like RT% and BRT% can be computably true, but such that no single Turing functional
is able to solve all instances.

The more restrictive the notion of reducibility, the more properties can be
transferred between the two statements. For example, we will use the fact that
TS <.w FS™ to prove, in Section 8.4, the existence of a computable instance of
FS' every solution of which computes &), based on the existence of an instance
of TS with similar properties. Such a deduction would not be possible from a mere
implication over w-models.

We establish FS“ by reduction to RT'“. The proof combines ideas from the proof
of FS™ from RT3, 5 (Theorem 5.2 and Corollary 5.3 in [18]) and from the proof of
Theorem 4.1 in [15].

Theorem 8.3.5. FS"“ <. RT!zw-

Proof. For s = {sg,...,8s,} an exactly w-large set with so > 0, and sp < -+- < g,
define s © 1 to be the following exactly w-large set: {sg — 1,51 — 1,...,85,—1 — 1}.
The idea is to keep one degree of freedom: sg,, as in the proof of Carlucci and
Zdanowski [15, Proposition 4.1].

Let f : [N] — N be an instance of FS. Consider the following function
g : [N]' — 2 defined by induction. Note that the function g is called recursively
on lexicographically smaller parameters, so the induction is well-defined since the
lexicographic order is a well-order. For s = {s, ..., ss,} an exactly w-large set:

0 if f(s©1)=s;—1 for some i< sg
1- g(f(S@ 1) + 1;‘917 . '7sf(s@1)+1)
if f(s&1)<sy—1
g(s): 1_g(80,.-.,8i,f(861)+1,87;+2,.-.7830)
if f(s©1)e(s;i—1,8i41—1) for somei<sy—1
0 if f(s©1)e (s59—1— 1,85, — 1)
1 otherwise (if f(s©1) = s5,)

Let H = {xo,21,...} = N\{0} be an infinite g-homogeneous set as given by RT+".
We claim that the set G = {xg—1,21—1,...}is f-free. Consider some exactly w-large

set {so —1,...,850—1 — 1} € G. Then {sg,..., 85,1} S H. There are two cases:
Case 1: H is homogeneous for the color 0. Then, take s,, to be the next element
of H after s;,—1 and write s = {sg,...,Ss,}, then g(s) = 0. There are four subcases:

Subcase 1.1: f(s©1) =s; — 1 for some i < s9. In that case we are done.
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Subcase 1.2: f(s©1) € (s5,-1 — 1,85, — 1). In that case, by definition of s,
f(s©1)is not in G.

Subcase 1.3: f(s©1) < sp— 1 and g(f(s©1) +1,51,...,5701)+1) = 1. If
f(s©1) € G this contradicts the fact that H is g-homogeneous for the color 0.

Subcase 1.4: f(s©1) € (s;—1,s;41—1) for some ¢ < so—1 and g(so, ..., si, f(s©
1) + 1,8i42,...,85,) = 1. If f(s© 1) € G this contradicts the fact that H is g-
homogeneous for the color 0.

Case 2: H is homogeneous for the color 1. Take s;, € H bigger than sg,—1 and
write s = {sg,..., Ss,}, then g(s) = 1. There are three subcases:

Subcase 2.1: f(s©1) > s,,. This case is impossible, indeed, as H is infinite,
there exists some element 2z € H such that x > f(s© 1) + 1 and therefore f(s©1) €
(ssy — 1,& — 1), which leads to g(so, ..., Ssy—1,%) = 0 contradicting the fact that H
is g-homogeneous for the color 1.

Subcase 2.2: f(s©1) < sp—1and g(f(s©1) +1,51,...,5701)41) = 0. If
f(s©1) € G this contradicts the fact that H is g-homogeneous for the color 1.

Subcase 2.3: f(s© 1) € (s; — 1,841 — 1) for some i < s9 — 1 and
9(s0y--, 8, f(s ©1) + 1,8i49,...,85,) = 0. If f(s© 1) € G this contradicts
the fact that H is g-homogeneous for the color 1.

Notice that g is uniformly computable in f and that G is uniformly computable
in H. Therefore, F$" <.y RT5.
O

The above proof uses the fact that the exactly w-large sets are well-ordered under
lexicographic ordering. Since the order type of this ordering is w* and the statement
“w* is well-ordered” implies the consistency of RCAg (by Theorem 3.6.3), the above
proof is not formalizable in RCAgy. Yet, since RT;“’ implies ACAq and the latter proves

that w® is well-ordered we obtain the following corollary.
Corollary 8.3.6. RCA( - RTY — FS'.

Cholak et al. [18] have proved in RCAq that for all k& > 2, FS* implies TS* (sce
Theorem 3.2 in [18]; the proof yields a strong Weihrauch reduction). A completely
analogous argument establishes that TS follows from (and is strongly Weihrauch
reducible to) FS".

To show that RRT™ holds, Galvin gave a reduction to Ramsey’s theorem. His
argument is formalizable in RCA( and yields that for each n,k € N, RRT} <sw RT}
(see Csima and Mileti [32, Theorem 5.2]). Csima and Mileti also showed that for each
n,k > 0, RRT} follows from RRT}*! over RCAy (the proof of Theorem 5.3 in [32]
yields a strong Weihrauch reduction).

We first observe that Galvin’s argument adapts to the case of colorings of exactly
w-large sets and establishes a strong Weihrauch reduction.

Theorem 8.3.7. For all k > 0, RRT} <.w RT}. Moreover RCAy - YE(RT}® —
RRTY).

Proof. Let f : [N]'* — N be a k-bounded coloring and fix a computable bijection
b(-) : [N]* — N.
Define g : [N]'” — k as follows:

g(s) = card{t € [N]* : b(t) < b(s) and f(s) = f(t)}.

The fact that g is a k-coloring depends on the hypothesis that f is k-bounded. Let H
be an infinite set such that g is constant on [H]'“, as given by RT}. Let s,t € [H]'.
Since g(s) = g(t) and either b(s) < b(t) or b(t) < b(s) we have that f(s) # f(¢). Thus
H is a rainbow for f. O

The following is an adaptation of a result by Wang [140], who showed that for
every n, RRTS <sw FS".
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Proposition 8.3.8. RRTY < v FS™.

Proof. Fix a computable bijection b : [N] — N. Let f : [N]'* — N be 2-bounded.
Define g : [N]*” — N as follows:

(s) = min(t\s) if there is a t € [N]"“ such that b(t) < b(s) and f(s) = f(t),
9= 0 otherwise.

Since f is 2-bounded, if ¢ exists in the definition of g then it is unique. If ¢ and
s are distinct exactly w-large sets then (t\s) # J, since ¢ € s is impossible. Let A
be an infinite g-free set. We claim that A is a rainbow for f. Suppose otherwise, by
way of contradiction, as witnessed by s,t € [A]'Y such that f(s) = f(t). Without loss
of generality we can assume b(t) < b(s). Then g(s) = min(t\s) € A\s, contradicting
that A is g-free. O

Wang [140] proved that the free set, thin set and rainbow Ramsey theorems for
fixed-sized sets satisfy cone avoidance. This entails that none of these principles codes
the halting set or implies ACAg. A natural question is whether the same is true of
their versions for exactly w-large sets. We will show that FS' and TS code @)
and imply the much stronger system ACA, while RRT' admits cone avoidance.

Some first lower bounds on our principles can be obtained by adapting results from
the finite-dimensional case. For example, the rainbow Ramsey theorem with internal
quantification over all fixed finite dimensions YnRRT5 follows from the rainbow
Ramsey theorem for exactly w-large sets.

Proposition 8.3.9. For each k,n > 0, RRTL‘” >.w RRTL. Moreover, RCAg +
VE(RRTY — VnRRTY).

Proof. Let n > 0 and let f : [N]” — N be k-bounded. Define g : [N]' — N as follows.
For an exactly w-large set s = {sg,..., Sso},

g(S) _ <07505f(517"'7s7l)asn+17~'~5580> if S0 va
1,s) if sp < n,

where () : NN — N is a fixed computable bijection.

Claim: g is k-bounded. Let s = {sg,...,ss,} be exactly w-large. If sy < n then
there are no other exactly w-large sets ¢t such that g(s) = g(¢t). If sg = n, suppose
that some exactly w-large set t = {to,...,1s,} satisfies g(s) = g(t). Then, necessarily
to = So, 8; = t; for i > n, and f(s1,...,8,) = f(t1,...,tn), hence there are at most
k such t by k-boundedness of f.

Now, let A be an infinite rainbow for g and define B = An[n, ), then B\{min B}
is an infinite rainbow for f. Indeed, let s,t € [B\{min B}]™ such that f(s) = f(¢).
Since A is infinite, we can choose elements z,,1 < -+ < Tpinp in A such that
Tps1 > max{max s, maxt}. Define s’ = {minB} U s U {Zpt1,. ., Tminp} and t' =
{min B} Ut U{Zni1,...,Tmin5}. Then s’ and t’ are exactly w-large and g(s’) = g(t')
by construction. Since A is a rainbow for g, this implies s’ = t/, and therefore s = ¢.
Hence, B\{min B} is a rainbow for f. O

Analogous results can be obtained for the large free set and the large thin set
theorems, so that P implies YnP™ over RCAq for P € {FS, TS}. Both implications
are also witnessed by strong Weihrauch reductions. We omit the proofs since these
results are superseded by the results of the next section where we prove that FS'“ and
TS™ imply ACAS.
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8.4 FS“ and TS“ code @y

In this section we establish strong lower bounds on FS$'* and TS'“ showing that both
these principles code @) and imply ACASr . This should be contrasted with the fact
that neither YnFS™ nor YnTS™ implies ACAy.

The first goal is to prove the existence of a computable instance of TS such that
every solution uniformly computes ). In particular, TS admits the same lower
bound as RT!QW. Since TS <qw FS', it follows that there is a computable instance
of FS' such that every solution computes ). By results in the previous section,
this bound is optimal, since every computable instance of FS' admits a solution
computable in @) by Theorem 8.3.5 and Theorem 8.2.5.

One intuition behind this result is that, although TS™ admits strong cone
avoidance for every n € N, this is not necessarily the case when, instead of trying
to avoid one color in N, one tries to avoid one out of a finite number of them. In fact,
for every k € N, there exist finite colorings of [N]™ using increasingly many colors
as n grows, such that one cannot avoid a single color without computing &*). Our
proof will combine these colorings into a single coloring f : [N]'“ — N such that every
infinite f-thin set uniformly computes @*), and thus computes ().

We therefore extend the definition of thinness to include finite codomains as
follows:

Definition 8.4.1. Let C' be any non-empty set. Given a coloring f : [N]* — C, a
set H € N is f-thin for color ce C'if c¢ f([H]™). A set H € Nis f-thin (or thin for
f) if H is f-thin for some color c € C.

The definition of f-thin set depends on the choice of codomain of the function. It
will always be clear from the context.

The following version of the thin set theorem for finite colorings was introduced
in [36].

Statement 8.4.2 (Thin set theorem for finite colorings). Let n,k > 0 with k& > 2.
TSy is the statement “For every coloring f : [N]™ — k, there exists an infinite set
H < N such that H is thin for f.”

Dorais et al. [36, Proposition 5.5] proved the existence, for every n > 0, of a
computable coloring f : [N]"*2 — 2" such that every infinite f-thin set computes
&' Wang [140] proved that for every n € N, and for large enough value of k € N,
the statement TS) admits strong cone avoidance. Cholak and Patey [17] were then
able to give the exact threshold k € N after which TS}, admits strong cone avoidance.
Surprisingly, this threshold involved the following sequence of numbers, known as
Catalan numbers, which are omnipresent in combinatorics, and inductively defined as
follows:

n
Co=1  Cuy1=) CiCni
i=0
This sequence starts with 1,1,2,5,14,42, ... (see sequence A000108 in the OEIS). The
number C,, admits many characterizations, such as the number of ways of associating
n applications of a binary operator.

Theorem 8.4.3 (Cholak and Patey [17]). For every n > 0, TS} admits strong cone
avoidance if and only if k > C,,.

Unfortunately, the results by Dorais et al. [36, Proposition 5.5] and Cholak and
Patey [17] are not uniform: there is no single Turing functional capable of computing
&' from solutions to the instances of TS} for the small values of k they constructed.
Such uniformity is required for our construction in order to compute (). To achieve
this, we instead work with even fewer colors and prove the existence, for every n > 2,
of a computable coloring f : [N]"*! — n such that every infinite f-thin set uniformly
computes &'.
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Lemma 8.4.4. There exist two computable arrays (en)nken ond (dpg)nken Of

Turing indexes such that for every n,k > 0 with n > 2, @g(z) is a coloring

: — n such that for every infinite f,)-thin set H, = .
£ N h that finite fE-thin set H, ®ff = &®

Proof. By generalizing the definition of the modulus of @’ from Chapter 4, we can
show that for every k > 0, there exists a @*)-computable function g such that
any function dominating g, computes &%), Moreover, the Turing indices for the
functionals computing g; from the oracle @*) can be found computably, uniformly
in k.

For n > 2 let fX(xq,...,2n_1) = n — 1 if gr(z0) < 1 and if gp(zg) > w1, let
f¥(xo,...,my_1) =i for i <mn — 1 the largest value such that gj(zo) > 1.

Let H be an infinite f*-thin set for some color ¢. The color ¢ cannot be n — 1
as for a given xg € H there exists z; < -+ < z,—1 € H\{0,...,9x(z0)}, hence
¥ (zo, ..., on1) =n— 1.

We claim H is thin for color n — 2. Indeed, assume by contradiction that there
exists some tuple g < -+ < x,_1 € H such that gi(2¢) > 2,_1 so that f* takes
color n — 2 on {xg,...,xn—1}. Since ¢ < n — 2 and H is infinite, there exists some
Yer2 < - < Yn—1 € H\{0,..., gx(0)}, therefore frlg(x07~~-7xc+1uyc+27 ey Une1) =G
contradicting our assumption that H is fX-thin for c.

Write H = {xg < x1 <...}. For every i € N, gx(2;) < Z;1n_1, hence H computes
a function dominating g, and therefore computes @®). This computation can be
done uniformly in the set H, k and n. O

Lemma 8.4.5. There exists a functional I' such that for every set X and every index
e, if X" is a coloring f : [N]" — £, then TX(e) is a coloring g : [N]"*! — ¢ such that
if an infinite set H is g-thin for a color c, then H is f-thin for the same color c.

Proof. Consider a set X and an index e such that X" is a coloring f : [N]* — ¢
for some n,f > 0. By Shoenfield’s limit Lemma (see Proposition 4.1.7), we can
consider an X-computable sequence (fs)seny of X-computable functions, such that,
for every F € [N]”, lims_,o fs(F) exists and is equal to f(F). Indices for such an
approximation, where the fs are seen as X-computable functions, can computably be
found uniformly in X and e. Finally, consider the following X-computable coloring g
defined by g(xo,...,2n) = fz, (To,...,Tn—1) (again, the construction is uniform).
Let H < N be an infinite set. If for some zog < -+ < x,_1 € H we have
f(zo,...,xn_1) = ¢ for some color ¢, then fs(zg,...,xn—1) = c for every s bigger
than a certain threshold. Thus, as H is infinite, there exists some z,, € H such that
g(z0,...,xn) = c. O

Combining these two lemmas, we get the following, where the array (d, k)n ken is
as in Lemma 8.4.4.

Lemma 8.4.6. There exists a uniformly computable sequence of colorings fyj :
[N]"** — n, for n,k > 0, such that for every infinite f, i-thin set H, @i L= g,

The following theorem states that TS™ does not admit cone avoidance in a strong
sense: there exists a single computable instance of TS that computes &),

Theorem 8.4.7. There exists a computable coloring f : [N] — N such that every
infinite f-thin set H computes &) . Moreover, this computation is uniform in H and
an avoided color c.

Proof. Let f : [N]* — N be defined as follows (where the functions f,; are
from Lemma 8.4.6): for zp < -+ < x,, in N with g > 1, let f(zg,...,2s,) =
fro—kk(T1s- . Tay) for k = [2]; for s € [N]'” with mins < 1 set f(s) = 0. By
Lemma 8.4.6, f is indeed computable.

Let H be an infinite f-thin set for some color ¢ and let n € N. Since H is infinite,

there exists some zo € H such that, by letting & = [%2], we have zop — k > ¢ and
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k = n. The set G = H\{0,...,zo} is infinite and f-thin for c. By definition of f, G is
fuzo—k, k-thin for the color c. Note that c is part of the range of f,,_rr as xo — k > c.
By Lemma 8.4.6, since k = n, G =7 @, Since G is obviously H-computable, we
have H =p @, This computation can be done uniformly in H, ¢ and n, thus
H >7 @« uniformly in H and c. O

Corollary 8.4.8. There exists a computable coloring f : [N]'* — N such that every
infinite f-free set computes &5,

Proof. Immediate by Theorem 8.4.7 and the fact that TS <qw FS'. O

Recall that ACA{ is the theory consisting of RCAy together with the statement
that, for every X, its w-th jump X() exists. That statement is expressed in the
language of second-order arithmetic by a formula of the form VX3Y = @, Yo (Yo =
X) A (VnY,y1 = Y,) (see Chapter 9 for more details on the formalization of
computability-theoretic notions in second-order arithmetic).

The uniformity in the proof of Lemma 8.4.4 makes it possible to instead prove
the existence of two computable functions e,d : N — N such that, for every set X
and every n = 2, <I>§(ln) is a coloring f, : [N]® — n with the property that for every

infinite f,-thin set H, @i%x = X'. Such a proof is formalizable in RCAp, and from
it we can prove in RCAg a relativized version of Theorem 8.4.7, yielding the following

reverse-mathematical corollary.

Corollary 8.4.9. Each of TS™ and FS™ implies ACA over RCA.

The above corollary coupled with Theorem 8.2.5 and Corollary 8.3.6 implies the
equivalence over RCAg of RTY, TS and FS“. However, we do not know whether
RTY is strongly Weihrauch reducible to TS' or FS'.

The remaining question is whether RRT* codes @), In the next section, we
shall answer this question negatively in a strong sense: RRT" does not code any non-
computable set. Some computability-theoretic weak anti-basis results for RRT' can
be obtained by streamlining results from the finite dimensional case. For instance,
Csima and Mileti [32] proved the following theorem:

Theorem 8.4.10 (Csima-Mileti [32]). For all n,k > 2 there exists a computable
k-bounded f : [N]" — N with no infinite 2 rainbow.

The proof of Theorem 8.4.10 is uniform in n. Using this uniformity we obtain the
following, which implies that ACAq 1~ RRTY .

Theorem 8.4.11. There is a computable instance of RRT!QW with no arithmetical
solution.

Proof. For each n > 2 let f,, : [N]™ — N be the 2-bounded instance of RRTY with no
infinite ¥¥ rainbow given by Theorem 8.4.10. Let g : [N]'* — N be defined as follows:

g(n7 Oy - 7:177’7/71) = <7’L, fn(m07 R 7xn71)>

The function g is clearly 2-bounded since each f, is 2-bounded. Then for every g-
rainbow H and every n in H, the set H\[0,n] is an f,-rainbow, so H is not X9 by
Theorem 8.4.10. l

Patey [110] proved that RCAq  (Vn)[RRT5™ — TS™] and for every n > 0,
RCA(  RRT2"™! — FS™. The argument almost translates to the exactly w-largeness
setting as follows. A set s € N is ezactly (w + 1)-large if s\{min s} is exactly w-large.

Let RRT!Q(WH) be the rainbow Ramsey theorem for 2-bounded colorings of the exactly
(w + 1)-large sets.

Proposition 8.4.12. TSY <. RRTIQ(“JH).
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Proof. Fix an instance f : [N]** — N of TS™. Then, consider the following f-

computable instance g of RRT!Q(WH): for every s € [N]'“ and every = € N, if f(s) =

{x,yy with z < y < mins, let g(z,s) = g(y, s) and otherwise assign to g(z, s) a fresh
color. The construction of g is uniform in f.

Let H be an infinite rainbow for g and let z,y € H with z < y. The set H; =
H\[0,%] is f-thin for the color (z,y). Indeed, for every s € [H;]'’, by definition of
Hy, r < y < mins, thus, if f(s) = (x,y), then g(x,s) would be equal to g(y, s),
contradicting the fact that H is a rainbow for g. The definition of H; is uniform in
H, thus TS" < RRT{“™. O
Corollary 8.4.13. There exists a computable instance of RRT;MH) such that every
solution computes &),

Proof. Immediate by Theorem 8.4.7 and Proposition 8.4.12. O

8.5 RRT“ avoids cones

In this section, we prove that the rainbow Ramsey theorem for exactly w-large sets
admits strong cone avoidance. To this end, we introduce some variants of the free set
theorem for large sets that themselves admit the strong cone avoidance property and
are of independent interest. These variants will concern colorings where elements can
have finitely many colors, defined as functions f : [N]' — [N]<N. Accordingly, we
can generalize the notion of an f-free set to these multi-colored assignments.

Definition 8.5.1. Let C < [N]<N and f : C — [N]=N be a coloring. A set H < N is
f-free if for every s € C n [H]=N, f(s) n H C s.

By the following result, we can transform every instance of RRT into an instance
of a variant of the large free set theorem for these multi-colorings.

Proposition 8.5.2. Fiz some k € N. For every k-bounded coloring f : [N]'* — N,
there is an f'-computable coloring g : [N]'* — [N]=N satisfying, for every s e [N]'“:

o cardg(s) < k.
e ming(s) > mins.

and such that every infinite g-free set is an f-rainbow.

Proof. Let <oy denote the lexicographic order on [N]'“ (seen as finite increasing

sequences in N<N). In particular, if s <jex ¢, then mins < mint and hence card s <
cardt by definition of an exactly w-large set. Since s s t, t\s is not empty and
moreover min(¢\s) > mins.

Let g(s) = {min(£\s) : f(t) = f(5) A 8 <iex t}. For every s € [N]'“, we have indeed
card g(s) < k and min g(s) > min s.

Note that ¢ is computable in the Turing jump of f, as one needs to make an
unbounded search for all ¢ > s.

We claim that every infinite g-free set H is an f-rainbow. Suppose by way of
contradiction that there are some distinct s,¢ € [H]' such that f(s) = f(t). One
can suppose without loss of generality that s <jex . Then min(t\s) € (g(s) n H)\s,
contradicting the g-freeness of H. O

It may not be obvious at first what the purpose of this reduction is, as the large
free set theorem was shown in Corollary 8.4.8 not to admit the strong cone avoidance
property. Nevertheless, the requirements that, for every s € [N]*’, cardg(s) < k
and min g(s) > mins severely restrict the coding power of our instances. We will
refer to multi-colorings ¢ satisfying these two requirements as being k-constrained
and progressive respectively.
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Definition 8.5.3. Let C < [N]<N. A coloring f : C — [N]<N is b-constrained for
a bounding function b : N — N if for every s € C, card f(s) < b(mins). If b is the
constant function x — k, then we say that f is k-constrained.

Definition 8.5.4. Fix C < [N]<N. A coloring f : C — [N]=N is progressive if for
every s € C, either f(s) = ¢, or min f(s) > mins.

Thus, in light of Proposition 8.5.2, instead of working directly with RRT!“’, we will
instead prove the strong cone avoidance of the following theorem.

Statement 8.5.5 (Progressive free set theorem). Fix some k € N. PFS} is the
statement “For every k-constrained progressive coloring f : [N]'* — [N]<N| there is
an infinite f-free set”.

PFS' is the statement YEPFS}”.

For our purpose, it is irrelevant that the instance of PFS' constructed in
Proposition 8.5.2 is computationally more complex than the instance of RRT™.
Indeed, in a strong cone avoidance proof, the instances considered are already of
arbitrarily high complexity.

The fact that the colorings we consider are progressive will greatly simplify the
construction of solutions to our instances. Indeed, when one unfolds the reductions,
the coloring witnessing that FS' codes @) is not progressive. This is actually
necessarily the case, as we shall now prove that PFS™ admits strong cone avoidance.

Theorem 8.5.6. Fiz a set Z and a non-Z-computable set D. For every k € N and
every k-constrained progressive coloring f : [N]' — [N]<N, there exists an infinite
f-free set G < N such that D £ G ® Z.

Proof. For simplicity, we prove the theorem in a non-relativized form (i.e., for
Z = ). Relativization is straightforward. Fix a non-computable set D and let
f: [N]' — [N]<N be a k-constrained, progressive coloring, for some k € N.

Let P be the collection of all progressive colorings of type [N]<' — [N]<N, where
[A]S' denotes the subsets s € A such that cards < mins + 1. For a function
b: N — N we write P, for the class of all b-constrained colorings in P.

Given two colorings g, h € P, we write g < h if for every s € [N]<, g(s) 2 h(s).
Note that if H is g-free and g < h, then H is h-free. Given two colorings g, h € P, let
g U h be the coloring defined by (g U h)(s) = g(s) u h(s). The coloring g U h is the
greatest lower bound of g and h with respect to <.

We will build an infinite f-free set G such that D €1 G by approximating it using
an infinite sequence of good conditions:

Definition 8.5.7. A condition is a triple (g,0,X) such that g € P, for some
computable function by : N — N, ¢ is some finite binary sequence called the stem, and
X < N is an infinite set, called the reservoir, such that max o < min X and such that
D£r X

Definition 8.5.8. A condition (g, 0, X) is good if it satisfies:
(a) for every s € [0 U X]S" with mins € o, g(s) n X C s.
(b) for every s € [0 U X]%, g(s) no C s.

A good condition (g,0, X) can be seen as a finite approximation of a g-free set.
The stem o corresponds to an initial segment of that set, while the elements outside
the reservoir X are guaranteed not to be in the set. We write

[(g,0,X)]={Y SN:o<Y CouX andV is g-free}
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for the collection of all the sets compatible with the condition (g, o, X) (i.e., potential
candidates for the set being built).

Initially, our construction will start from the condition ( f , &, N) where f :
[N]< — [N]<N is the k-constrained function extending f by letting f(s) = & for
every s € [N]S'“\[N]*“. This condition is vacuously good.

We will then construct a sequence (fy,0n, Xn)neny of good conditions, with
(fo, 00, X0) = (f, @, N) and such that the sequence [(fn,on, Xn)]nen is decreasing,
with the sets belonging to [(fn, on, Xn)] satisfying stronger and stronger properties
at each stage. By ensuring that the length of the o, is unbounded, the intersection
Npenl (fns 0n, X3)] will then be reduced to a singleton {G}, where G =,y o Wil
be our infinite f-free set such that G 21 D.

This leads to the following notion of extension between conditions:

neN

Definition 8.5.9. A condition d = (h,7,Y) extends ¢ = (g,0,X) (written d < c¢) if
T>0,Y<S X, 7\o € X and h < g.

The terminology may be confusing: if d < ¢, then [d] € [c], which explains why the
order is reversed.

To ensure infinitude, we will show that for every good condition ¢ = (g,0, X),
there exists a good condition d = (h,7,Y) < ¢ such that cardr > cardo. To
guarantee that the resulting set does not compute D, we will prove that for every
Turing index e € N and every good condition ¢, there exists some good condition
d < ¢, such that ® = D for every H € [d].

The following lemma states that property (a) of a good condition can be obtained
“for free”, that is, by restricting the reservoir, and therefore does not impose any
constraint on the stem.

Lemma 8.5.10. Every condition (g,0,X) can be extended into a condition (g,0,Y)
satisfying property (a) of Definition 8.5.8.

Proof. For every t € [o]S with t # (J, every i < mint — cardt + 1 and every
J < by(mint), let g ; : [X]* — N be defined for every u € [X]* by letting g, ; (u) be
the j-th element of g(¢ - u) if it exists and 0 otherwise.

As ¢ is a finite binary sequence, there are finitely many such colorings g:; ;,
hence, by finitely many successive applications of the strong cone avoidance of FS"
for n € N, there exists an infinite subset Y € X such that D €7 Y and such that Y is
simultaneously g, ; j-free for every ¢ € [0]S" with t # &, every i < mint — card t + 1
and every j < by(mint).

We claim that Y is our desired set. Indeed, for every s € [cUY with min s € o,
letting t = sno and u = snY, we have that every element of g(s) is equal to g, ; ;(u)
for ¢ = card u and some j < by(mint). So, by ¢, j-freenessof Y, g(s)nY cu<s. O

]g!w

The main difficulty lies in showing that elements can be added to the stem while
preserving property (b). To this end, we will use the result of Cholak and Patey [17]
that TS} admits the strong cone avoidance property when k& > C,,, for C,, the n-th
Catalan number, to show that, for any good condition (g,o, X), any element of X
can be added to o, at the cost of restricting the reservoir X to a smaller set.

Definition 8.5.11. Let (g, 0, X) be a condition and £ € N. We say that aset Y € X g-
stabilizes {0, . .., £—1} if for every t € [(]<" with t # ¢J and every n < mint+1—cardt,
there is a set I; ,, € [(]<ls(mint)xCn gych that for every u € [Y]?, g(t-u)n{0, ..., -1}
L.

Lemma 8.5.12. Let ¢ = (g,0,X) be a condition and ¢ € N, then ¢ can be extended
into a condition (g,0,Y), such that Y g-stabilizes {0,...,¢ — 1}.
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Proof. For every t € [(]S'“ with t # & and every n < mint + 1 — cardt, let g;., :
[X]" — [(]<bsmin?) be defined by gin(u) = g(t-u) N {0,...,£ — 1}. By finitely
many successive applications of strong cone avoidance of TS} for k > C),, there is
an infinite subset Y € X such that D €7 Y and for every ¢ € [(]S" with t # &
and every n < mint + 1 — cardt, card g; »,([Y]") < C,,. Note that here, a color is an
element, of [¢]<Ps(min®) instead of a natural number. Let I, = |Jgr.n([Y]"). Then
card Iy ,, < bg(mint) x Cy,. By definition, for every u e [Y]", g(t-u) n{0,...,0—1} =
gt,n(u) < It,n~ O

Given a computable function b : N — N, let % : N — N be the computable
function defined by b*(m) =] . b(m) x C,.

Definition 8.5.13. Let (g,0,Y) be a condition and ¢ € N such that Y g-stabilizes
{0,...,¢ — 1}. The limit coloring is the function g,y : [(]S'“ — [¢]=N defined by
9ey(D) = & and gry(t) = Up<mints1—card Lty fOr It as in Definition 8.5.11,
otherwise.

The limit function gey is b} -constrained. Note that if p = {0,...,¢ — 1} is gry-
free, then it is g-free. Indeed, for every ¢ € [(]<, I, o < g,y (t) and by definition of
g-stabilization for n = 0, g(t) n {0,...,0 — 1} S I; 0.

The following lemma is the core combinatorial lemma which specifies the
conditions under which a block of elements p can be added to the stem while preserving
the property (b).

Lemma 8.5.14. Let (g,0,X) = (g9,0,Y) be good conditions and ¢ € N such that Y
g-stabilizes {0,...,0 — 1} with limit coloring goy : [(]< — [(]<N. Let p < X n
{0,...,€—1} be a finite goy -free set. Then (g,0 U p,Y) satisfies property (b).

Proof. Fix some s € [0 U pu Y], We have multiple cases.

o Case 1: sno # J. Then by properties (a) and (b) of (g, 0, X), g(s)n(cuX) < s.
Since (o U p) < (0 U X), then g(s) n (o U p) < s.

e Case 2: sno = but snp# . By property (b) of (g,0,X), g(s) no € s.
Lett =snpand u=snY. Since p is goy-free, g,y (t) n p < t. By definition
of gey (t), Itcardu S Ge,y (t), 50 It caraw N p S t. In particular, g(s) = g(t,u) <
It cardw, 80 g(s) np St S s. Thus, g(s) n (0 U p) S s.

e Case 3: sn(ocup) = Then s €Y. Since minY > max(c U p), then by
progressiveness of g, g(s) N (o U p) = .

O

One can combine Lemmas 8.5.10, 8.5.12 and 8.5.14 to obtain an extensibility
lemma.

Lemma 8.5.15. Let (g,0,X) be a good condition. There is a good extension
(9,7,Y) < (g,0,X) such that |7| > |o|.

Proof. Let x = min X. By Lemma 8.5.12, there is an infinite subset Yy € X g¢-
stabilizing {0,...,z} such that D €r Yy. Let gy4+1,y, be the limit function. By
Lemma 8.5.10, there is an infinite subset Y < Y, such that (g,0 u {x},Y) satisfies
property (a). By Lemma 8.5.14, {z} being vacuously g i1,v-free, (g,0 u {z},Y)
satisfies property (b). Thus, (g,0 U {z},Y) is a good extension. O

Given a good condition ¢ = (g,0,X) and a Turing index e, we will prove the
existence of a good condition d < ¢ such that ® s D for every H € [d]. The main
difficulty is that, for a given set H, there are two ways to ensure that ® # D: either
there is some = € N such that ®7(x)| # D(x), or there is some x € N such that
®H(x)1. And, depending on the index e and the condition ¢, we may not be able to
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choose freely which of these two strategies to apply. The following forcing question
7+ helps us decide which case we are in.

Definition 8.5.16 (forcing question). Let (g,0, X) be a condition and ¢(G) be a
Y1 (G)-formula in Kleene normal form (see Proposition 5.1.2). Let (g, 0, X) 7 ¢(G)
hold if and only if for every h € Pb;, there is a finite h-free set p < X such that

(o U p) holds.

The previous formulation of the forcing question is II3(G) as it starts with a
second-order universal quantification. However, by the following compactness result,
it is equivalent to a X1 (G)-formula:

Lemma 8.5.17. Let (g,0,X) be a condition and ¢(G) be a £1(G)-formula in Kleene
normal form. Then (g,0, X) 7= ¢(G) if and only if there is some k € N such that for
every b} -constrained progressive function h [k]S' — [k]<N, there is a finite h-free
set p= X n{0,...,k— 1} such that (o U p) holds.

Proof. Suppose first that there is some k& € N such that for every b;-constrained
progressive function h : [k]< — [k]=N, there is a finite h-free set p € X n{0,...,k—
1} such that (o U p) holds. Let h € Pyi, and define h : [k]<' — [k]=N by h(s) =

h(s)n{0,...,k—1}, by assumption there is some finite h-free set p S Xn{0,...,k—1}
such that ¢(o U p) holds. In particular, p is h-free. Since there is such a p for every
h € Pys, (9,0, X) 7= ¢(G) holds.

Suppose now that for every k € N, there is a b;r—constrained progressive function
hi : [K]S' — [k]=N such that for every hy-free set p € X N {0,...,k — 1}, p(c U p)
does not hold. Let T" be the tree which, at level k, contains all such functions hj, and
which is ordered by hy < hy if for every s € [k]<', hp(s) = hp(s) 0 {0,..., k — 1}.
The tree T is finitely branching, so by Ko6nig’s lemma, there is an infinite path in
T. This path corresponds to a function h € Pb;r such that for every finite h-free set
p S X, ¢(o U p) does not hold, witnessing that (g, 0, X) 7+ ¢(G) does not hold. O

For ¢(X) a X1(X)- or a IT;(X)-formula, we say that a good condition ¢ forces
»(X) if ¢(H) holds for every H € [¢].

Lemma 8.5.18. Let ¢ = (g,0,X) be a good condition and ¢(G) be a X1 (G)-formula.
1. If ¢?+ o(G), then there is a good extension of ¢ forcing ¢(QG).
2. If ¢ p(G), then there is a good extension of ¢ forcing —¢o(Q).

Proof. Suppose first that ¢?—¢(G) holds. By Lemma 8.5.17, there is some k € N
such that for every b} -constrained progressive function h : [k]<' — [k]<V, there
is a finite h-free set p < X such that ¢(o U p) holds. By Lemma 8.5.12, there is
an infinite subset Yy € X h-stabilizing {0,...,k — 1} and such that D €r Y;. Let
by, : [K]S'“ — [k]=N be the limit function. Note that hy y, is by -constrained and
progressive, so there is a finite hy y,-free set p € X such that ¢(o U p) holds. By
Lemma 8.5.14, (g,0 v p, Yp) satisfies (b). By Lemma 8.5.10, there is an infinite subset
Y < Y} such that (g,0 U p,Y) satisfies (a) and D €7 Y. Thus (g,0 up,Y) is a good
extension of ¢. By choice of p, it forces ¢(G).

Suppose ¢ 7t~ ¢(G) holds. Then there is some h € Pb; such that for every finite

h-free set p € X, ¢(0 U p) does not hold. Let ¢ : [N]S' — [N]<N be defined by
g(s) = g(s) u (h(s)\o). Note that § < g, and every g-free subset p € X is h-free.
Moreover, § is (by + b )-constrained and progressive. Since (g, o, X) satisfies (b) and
for every s € [0 U X|<, §(s) no S g(s) n o < s, then (§,0,X) satisfies (b). By
Lemma 8.5.10, there is an infinite subset Y € X such that D €7 Y and (§,0,Y)
satisfies (a). Thus d = (§,0,Y) is a good extension of c.

We claim that d forces —(G). Indeed, suppose there is an extension (§,7,2) < d
such that ¢(7) holds. Then by property (b) of (g,7,7), 7 is g-free, and since § < g,
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T is g-free. Let p = 7\o. By definition of §, p is a h-free subset of X, contradicting
our choice of h. O

We can now prove our diagonalization lemma.

Lemma 8.5.19. Let ¢ = (g,0,X) be a good condition and ®. be a Turing functional.
There is a good extension of ¢ forcing ® # D.

Proof. Let U = {(x,v) e N x 2:¢?®%(z)| = v}. We have three cases:

e Case 1: (z,1— D(x)) € U for some z € N. By Lemma 8.5.18, there is a good
extension of ¢ forcing ®¢(z)| = 1 — D(z), hence forcing ¢ # D.

e Case 2: (z,D(z)) ¢ U for some z € N. By Lemma 8.5.18, there is a good
extension of ¢ forcing —(®%(x)| = D(xz)), hence forcing ®¢ # D.

e Case 3: U is the graph of the characteristic function of D. By Lemma 8.5.17,
the set U is ¥1(X), so D <¢ X, contradiction.

O

We can now finish the proof of Theorem 8.5.6. By Lemma 8.5.15 and
Lemma 8.5.19, there exists a decreasing sequence (f,,o,,X,) of good conditions
such that:

e Every G € [(fo,00,X0)] is f-free,
e cardo, = n for every n € N,
e Every G € [(fer1,0er1, Xer1)] is such that ® £ D for every e € N.

Thus, for H = |J,,cny0n, we have H € (), cy[(fn,0n, X»)] and H is an infinite
f-free set such that H 1 D. O

Corollary 8.5.20. RRT™ admits strong cone avoidance.

Proof. Fix a set Z and let D be a non-Z-computable set.
Fix k > 0, let f : [N]' — N be an instance of RRT} and let g : [N]' — [N]<N be
the f’-computable k-constrained progressive coloring obtained in Proposition 8.5.2.
Then, by Theorem 8.5.6, there exists an infinite g-free set G < N such that
D €7 G® Z. By construction of g, G is also an infinite f-rainbow. O

8.6 Conclusions and perspectives

The analysis of the exactly w-large counterparts to the Ramsey’s, free set and thin set
theorems from a computable perspective, gives the exact same tight bound, namely,
@) translating in reverse mathematical terms by an equivalence with ACASr . This
equivalence is to be put in contrast with the finite-dimensional cases, where RTS
coincides with ACAq for n > 3, while FS™ and TS™ both admit strong cone avoidance.
On the other hand, the rainbow Ramsey theorem for exactly w-large sets (RRT}) still
has no coding power, and admits strong cone avoidance. Figure 8.1 and Figure 8.2
summarize the relationship between the studied statements, in Reverse Mathematics
and over strong Weihrauch reducibility, respectively.

Many questions remain open around the generalization of combinatorial
statements to exactly w-large sets and barriers.

By Theorem 8.3.7, RRT;:J <sw RT!k”, so every computable instance of RRT!k‘“
admits a @“)-computable solution. By Corollary 8.4.8, there exists a computable
instance of FS" such that every solution computes ). Tt follows that RRT!k“
is computably reducible to FS™ in the sense of Dzhafarov [38]. We give a direct
combinatorial reduction in Proposition 8.3.8 in the case k = 2, and leave the general
case open.



96 CHAPTER 8. THEOREMS FOR THE SCHREIER BARRIER

Provable over Upper bounds
ACAF TS <—> FSlv <—> RTW @@_computable
’ | F solutions
RRT;?
ACA), Arithmetic
solutions
ACA, 119 solutions
.................................................................................... S
low, solutions
2 2
18] RT} 119 solution
(18] Fs?
0 72 4
RRT?
RCAg AY solutions

Figure 8.1: Studied statements from the perspectives of computability theory and
reverse mathematics. A simple (double) arrow represents a (strict) implication over
RCA,.

ACA| is the theory comprised of RCAq together with the statement VnVX3Y (Y =
X (™), it sits strictly between ACAg and ACA .

RRT} «—— RTY RTY FS' TS'W
RRT} <—— RT} RRTZ"H!

™~

RTS, ., — FS”

|

RRT) —— TS" !

Figure 8.2: Studied statements from the perspective of Weihrauch analysis. A simple
(double) arrow represents a (strict) strong Weihrauch reduction.
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Question 8.6.1. Does RRTY <. FS" for every k > 07?

While RT*,FS'“ and TS code @) and are all equivalent to ACA{, we do not
know of a direct proof of RT!QW from either TS or FS*. More precisely, we do not
know if RT is reducible to either TS or FS'.

Question 8.6.2. Does RT!Q“’ < TS? Does RT!Q“’ <.w FS“?
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Chapter 9

Non-standard models

The remaining two parts of this thesis will involve non-standard models, that is,
models M = (M, S) whose first-order part M is not the standard set of integers
w = {0,1,...}. Reasoning within such models can be quite counter-intuitive, since
our aim is to study situations in which they closely resemble the standard integers
while still differing in some crucial aspect.

As discussed in Section 5.2, the first-order part of all of these models will have a
similar structure: each contains an initial segment isomorphic to the standard integers,
followed by additional non-standard elements. Thus, from an external point of view,
it is clear that these models are not the standard integers, since they contain elements
with infinitely many predecessors.

However, from an internal perspective, the situation is less clear. Consider, for
example, the case of geometry in which models that differ from the Euclidean plane
R? have been built. Within such models, what is referred to as a “straight line” is
simply an object satisfying the given definitions and axioms, and need not coincide
with a straight line in the usual Euclidean sense. For instance, in the Poincaré half-
plane model, straight lines correspond to semicircles (orthogonal to the boundary) or
vertical rays. But, from an internal point of view, what makes these “straight lines”
different from those of R? is not their unusual construction, but rather the fact that
they fail to satisfy the parallel postulate: given a line L and a point P not on L, there
are infinitely many lines L’ passing through P that do not intersect L. Indeed, this
property is formulated purely within the language of Euclidean geometry and makes
no reference to R?.

Similarly, in non-standard models of arithmetic, a “finite” object will simply be
an object that can be encoded by a first-order element of that model, even if from an
external point of view this object is actually infinite.

Thus, when working with non-standard models, it is important to distinguish
clearly between the two levels of description, internal and external, that is, between
the object language and the meta-language. To avoid ambiguity, we will use the
symbol w to denote the set of standard integers, and N will be the symbol referring
to the collection of all integers as expressed within the language of the theories under
consideration. For example, we have that for every n € w, ACAg  Va € NVf : [N]" —
a,3H < N(H infinite A card f([H]™) = 1), i.e., that for every n € w, ACAg - RT",
but we don’t have ACAq I ¥be N RT.

An ezternal induction can always be used to prove that the standard integers of
a given model satisfy a given property, whereas an internal induction requires the
model to satisfy some induction axioms but allows us to prove the property for every
element of the model.

We will sometimes view non-standard integers as encoding ordinals, in that case,
we will use the notations w and ¢y to refer to the ordinals w and ¢ in the model.

101
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We will often make use of these two levels of description in our constructions and
proofs. For example, in non-standard models of geometry, one may construct lines
and points purely from the given postulates and axioms (for instance, from two points
Py and P, there exists a unique line passing through them), or instead define them
externally (for example, in the Poincaré half-plane, by referring back to the equation
of the corresponding semicircles). The external approach offers greater freedom in
the kinds of objects that can be constructed, including some that may be meaningless
within the model, whereas the internal approach makes it easier to prove properties
of the constructed objects.

9.1 Computability and definability in non-standard
models

To obtain conservation, equiconsistency or non-implication results, our proofs will
typically follow a similar pattern: we begin with a (potentially non-standard) model
M = (M,S) and transform it into a new model N' = (N,T) satisfying a given
second-order statement P. The goal will often be to make sure we preserve as many
properties of M in A as possible. In this part, we shall restrict our attention to
so-called w-extensions! of M.

Definition 9.1.1. A model M = (M,S) is an w-submodel of N' = (N,T) (or
equivalently, A is an w-extension of M) if N = M and S € T. We will often
write M € N when that is the case.

Building an w-extension ensures that every X1 property of M is preserved in A/
(and in particular every first-order property). In the case of conservation proofs, this
yields conservation for all arithmetical formulas (and even for I1}-formulas).

The construction of these new models will often be similar to the proof of
Proposition 8.1.5, in which solutions to instances of P are added one at a time to
the second-order part of the model.

In the standard case, such constructions are made more intuitive thanks to the
links between computability and definability. These links can still be used in non-
standard models, although significant care is required to ensure that the various
equivalences used do not require more induction than what is at our disposal.

For that, we will first see how to interpret the arithmetical hierarchy in non-
standard models.

9.1.1 Non-standard arithmetical sets

When trying to define what should count as an arithmetical set within a non-standard
model M of first-order arithmetic, one natural approach is to work externally and
consider sets of the form {a € M : M = ¢(a)} for every arithmetical formula ¢(x).
The problem with this approach is that even very simple sets, such as singletons,
need not be arithmetically definable: for a € M, there may not be any arithmetical
formula ¢(x) satisfied uniquely by a. This issue is resolved by allowing ¢(x) to have
first-order parameters from M (in which case the formula x = a defines the singleton
fa}).

This modification can be justified from an internal perspective. Using an encoding
of formulas and terms by integers, we can view non-standard elements of a model as
non-standard formulas and terms. Externally, those formulas can be viewed as having
a non-standard depth: for instance, if ¢ is a non-standard element, we may consider
the non-standard term t. := succ(. .. (succ(0))...) of depth ¢, or the non-standard

IThis terminology is unfortunate, as the models under consideration are not necessarily w-models
(whose first-order part is w).
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formula
r<te o (x=0va=succ(0)v- - vz=rt.,).

For every n € w, the existence of a well-behaved universal X,-formula is provable in
131 (see [57, Corollary 1.1.76]), and even in 1%y + exp (a fact that will be used in
Section 9.1.3). Hence, from this proof, we obtain for every n € w, a standard formula
wn(x,y) such that, if M = 15 + exp, then every (possibly non-standard) ¥,,-formula
¥ (x) is equivalent in M to ¢, (z,e) for some e € M, even if externally 1) may be seen
as having a non-standard depth.

Allowing first-order parameters is also consistent with our definition of the various
schemes in Part I. For instance, the comprehension scheme (Definition 5.3.1) allowed
formulas with free variables (first- and second-order) before taking the universal
closure. As a result, in a model (M, S) of RCAq (hence a model of AY-comprehension),
we have {a} € S for every a € M.

In Part I, ¥,,- and II,,-formulas were introduced, along with the corresponding 3,
and II,, sets. When relativizing these definitions, we defined the ¥2- and II12-formulas
by allowing free set parameters. However, we did not introduce the corresponding %2
and 19 sets, since the notion is not meaningful without specifying the sets relative
to which the definition is taken (every set X is Yo(X)).

For second-order models M = (M, S), we will define the sets that are ¥,, or II,,
relative to that model in order to measure the complexity of sets not belonging to S
that will then be added to M to construct w-extensions.

This leads to the following definitions of arithmetical sets relative to a model:

Definition 9.1.2. Let n € w. Given a first-order structure M, a subset A € M is
said to be X, (M) (resp. II,,(M)) if there exists a X,,- (resp. II,,-) formula ¢(z, 7) and
parameters b € M such that A = {a € M : M = ¢(a,b)}. A set is A, (M) if it is both
Yo (M) and I1,(M). As M will always be clear in the context, we will simply speak
of ¥,,II,, and A,, sets.

These definitions can again be relativized: given a collection Cy, Cy, ... of subsets of
M, one can define the ¥,,(Cy, C4, . ..) (resp. I1,(Co, C1,...) and A, (Cy, C1,...)) sets
accordingly.

For a second-order structure M = (M, S), a subset A € M is said to be X,,(M) (resp.
II,,(M)) if it is 3, (resp. IL,) relative to the elements of S. In other words, if there
exists some X0 (resp. I1°-) formula ¢(z, 7,Y) and parameters b€ M and B € S such
that A = {ae M : M & (a,b, B)}. A set is A, (M) if it is both ¥,,(M) and I, (M).
If M is clear from the context, we instead speak of X9 TI2 and AY sets.

This allows us to mix the two notations: for M = (M,S) a second-order model,
and A,Cy,C4, -+ © M sets (not necessarily belonging to S). We say that A
is ¥0(Co,C4,...) (resp. 1% (Co,Ch,...) and AY(Coy,Cy,...)) if it can be defined
accordingly using parameters from M, S or from the C;.

In a model of AY%-comprehension, M = (M, S), the ¥,,(M) and II,,(M) sets, for
n = 1, need not belong to S. Nevertheless, the theory IX§ + exp is strong enough
to prove the existence of a well-behaved universal 39 -formula, making it possible to
quantify over and reason about such sets internally.

The amount of induction satisfied by M determines how well-behaved these sets
are.

9.1.2 When induction fails

In a non-standard model M = (M, S), some subsets A € M satisfy properties that
make it clear (internally) that they are not from a standard model.

This is the case for example with the set w of standard integers, as it is a non-empty,
bounded set with no maximal element. If we were to have w € S, then M # 159,
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as the formula z € w is ¥g with parameters from M, and we have M £ 0 € w,
M EVa,a € w — succ(a) € w but M H Va,a € w. More generally, if w were to be
Yn (M), then M p£ 120, This led to the definition of a cut.

Definition 9.1.3 (Cut). A cut in a model M of first-order arithmetic is a nonempty
subset I < M which is closed under successor, and is an initial segment of M, that is,
ifael and b < a, then be I.

A cut I € M is proper if I # M.

Cuts will play an important role in Part IV of this thesis, where we modify the
first-order part of the models in our constructions by restricting it to a cut. For now,
we will use cuts as a way to witness the failure of induction in our models.

Proposition 9.1.4 (see e.g., [57, Observation IV.1.15]). Let n € w and let M (resp.
M = (M,S)) be a first-order (resp. second-order) structure such that M = 1%, (resp.
M E=130). Then, there is no ¥,- (resp. X°-) definable proper cut.

Conversely, if M = BY,, + =%, (resp. M = BXY + —I30), then there exists some
Y- (resp. X0-) definable proper cut I.

Another property of non-standard models satisfying a certain amount of induction
is the overspill principle. Since the standard integers w cannot be defined by a formula
for which induction is available, showing that a given property holds for every standard
integer is enough to conclude that it must also hold for some non-standard element.

Proposition 9.1.5 (overspill). Let n € w and let M (resp. M = (M,S)) be a
first-order (resp. second-order) non-standard structure such that M &= |15, (resp.
M E=150). Then, for every X,- (resp. X0-) formula p(x) such that M = p(n) (resp.
M = p(n)) for every n € w, there exists some non-standard element ¢ € M\w such

that M = o(c) (resp. M = ¢(c)).

More generally, for a subset A € M to be well-behaved, one would like it to be
piecewise-coded (also known in the literature as amenable or regular); that is, if for
every a € M, the set Ala = {x € A: x < a} is M-finite. In particular, in a model of
IX9, no proper cut is piecewise-coded.

Proposition 9.1.6. Modulo |2} + exp, we have the following characterizations, for
n>=1:

o 1320 is equivalent to the fact that every XY set is piecewise-coded (hence every
1% also is).

o 1A (or equivalently BX® by Proposition 8.4.4) is equivalent to the fact that
every AY set is piecewise-coded.

We will only work with piecewise-coded sets.

9.1.3 RCA?

The theory RCA{ is a weakening of RCAq that is strong enough to formalize basic
computability-theoretic constructions. RCA{ is sometimes more convenient to use as
a base theory for reverse mathematics, as shown by Belanger [6].

Definition 9.1.7 (RCAj (Simpson and Smith [129])). RCA} denotes the theory IA?
together with the AY-comprehension axiom and exp, the statement asserting the
totality of the exponential (as defined in Chapter 3).

In other words, RCAf is obtained from RCA by replacing IX{ with IA} + exp (or
equivalently by BX{ + exp by a relativization of Proposition 3.4.4).

By Simpson and Smith [129, Corollary 4.4], the first-order part of RCA{ is exactly
BY1 + exp.
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RCA is sufficient to prove the existence of well-behaved universal X0 -formulas
for every n € w. Furthermore, such formulas can be assumed to be in Kleene normal
form. Let o(x,Y,y) := Is¢p(s,z,Y |s,y) be the universal X{-formula. Rather than
choosing a specific model of computation (e.g., Turing machine, lambda calculus...)
and formalizing it in the language of second-order arithmetic, we will directly define
@?I/rs(z)[s]l = Y(s,z,Y |s,y) and Qg(m)i := ¢(x,Y,y). The other computability-
theoretic notations (Turing jump, reduction, join...) are then defined accordingly.

Thus, the first level of the (relativized) Post theorem holds essentially by definition:
A <7 B if and only if A is A;(B). The remaining task is to determine the amount
of induction required to establish the basic properties of <p and of the Turing jump.

Most of these properties can be understood in terms of the behavior of the
levels of the arithmetical hierarchy under composition of formulas. Namely, if a
set A is arithmetical and a set B is arithmetical relative to A, what can be said
about the complexity of B after substituting a definition of A into the definition of B?

By a relativization of Proposition 3.4.2, BX{ proves that the classes of X{- and
I19-formulas are closed under bounded quantifications. This can then be used to prove
the transitivity of <r for the elements inside a model of RCA} (the A{ sets). Indeed,
if Ais Ay(B) and B is A1(C) then we can obtain a 31 (C) and a II; (C) description
of A by composing the other descriptions and moving bounded quantifiers across.

Proposition 9.1.8 (See Belanger [6, Lemma 2.2]). Let M = (M,S) = RCA{, and
let A,B,CeS. If A<r B and B <7 C then A <t C.

More generally, the other basic properties of <7 and of the join @ hold between
the elements of S, but not necessarily between the elements arithmetically definable
from M (Groszek and Slaman [55, Proposition 4.1] contains a proof that even in
RCAy, <7 cannot be proven to be transitive for £9 sets).

In order to go higher in the arithmetical hierarchy, we need the following result,
which can be seen as a relativization of Post’s theorem.

Proposition 9.1.9 (Post’s theorem (see Belanger [6, Lemma 2.4])). Letn >0, M =
(M,S) = RCAg and A€ S. Then the ¥,,41(A) sets are exactly the ¥, (A") sets.
More generally, if M = (M, S) = RCA} +132 and A€ S. Then the ¥, (A) sets are
exactly the ¥, (A®)) sets.

We can use this result to transform a model of RCA§ + BXY into one of RCAf.

Proposition 9.1.10. Letn > 0, and let M = (M, S) = RCA;. Let T be the collection
of the AY (M) sets, and set N' = (M, T).
Then N = RCAS if and only if M = RCAj + BX2.

In particular, the Turing jump and reduction are well-behaved in a model of
RCA( + BX? as long as we stay below A2 sets.

9.2 Ili-conservation

From now on, we will only consider second-order models satisfying A{-comprehension.
Thus, when adding a solution G of an instance of a problem P in the second-order
part of some model M = (M, S), we also want to add the sets that are computable
from G. This leads to the following definition:

Definition 9.2.1. For a second-order structure M = (M,S) and a subset G < M,
we write M[G] for the second-order structure (M, T), where T consists of all A(G)
sets.

In particular, M[G] is an w-extension of M.

The notation M|[G] parallels the notation V[G] from set-theoretic forcing, which
describes the extension of a universe of sets by the addition of a generic set G. When
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adding a new element to a model, one must ensure that all objects that can be
constructed from it are included as well. In set-theoretic forcing, this is handled by
the use of P-names, which control all the sets definable from G. In our setting, since
we are primarily interested in building models satisfying A{-comprehension, we use
Turing indexes e to control all the sets Aj-definable from G together with the sets
already in S.

A major difference from set-theoretic forcing is that the set G may be definable
in the ground model M = (M,S), as is the case with internal constructions.
Indeed, since the theories under consideration only satisfy a limited amount of set
comprehension (e.g., AY-comprehension for RCAg), there may exist sets definable in
M that are not elements of S. By contrast, for models of ZF, this phenomenon does
not occur: a generic set G cannot be definable from the ground model, otherwise it
would already belong to it by the axiom schema of separation.

For simplicity, we will often work in models M = (M, S) where the second-order
part is composed of exactly the sets that are A;(A) for some A € S. Such models are
said to be topped.

Definition 9.2.2 (Topped). A model M = (M, S) is topped if there is some set A € S
such that Y <p A for every Y € S.

If M = (M,S) is topped by some set A € S, then M[G] is topped by A P G.
Being topped is an important restriction, as models M = (M, S) of principles such
as WKL, ADS,EM and RT% are never topped. Indeed, for every A € S there exist
A (A)-instances of these principles with no A;(A)-solution.

Nevertheless, by successively adding solutions to instances of a I13 problem P, one
can build an infinite sequence of w-extensions of topped models, whose union yields
a model of P in the limit, as shown by the following theorem:

Theorem 9.2.3. Let T be a Ili-aziomatizable theory and let P be a 113 problem.
Suppose that for every countable topped model M = (M,S) = RCA§ + T and every
P-instance I € S, there exists a P-solution G = M to I such that M[G] & RCAS + T.
Then RCA + T + P is 11 -conservative over RCAy + T .

Proof. Assume RCA§ + T t VX@(X) for ¢ an arithmetic formula. Then
by the completeness theorem and the downward Loéwenheim—Skolem theorem
(see Theorem 5.2.6 and Theorem 5.2.8), there exists a countable model
M = (M,S) & RCAj + T + —¢(A) for some A € S. By only keeping the
A1 (A)-definable sets, we may further assume that M is topped by A.

From our assumption, we can build a sequence (indexed by the standard integers)
M=Myc M, = (M,Sl)g./\/lz = (M7SQ) < ...

of countable topped models of RCAj + T such that, fixing a bijection (-, ) : w? — w,
if s = (i, k) then M4, contains a solution to the i-th instance of P in M}, (for some
fixed bijection between Sy and w).

Let N := (M,,,~, Sn), then NV = P as every instance of P in N belongs to some
Sy, and hence has a solution in some S, by construction. Since A€ Sy < (J,,_, Sns
A € N. Moreover, since M = —p(A) and the first-order part of A is the same as
that of M, we also have N | —p(A).

Let 8(X,Y) be an arithmetical formula with two free set parameters X,Y. If
N ¥ VX3IYO(X,Y), then there exists B € J,,_, Sn such that N = VY —0(B,Y).
Hence, for sufficiently large n € w such that B € S,, we have M,, = YY—60(B,Y).
Taking the contrapositive, any 113 sentence true in every M,, is also true in /. Since
both RCA§ and T are IIi-axiomatizable, and as M,, = RCA§ + T for every n € w, it
follows that N = RCAG + 7.
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Thus, N = RCA} + T + P + =VX¢(X). So RCA§ + T + P i£ VX (X), yielding
the II}-conservation. O

It is with similar constructions that the ITi-conservation results mentioned in
Part I have been obtained. Notably, this is the case for: the IIi-conservation of
WKLy over RCAg (Theorem 5.3.10), of RT3 over RCAy + 129 ([19]), of ADS over
RCA( + BXY (Chong, Slaman, and Yang [22]).

Theorem 9.2.3 provides an example of an external construction. Indeed, the
sequence (M;)ie, of w-extensions is indexed by the standard integers, and no
assumptions are made about the definability of the sequence.

It is when proving the assumption that every countable topped model M =
(M,S) = RCAy + T can be extended to a model M[G] E RCAy + T containing
a solution to an instance of P that internal constructions will come into play.

In the search for the first-order part of RT%7 we will mostly work inside models of
BXJ (and not necessarily of 159) as RCAg+RT3 — BX. By the results of Section 9.1.3,
the AJ sets of such models are well-behaved.

In the case of WKL, we can make a purely internal construction thanks to the low
basis theorem (Theorem 4.2.7).

Proposition 9.2.4 (Clote et al. [27]). WKL is II}-conservative over RCAg + BX3.

Proof. We want to apply Theorem 9.2.3.

Let M = (M, S) = RCAy+BX9 be topped by some A and let T € S be an instance
of WKL. By a relativized form of the low basis theorem (Theorem 4.2.7), which is
provable in RCA,, there exists some path P € M in T such that A" =7 (P @ A)".
Then, as M = RCA( + BXY, we have M[A’] = RCA§ (by the direct implication
in Proposition 9.1.10), hence M[P @ A] = M[P] = RCAq + BXY (by the reverse
implication in Proposition 9.1.10).

Thus, by Theorem 9.2.3, WKL is ITi-conservative over RCAg + BX9. O

In order to obtain the IIi-conservation of WKL over RCAq (as stated in
Theorem 5.3.10), it is possible to work with a weaker notion than Turing reducibility
called weak truth-table reducibility (see Belanger [6, Corollary A.2]) which is
well-behaved for AJ sets in RCA,.

For RT3 and many other Ramsey-like statements, no such direct construction
is possible. Indeed, there exist computable instances of RT% with no ¥s (and in
particular no Aj) solutions (see Proposition 6.0.9). In particular, no such low basis
theorem can be proven for RT%. Thus, our constructions will not be purely internal.

Fortunately, by a relativization of Theorem 6.0.10, for every instance X of RT%7
any set of PA degree over X’ computes a solution for X. And, thanks to the following
result, sets of PA degree can be added for free in a model of RCA{.

Just as WKL, is the theory RCAg +WKL, we consider the theory WKL§ := RCAf +
WKL. Then, Harrington’s result (Theorem 5.3.10) that WKL, is IT}-conservative over
RCA( also holds between RCA§ and WKL.

Theorem 9.2.5 (Simpson—Smith [129, Theorem 4.6]). Every countable model of RCA}
can be w-extended into a model of WKL . Hence, WKL is 111 -conservative over RCAG .

In particular, for every countable model M = (M, S) = RCA} and every A € S,
there exists some B € M such that M[B] i RCA; and such that every infinite A-
computable binary tree has a B-computable path. Thus, by Proposition 9.1.10, for
every M = (M, S) = RCAq + BX9 and every instance X of RT3 in S, there exists
some B © M such that M[B] &= RCAf and such that every infinite X’-computable
binary tree has a B-computable path (i.e., B is of PA degree over X').
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Thus, to establish the ITl-conservation of RT3 over RCAy + BXY, it suffices to
prove (a relativization of) Theorem 6.0.10 within RCAy + B9 and then conclude the
argument as in Proposition 9.2.4. However, no such proof is currently known, and
the question remains open.

In fact, a result of Fiori-Carones et al. [46] shows that this condition is also
necessary: RT3 is IT1-conservative of RT3 over RCAg + BX if and only if RCA, + BX9
proves (a relativization of) Theorem 6.0.10.

The relativization of Theorem 6.0.10 is a VII2-sentence (i.e., of the form ¥X¢(X)
with ¢ I19) and is provable in RCAq + RT%7 giving us the following result:

Theorem 9.2.6 (Fiori-Carones et al. [46, Corollary 5.2]). RT3 is II}-conservative
over RCAq + BXS if and only if it is VII2-conservative over RCAq + BX9.

In Chapter 14, we will prove RT3 to be VIIJ-conservative over RCAy + BXY,
thereby bringing us one step closer to resolving this question.

Before turning to this, we will work in Chapter 10 with theories stronger than
RCA( + BX9 to obtain IT}-conservation results yielding upper bounds on the first-
order part of RCAq + BX9.



Chapter 10

H%-conservation of RT% and
well-foundedness

In this chapter, we give an upper bound for the first-order part of RCAy + RT% by
proving that Ramsey’s theorem for pairs and two colors is IT}-conservative over RCAg+
BYY +WF%(ep) and over RCAg + BXS + U, o, WF”(w,). Here |, ., WF’(w,,) denotes
the theory consisting of the axioms WFO(wn) for each integer n € w. It is strictly
weaker than WF®(eg) (which, over RCAy, is equivalent to YnWF®(w,,)), since there
exist non-standard models of RCAg + BX9 + ..., WF°(w,,) in which WF°(w,) fails
for some non-standard integer c.

Nevertheless, proving that an axiom P is conservative over a given theory doesn’t
necessarily imply conservation over a stronger theory, so we present both results.

new

10.1 Introduction

The well-foundedness of ordinals naturally occurs in the proof-theoretic analysis of
Ramsey’s theorem for pairs. Chong, Slaman, and Yang’s proof [23] that RT% does not
imply 129 over RCA uses a model of RCAq + B9 + =139 which furthermore satisfies
a principle called bounded monotone enumeration (BME).

Definition 10.1.1 ([23]). Let E be a procedure that computably enumerates a finitely
branching tree. We say that E is a monotone enumeration if and only if the following
conditions apply to its stage-by-stage behavior.

(1) The empty sequence is enumerated by E during stage 0.
(2) Only finitely many sequences are enumerated by E during any stage.

(3) Suppose T'[s] is the tree enumerated by E at the end of stage s. Then any
sequence enumerated by F during stage s + 1 must extend some terminal node
of T'[s].

A monotone enumeration E is b-bounded if every node enumerated by E has depth at
most b. F is said to be bounded if it is b-bounded for some b € N.

Statement 10.1.2 (BME,). BME, is the statement “Every bounded monotone
enumeration is finite”.

The statement BME is an iterated version of BME,. Its formal definition is
rather technical and will not be used within this thesis. Kreuzer and Yokoyama [84]
proved that BME, is equivalent to WFO(w“") over 1X9, and that BME is equivalent to
UnEw WFO ((L\)n)

On the other hand, Patey and Yokoyama [115] proved that RT3 is VIIS-
conservative over RCAg + BX.9. Tt follows that RT3 does not imply BME, over RCA,

109
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(see, for instance, the discussion surrounding Theorem 3.6.3), and therefore that
RCA( + BX9 + WF%(ep) and RCAg + BX + | J,,c, WF°(w,,) cannot be the first-order
part of RCAg + RT%, but are only strict upper bounds.

In this chapter, we show that the separation of Chong, Slaman, and Yang [23]
of RT3 from I¥9 depends only on the assumption that the original model satisfies
BX9 + BME, by proving the following conservation theorems.

Main Theorem 10.1.3. RT3 +WKL is IT} -conservative over RCAg +BX3 +WF (e).

Main Theorem 10.1.4. RT3 + WKL is II}-conservative over RCAq + BXY +
Ukew WFO(“")’C)'

These theorems strengthen a result from Kolodziejezyk and Yokoyama [80] who
showed that RT3 is IT9-conservative over RCAq + BXY + BME. By Cholak, Jockusch,
and Slaman [19], the result holds when BXY + WF’(gy) is replaced by 1%9. Thus,
conservations over RCAg + (WF’(gg) v IX9) and over RCAg + (U, o, WF° (wy,) v 129)
are the best known results.

We will make use of the decomposition of RT3 into COH + SEM + SADS and
prove conservation results about WKL, COH,SEM and SADS separately to obtain
our main theorems. By Theorem 9.2.3, it will be sufficient to show that for every
problem P € {WKL, COH, SEM, SADS}, every countable topped model M = (M, S) &=
RCAq + BX9 + WF%(gg) (resp. Unew WF°(1,)), and every instance of P in S, there
exists some solution G € M to that instance so that M[G] = RCA, + BX9 + WF(e)

(resp. Upnew WF° (wn))-

10.2 Conservation over BX) + WF’(a)

Consider a countable model M = (M, S) = RCAy + BXY + WFY(a) for some a < &
(or even for larger ordinals, provided that a sufficiently well-behaved system of ordinal
notations is available), topped by a set Y € S and a P-instance I € S of some I13
problem P.

The construction of a solution G € M to I will be similar to that in the proof
of Theorem 8.5.6, but inside a non-standard model. Each problem P will have its
own notion of a condition (like Definition 8.5.8 for PFS') that corresponds to an
approximation of G at a given stage of the construction. We will then construct an
infinite decreasing sequence of conditions cg > ¢; > ... that will uniquely specify
G and make it so that it satisfies additional constraints (such as not computing
an infinite decreasing sequence of ordinals smaller than «) ensuring that M[G] &
RCA; + BXJ + WF%(a).

The two main differences compared to the proof of Theorem 8.5.6 are, first,
that the ¢, are now indexed by nonstandard integers (as we are doing an internal
construction), and second, that we must keep track of the computational strength
needed to obtain ¢4 1 from cg, so that the set G will not be too complex and can be
added to M. To do so, we require the sequence (cs) to be P-computable for some set
P < M such that M[P] = RCA§ (in the case of COH and SEM, P will be the set of
PA degree over Y’ given by Theorem 9.2.5, and for WKL and SADS, it will be Y”).
We will also P-compute (G@®Y')’ simultaneously, so that every As(G @Y') property
is A1(P) and hence that M[G@® Y| = M[G] = RCA; + BEY by Proposition 9.1.10.

10.2.1 Shore blocking

One difficulty with this approach is that, even if we succeed in proving the existence
of a P-computable procedure producing cs41 from ¢, for every s € M, there is
still no guarantee that the construction can actually be carried out for all s € M.
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Indeed, the formula ¢(s) expressing that the construction can be pursued for s steps
is ¥1(P): “there exists a finite sequence cy, ..., cs of conditions such that ¢g is our
initial condition and, for every ¢ < s, ¢;y1 is obtained from ¢; via the given P-
computable procedure”. However, as M[P] does not necessarily satisfy I3, the set
{s: M E p(s)} may form a proper cut.

If we look at the values of the (elements of M encoding the) ¢, for s ranging over
that cut, then these values must necessarily be M-unbounded (i.e., there is no k € M
such that the code of ¢, is smaller than k for all such s). Indeed, if such a bound
existed, then the property ¢(s) would be Aj(P), since the unbounded existential
quantifier could be replaced by a bounded one. And, as M[P] = IAY, ¢(s) could not
define a proper cut.

In our constructions, having the cs of M-unbounded sizes guarantees that they
define a unique set G. The issue, however, is that G may then fail to satisfy all the
desired requirements. For example, suppose we had a list (Rs)sens of requirements
and intended to satisfy Ry at stage s of the construction, then the requirements R
for s not in the cut will not be satisfied.

A way around this problem is to use a technique known as Shore blocking (where
“blocking” is meant in the sense of grouping requirements into blocks). Rather than
searching at stage s for some cs11 that satisfies only one additional requirement,
we instead search for a condition ¢4, 1 satisfying every requirement whose indices are
smaller than the code of ¢s. This makes the construction more complex, as satisfying a
block consisting of a potentially nonstandard number of requirements is more difficult
than satisfying just one.

In this way, it is no longer essential that the construction proceeds along all of
M: the conditions ¢, that are defined are of sizes unbounded in M, hence all the
requirements are eventually satisfied.

10.2.2 Well-foundedness and Shore blocking

For M[G] to be a model of WF’(a), we want, for every e € M, to satisfy the
requirement that ®S®Y is not an infinite decreasing sequence of ordinals smaller
than «. In this section we will show that satisfying a block of such requirements
is not harder than satisfying just one, by grouping several decreasing sequences of
ordinals into one.

Instead of using the standard sums and products over ordinals, the natural
(Hessenberg) sums and products will be more convenient.

Definition 10.2.1 (Natural sum and product). Let @ = w”'ny_1 + -+ wng and
B =w"*1my_1+---+w®mg be two ordinals smaller than ¢y, written in their Cantor
normal forms (except that we allow the n; and m; to be equal to 0 in order to write
a and f using the same exponents ;).

We define the natural sum of a and 8 (denoted by a@® %) to be the following ordinal
(that does not depend on the choice of the family (v;)):

W (np—1 +me—1) + - + w0 (ng + mo)

It is easy to check that, contrary to the standard addition of ordinals, @ is associative
and commutative. For these reasons, we can unambiguously write @,_; o; for the
natural sum of a finite amount of ordinals.

We also define the natural product of « and 8 (denoted o ® ) to be equal to:

Vi@V 0y oy
D nm,
i<t
<t

el

%The symbol @ is also used to denote the Turing join; however, since its meaning is unambiguous
from the context, we use the same notation.
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We will only encounter the case where 3 = k = w%k for some k € M, in which case
a®k =w 1 (ne_1k) + -+ + w(nok). Note that a ® k < a x w for every ke M.

The natural sum and product of ordinals enjoy several desirable properties that
the standard ordinal sum and product lack, such as commutativity, associativity, and
distributivity of ® over @. The property relevant for our purposes is the following: @
is strictly increasing in both arguments (which is not the case for +, as 1 + w = w).

Proposition 10.2.2. For all 8 < €y, and @/ < a < ¢ : &/ DB < a® B and
@ <B@a.

Proof. Clear from the definition of @®. O

Lemma 10.2.3. Let M = (M, S) = RCAq + WF () where a is an ordinal smaller
than €o. Then M = YEWF®(a ® k).

Proof. RCAq proves that the product of two well-orders is a well-order, hence M =
WF’(a x ). Since a @ k < o x w for every k € M, we get the desired result. O

We can now use these results to group a block of k£ decreasing sequence of ordinals
smaller than « into one of ordinals smaller than a ® k.

Lemma 10.2.4. Consider a model M = (M, S) and o € M an ordinal smaller than
€g. For every k € M, there is a Turing functional Ty such that, letting 8 < « be the
largest ordinal less than « of index at most k (for our encoding of the ordinals smaller
than eg), for every X € 2™ such that M[X] = RCA}, if there is some e < k such
that ®X is an M-infinite decreasing sequence of ordinals smaller than (3, then I‘kX 18
an M -infinite decreasing sequence of ordinals smaller than B ® k.

Moreover, an index of I'y, can be found computably in k and in an index for a.

Proof. Let T be defined as follows: on input n, find the smallest value s € M such
that there exist ng,...,nx_1 € M with ng + --- + nx_1 = n and, such that, for
every e < k, ®X(0)[s]!,...,®X(n. — 1)[s]| with ®X(0),...,®X(n. — 1) a decreasing
sequence of ordinals smaller than 3. Then, output ®f (ng —1)®- - -® P, (ng—1 —1)
(with the convention that ®X(—1) = ). If several such tuples (ng,...,nx_1) are
found, pick the one for which the quantity ®f(ng —1) @ - ® @3, (ng—1 — 1) is
minimal.

Suppose that X is such that M[X] = RCA{ and that there is an e < k such that
®X is an infinite decreasing sequence of ordinals smaller than 3, then FkX is also total

as we will always find such tuples (ng,...,ng_1).
Then, by definition of I';, X (0),I'X(1),... is an M-infinite decreasing sequence
of ordinals smaller than 8 ® k. O

10.2.3 IIj-conservation of COH

We now turn to the proof that RCAg + BXY + WF®(a) + COH is IT}-conservative over
RCA0+BE(2)+WFO(0¢) for every ordinal o < €g. In particular, letting o = w, we reprove
the theorem of Chong, Slaman, and Yang [22] stating that COH is II-conservative
over RCA( + BX9. Note that the original proof by Chong, Slaman, and Yang uses a
case analysis, depending on whether the model satisfies 1X9 or not. Belanger [6] gave a
more direct proof using the characterization of p-cohesive sets as those whose jump is
PA over 0 (see Jockusch and Stephan [69]). Our proof follows the ideas from Belanger,
but with an even more direct construction based on an instance-wise correspondence
between Y-computable instances of COH and Y’-computable instances of WKL.

Proposition 10.2.5. Consider a countable model M = (M,S) = RCAq + BXY +
WFO(a) topped by a set Y € S, where a < &g is an ordinal. Then for every countable
sequence of sets R € S and every P » Y’ (i.e., P is PA over Y') such that M[P] =
RCA(, there exists G = M such that
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1. G is E—cohesive;
2. Pzr (GY);
3. M[G] & RCA¢ + B9 + WF°(a).

Proof. Given R = Ro,Ri,... and o0 € 2<M et R, = ﬂa(i)=0 N\R; n ﬂg(i)=1 R;.
Let T be the 31 (Y) tree {o € 2<M™ : 3z(x > |o| A x € R,)}. Note that a node o is

extendible to an infinite path in 7' if and only if R, is infinite. The tree T is A;(Y”),
so since P » Y’ there is a A1 (P) set Q € [T1].

Definition 10.2.6. A condition is a pair of M-finite binary strings (o, p) such that
p < Q. A condition (o9, p2) extends a condition (o1, p1), and we write (o2, p2) <
(o1,p1), if 09 > o1, p2 > p1 and o9 — 01 C Epl (where o9 — o7 is the difference
between the sets corresponding to the two sequences).

A set X € M is compatible with a condition (o,p),if o < X S o U ﬁp.

One can think of a condition (o, p) as a so-called Mathias condition (o, ﬁp), where
o is an initial segment of the set G under construction, and Rp serves as a reservoir
restricting the possible future elements that may be added to G. Requiring that
p < @ ensures that the reservoir ép is M-infinite.

When increasing the length of p, we make progress in cohesiveness, as every infinite
subset of Ep is cohesive for Ry, ..., R|,. Note that being a condition is a A;(Q)
predicate, as it simply requires checking that ¢ < ), while the extension relation is
A1(Y). In particular, both are A1 (Q@Y), so A1(P).

In the particular case of finite sets, we say that a binary sequence 7 is compatible
with a condition (o,p) if o < 7and 7 S o U ﬁp. The compatibility relation for such
sequences is a A1 (Y") predicate.

To control various properties of G throughout the construction, we introduce the
following forcing relations, which allow us to control ¥9(G) and II9(G) properties.

Definition 10.2.7. Let (o, p) be a condition, and e,z € M, we write:

L. (0,p) I= DT ()| if Y ()1.

2. (o, p) IF DY (1)1 if for every T compatible with (o, p), @Y (x)1.
We then say that the property ®S®Y (z)| or ®S®Y (1)1 is forced by the condition
(0, p)-

By definition of |-, it is clear that if (o, p) forces some property, then this property
holds for every set X compatible with (o, p).

Note that the relations (o,p) I+ ®¢®Y (z)| and (o,p) - Y (2)1 are A;(Y)
and II;(Y), respectively (using the convention that, when the oracle of a Turing
functional is only partially specified, the computation is required to halt within a
number of steps bounded by the index of the first undefined bit of the oracle, and
otherwise diverges by running into an infinite loop).

We need to satisfy three kinds of requirements for every k € M:
e Ri: (GAY) Ik is decided
e S;: for every e < k, ®F9Y is not an M-infinite a-decreasing sequence

o Ti: for every e < k, G =* R. or G =* N\R, and there exists some x > k such
that z € G.
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The requirements 7 can be satisfied easily by extending a condition (o, p) to a
condition (o U {z}, p’) where p’ < @ has length at least k and z € ﬁp is bigger than
k. This can be done @Q-computably and guarantees that G < o U ﬁpl, and hence
that G =* R, or G =* N\R, for every e < k, by definition of ﬁp/. Thus, we get the
following:

Lemma 10.2.8. For every condition (o,p) and every k € M, there exists some
extension (1, p) < (o, p) such that (1,p') I+ Tg.

Proof. Since p < Q, the set ﬁp is M-infinite and there exists some 7 compatible with
(0,p) and some = > k such that « € 7, making (7, p) |- 3z € G,z = k. Then taking
p' = Q|k ensures that every G compatible with (7, p’) will be such that G\ < Emm
hence that (7, p’) I+ Tg. O

We will need the following two technical lemmas, which are Shore blocking
arguments for satisfying the first two kinds of requirements, namely, deciding the
jump and preserving WF(a). In what follows, (7, p) I (G@®Y)' |k = ¢’ means that
|o’| = k and that for every e < k, if o/(e) = 1 then (7, p) |- ®F®Y (e)| and if o/ (e) = 0,
then (7, p) I ®S®Y (¢)1. Thus, this relation is IT;(Y).

Lemma 10.2.9. Let (o, p) be a condition. For every k € M, there exists some M -finite
o’ € 2% and an extension (1, p) < (o,p) such that (1,p) - (GAY) 1k = o’.

Proof. Let W be the set of all o/ € 2% such that (37 > o)(3t)(Ve < k)(r — o <
R, Alr—ol =10 (e) =1 — 9 (e)[t]l). Note that W is ¥;(Y) and hence
M-finite as M = BCXY by a relativization of Proposition 3.5.2. Moreover, W is non-
empty, as it contains the string 00...0. Let o/ € W be its lexicographically maximal
element, and let 7 > o witness that ¢’ € W.

We claim that (7, p) forces (G@Y) Ik = o’. Fix some e < k.

Case (a): o’(e) = 1. Then ®I9Y (¢)| (hence for every X compatible with (7, p),
ee (X@Y)).

Case (b): o’(e) = 0. The maximality of o’ ensures that for every p compatible
with (7, p), ®*®Y (e)1 (hence that for every X compatible with (7, p), ®X®Y ()1 and
e¢d (XPY)). O

Lemma 10.2.10. Let (o, p) be a condition. For every k € M, there exists somen € M
and an extension (7, p) < (o, p) forcing ®EDY not to be an a-decreasing sequence of
length more than n for every e < k.

Proof. By twisting the Turing functionals, we can assume that for every e,n € M,
and every p € 2<M if ®¢(n)|, then

e ®2(m)| for every m <n
o $2(0),D2(1),...,P~L(n) is a strictly a-decreasing sequence

Suppose the lemma does not hold. Then in particular, for every M-finite string 7
compatible with (o, p) and every n € M, there is some 71 > 7 compatible with (o, p)
and some e < k such that @719 (n)|.

Build Y-computably an infinite sequence 79 < 71 < 79 < ... such that for every n,

e T, is compatible with (o, p)
o ®7"®Y ()| for some e < k (which depends on n)

Since M = BXY, M = VERT}, (see Theorem 6.0.5), there is an M-infinite set Z € M
and some e < k such that for every n € Z, ®7n®Y (n)|.

Then, letting f(n) = ®7»®Y(n), we have an M-infinite a-decreasing sequence,
contradicting M = WF°(a). O
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Note that, as formulated, the requirement Sy, is a I19(G) property. However, once
a value of n is fixed, the statement that ®F®Y (n)1 for every e < k is I(G). Thus,
our formalism allows us to force 119 properties of G.

Construction. We P-computably construct a decreasing sequence (o, ps) of
conditions. In parallel, the set (G@Y')’ is approximated by a sequence (o) of finite
binary sequences.

Let 09 = po = o{, = €. Assume that o, ps, and o, have been defined for some
s e M and let

ks =1+ max{|os], |ps|. |0}

Using Lemma 10.2.8, Lemma 10.2.9 and Lemma 10.2.10, there exists some
extension (7, p) < (05, ps) forcing Ry, Sk, and Ti,. Such an extension can be found
P-computably. We then let o541 = 7, ps11 = p and o, = o' where ¢’ is the
sequence obtained from the fact that Ry, is forced.

As explained in Section 10.2.1, the o, 0% and ps; may only be defined on some cut
I but are nonetheless of unbounded length in M.

Let G = |J,c; 0s- By construction G is P-computable and, as the Ry, are satisfied,
(G@Y) is equal to | J,.; 0% and is also P-computable, hence M[G@® Y] = M[G] E
RCA( + BXY. Since the requirements Ty, are satisfied, the set G is R-cohesive. Then,
as the requirements Sy are satisfied, M[G] = WF°(a).

This completes the proof of Proposition 10.2.5. O

Corollary 10.2.11. Consider a countable model M = (M,S) = RCA; + B +
WF’(a) topped by a set Y € S, where a < ¢ is an ordinal. Then for every Res,
there exists G € M such that

1. Gis ﬁ—cohesive;
2. M[G] = RCA + BX9 + WF’(a).

Proof. By Theorem 9.2.5, there exists a set P € M such that P » Y’ and M[P] &=
RCA{. The conclusion then follows from Proposition 10.2.5. O

We therefore obtain our first conservation theorem:

Theorem 10.2.12. Fiz an ordinal o < ¢y. COH is IIi-conservative over RCAg +
BXY + WF°(a).

Proof. Immediate by Proposition 10.2.5 and Theorem 9.2.3. O

10.2.4 TIj-conservation of WKL

We now turn to the proof of I1}-conservation of WKL. As for COH, in the case o = w,
we recover the well-known conservation theorem of Héjek [56] stating that WKL is
I1}-conservative over RCAo + BX9.

Proposition 10.2.13. Consider a countable model M = (M, S) = RCAq + BXS +
WFO(a) topped by a set Y € S, where o € M is an ordinal < ¢g. Then for every
M -infinite tree T € S, there exists G € M such that

1. G is a path in T;
2. Y >r (GRY);
3. M[G] = RCA + BX9 + WF°(a)

Proof. We will build the path G using forcing on trees. A condition will be a pair
(o,U) with U € S an M-infinite Y-computable subtree of 7" with root o (i.e., its only
elements of length < |o| are the prefixes of o) and we write (o,U;) < (1,Us) if 7 < o
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and U; € Us. In a condition, the tree U is given by a Turing index e such that ®Y
computes it.

Again, a condition (o,U) is an approximation of the path G being constructed
where o is an initial segment of G and G will be one of the paths of U. A set X € M
is said to be compatible with (o,U) if it belongs to [U].

Definition 10.2.14. Let (0,U) be a condition and e,z € M, we write:
L. (o,U) I ®E®Y ()| if IOV (z)]
2. (0,U) I ®F®Y ()1 if for every T € U, &7 ()1.

Note that the relations (o,U) | ®¢®Y (z)| and (o,U) I+ ®SOY (z)1 are A;(Y)
and II; (Y'), respectively. As before, the definition above induces a forcing relation
for all 39(GQ)- and I19(G)-formulas in that every set X compatible with a condition
(o,U) forcing some property ¢(G) will be such that ¢(X) holds.

For our construction, we want to satisfy the following requirements :

e Ri: (GAY) Tk is decided.

e Si: Let B < a be the largest ordinal of index less than &, for every e < k, GOV
is not an M-infinite decreasing sequence of ordinals smaller than 3.

o Ti: |o| = k.

We first prove a simple technical lemma stating the existence of arbitrarily large
extendible nodes. This lemma even holds over RCA} and can be found in various
places in the literature.

Lemma 10.2.15 (Fernandes et al [44]). Let M = (M, S) = RCA} and T < 2=M be
an M-infinite tree in S. Then for every £ € M, there is some o € T of length ¢ such
that {7 € T : 7 is comparable with o} is M -infinite.

Proof. Assume by contradiction that for every o € 2¢ the tree
{T € T : 7 is comparable with o}

is M-bounded, this means that M = Yo € 2¢3b,¥7 € 2% o0 <7 =71¢ T.
The formula V7 € 2%, 0 < 7= 7 ¢ T is %o(T). Therefore, we can use BXY (which
holds in RCA}) to get :

ME Vo e2Tb, <tVre2 o<T=7¢T

This yields that T is bounded by such a b, contradicting our assumption that
T is M-infinite. So there is some o € T of length ¢ such that {r € T
T is comparable with o} is M-infinite. O

We will need the following two technical lemmas, which are Shore blocking
arguments for satisfying the first two kinds of requirements, namely, deciding the
jump and preserving WF(). In what follows, (7,U) I (G@®Y) 1k = ¢’ means
that for every e < |o'|, if 0’(e) = 1 then (1,U) I+ ®F®Y ()| and if o’(e) = 0, then
(1,U) |- ®59Y (e)1. Thus, this relation is I1; ().

Lemma 10.2.16. Let (0,T1) be a condition. For every k € M, there exists some
M-finite o' and an extension (1,T3) < (0,T1) forcing (G®Y) 1k = o’.

Proof. Let W be the set of all ¢’ € 2¥ such that the tree {p € T} : o/(e) = 0 —
PrOY ()1} is M-infinite. In general, the predicate “X is infinite” is IIo(X) (Va3y >
x,y € X), but in the case of trees U, their closure under prefixes makes this predicate
I, (X) (V¢3p € 2%, p € U). Thus, W is II;(Y) and hence M-finite as M = BCII?
by a relativization of Proposition 3.5.2, and it is non-empty as it contains the string
111...1.
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We can consider ¢/ € W its lexicographically minimal element, and the
corresponding tree T3. For every e < k such that ¢/(e) = 1, the minimality of o’
gives us that the set of 7 € T3 such that ®7®Y (e)1 is M-finite, so we have a level h,
such that for every 7 € T3 n 2" ®T®Y (¢)|. The set {e < k : 0’(e) = 1} is M-finite,
so we can consider an upper bound h of all the h.. Finally, by Lemma 10.2.15, there
is a 7€ T3 N 2" such that Ty := {p € T3 : p is comparable with T} is M-infinite (since
T5 is M-infinite).

We claim that (7,7T3) forces (GO Y ) Ik = o’. Fix some e < k.

Case (a): o'(e) = 0. Then ®7®Y (e)1 for every 7 € Ty (since T, < T3), hence for
every G compatible with (7,73),s0 e ¢ (G®Y)".

Case (b): o/(e) = 1. The definition of 7 ensures that ®7®Y (¢)|,soe € (GOY). O

Lemma 10.2.17. Let (0,T1) be a condition. For every k € M, letting T be the
functional of Lemma 10.2.4, there is an extension (o, Ty) < (0,T1) forcing TS to
be partial.

Proof. Let 8 < « be the largest ordinal smaller than « of index at most k. By twisting

I'x, we can assume that for every e,n € M, and every binary sequence p € 2<M | that
if 7Y (n){, then

. I‘g@/(m)l for every m < n;

o TPOY(0), 129V (1),...,T%9 (n) is a strictly decreasing sequence of ordinals
smaller than 8 ® k.

We have two cases.

Case 1: there exists some n € M such that for every £ € M, there is some 7 € T}
of length ¢ such that T7®Y (n)1. Let T = {r € Ty : T;®¥ (n)1}. The set T is closed-
downward, and by assumption, is M-infinite. Then (o,T3) < (0,T1). Moreover, by
construction, (o, Ty) I T$®Y (n)1.

Case 2: for every n € M, there is some ¢,, € M such that for every 7 € T} of
length £,,, T7® (n)].

Then, for every n, let a, = max {I;®(n) : 7 € T4 A |7| = £,}. We claim
that for every n € M, apt1 < . Indeed, for every 7 € Ty such that |7| = £,41,
Dp® (n+ 1) < Ty ¥ (), s0

max {L7®Y (n+1): 7€ Ti A 7| = o1} <max T} (n) : 7€ 1 A |7| = €}

So M - WF?(a®k). However, by Lemma 10.2.3, since M = RCA + BX9 + WF®(a),
M EWF(a®k). Contradiction. O

Note that the statement “(o,Ty) forces T (n)1” is I (Y).

Construction We Y’-computably construct a decreasing sequence (o, Ts) of
conditions. In parallel, the set (G@®Y)’ is approximated by a sequence (o7) of finite
binary sequences.

Let 09 = o), = € and Ty = T. Assume that o4, Ts, and o/, have been defined for
some s € M. Let es be the Turing index associated with T and let

ks = 1+ max{|o|, es, |04}

Using Lemma 10.2.16 and Lemma 10.2.17, there exists some extension (7,U) <
(0s,Ts) forcing Ry, and Sy,. Using Lemma 10.2.15, we can assume without loss of
generality that |7| > ks and force T,. We thenlet 0541 =7, Ts41 = U and o, | = o’
where ¢’ is the sequence witnessing that Ry is forced.

The o, and o/, may only be defined on some cut I but are nonetheless of unbounded
length in M.

Let G = |J,c; 0s- By construction G is Y'-computable and, as the R, are satisfied,
(G®Y)" is equal to | J,.; o) and is also Y'-computable, hence M[G@ Y| = M[G] =

sel
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RCA( + BXY. Since the requirements 7;, are satisfied, the set G is an infinite path in
T. Then, as the requirements Sy, are satisfied, M[G] £ WF°(a).
This completes the proof of Proposition 10.2.13. O

Theorem 10.2.18. Fiz an ordinal o < ¢g. RCAg + WKL + B9 + WF°(a) is I1}-
conservative over RCAg + BX9 + WF°(a).

Proof. Immediate by Proposition 10.2.13 and Theorem 9.2.3. O

10.3 Conservation over BX) + WF’(¢)

The cases of SEM and SADS are more complicated than those of WKL and COH, as
WF? (w®*®) seems to be necessary to preserve WF’(a) where o < €. The ordinal ¢
is not a fixed point of o — w**®. Fortunately, to preserve WFO(OL), it is sufficient to
preserve WFO(B) for every 8 < «. This is why, in Lemma 10.2.4, we considered the
largest ordinal § < « of index at most k, rather than « itself. Thus, we obtain that
WF° (supg o w?**) suffices to preserve WFO(sup5<a ), and therefore that WF°(gq)
suffices to preserve itself.

10.3.1 TIIj-conservation of SEM

As mentioned in the introduction, the bounded monotone enumeration principle
naturally shows up when formalizing the first-jump control of Ramsey’s theorem
for pairs. Within the decomposition of RT% into COH + SADS + SEM given in
Proposition 6.2.11, SEM is the only statement not known to be II}-conservative
over RCAy + BX9. It is therefore natural to expect to involve BME, in the proof
below. Since BME, is equivalent to WF°(w®) and we suppose M = RCAq + BXY +
WFO(supB<a w?**®), we will be able to use BME,.

Proposition 10.3.1. Consider a countable model M = (M,S) = RCAq + BXY +
WFO(supfka wP*®) topped by a set Y € S, where o€ M is an ordinal < eg. Then for
every infinite stable tournament R in S and every set P » Y’ such that M[P] & RCAF,
there exists G € M such that

1. G is an M -infinite transitive subtournament;
2. Pzr (G@Y)';
3. M[G] & RCA¢ + B9 + WF’(a).

Proof. In Proposition 10.2.5, the reservoirs Rp were all computable from the set Y. In
the present construction, however, extending a condition requires computing a path
through a tree that is itself computable from the previous stage. As a result, the
construction involves an infinite sequence ¥ « Xg « X; « ... of sets, each of PA
degree over its predecessor.

By Proposition 10.2.13, we can add paths through trees to our model M. Since we
wish to remain within a topped model, we cannot directly apply Theorem 10.2.18 to
obtain a model of WKL, containing such a sequence (and we also want the sequence
to be uniformly computable in P, which Theorem 10.2.18 doesn’t provide). However,
it can be shown that there exists a single Y-computable tree whose paths encode such
sequences, hence, a single application of Proposition 10.2.13 suffices:

Indeed, consider the class C equal to

{P X, : VaVe, @} ®Xo® ®Xa g an infinite binary tree — Xiaey € [@YOXo®-OXa]y

a

C is a non-empty II{ class relative to Y. By a relativization of Proposition 4.2.2,
there exists a Y-computable tree whose paths are exactly the elements of C. Thus,
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Proposition 10.2.13 gives us a set X — @, Xa € C such that Y >p (X ®Y) and
M[X] = RCAg + B3 + WF’(supg_, 7*®).
Furthermore, Proposition 10.2.5 applied to M[)? ] gives us a set C = M satisfying:

o Cis )Z-cohesive;
e P2r (COXODY);
« M[X@®C]E RCAj + B3 + WF (sups_, 02°%®)

Let Ag(R) := {z : V°yR(x,y)} and A;1(R) := {z : V°yR(y, z)}, where Y* means
“for all but finitely many”, so Ag(R) and A;(R) are 35(Y). The stability of R gives
us Ag(R) u A1 (R) = M, so Ag(R) and A;(R) are Ay(Y).

Definition 10.3.2. For two sets F' and G, the notation F' — g G denotes the formula
(Vx e F)(Vy € G)R(z,y).

Definition 10.3.3 (Minimal interval). Let a,b € M, the interval (a,b) is the set of
all z such that R(a,z) and R(z,b).

Let F' be an M-finite transitive subtournament of R, for a,b € F' u {—o0, +0} we
say that (a,b) is a minimal interval of F' if F' n (a,b) = ¢J, where we consider that
R(—o0,z) and R(x,400) hold for every z € M.

Definition 10.3.4. A condition is a pair (¢, a) where o is an M-finite binary string
corresponding to an R-transitive subtournament, a € M is such that C <* X, and
X, is included in a minimal interval of o.

A set X © M is compatible with a condition (0,a) if c < X € 0 U X,.

Being a condition is a A1 ((C®X@Y)')-formula. Indeed, being a finite R-transitive
subtournament is Y-computable, checking that X, is included in a minimal interval
of o is (X,®Y)'-computable, and checking if C' =* X, can be decided using (CHX,)’
(since C' is )?—Cohesive, we know that C' <* X, or C <* N\X, and these events are
S2(C @ X,)). Since P =7 (COX @YY, it is a Ay (P) predicate.

Definition 10.3.5. Let (0,a) be a condition and e,z € M, we write:
1. (0,0) I DS (2)| if BV (2)]
2. (0,a) - ®EDY ()1 if for every 0 < 7 S 0 U X,, ®79Y (2)1.

The relations (o, a) - ®E®Y (2)| and (o, a) |- @Y ()1 are Ay (Y) and I, (YO X)
respectively. Again, by definition of the forcing relation |, it is clear that if a condition
(0,a) forces some X9(GQ) or IIY(G) property, then this property holds for every set
compatible with (o, a).

Definition 10.3.6. A condition (7, b) extends a condition (o, a) (and we write (7,b) <
(0,0))ifo <7, Xp € X, and 7 — 0 € X,,.

For our construction, we want to satisfy the following requirements :
e Ri: (GAY) Tk is decided.

e Si: Let 8 < « be the biggest ordinal of index less than k, for every e < k, @f@y
is not an M-infinite decreasing sequence of ordinals smaller than 3.

o T: There exists some x > k such that z € G.

We will need two technical lemmas, which are Shore blocking arguments for
satisfying the two kinds of requirements, namely, deciding the jump and preserving
WF®(a). Before this, we introduce some basic combinatorial concepts which will be
useful for both lemmas.
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Definition 10.3.7. Fix a condition (o, a).

(1) A (0,a)-node is an M-finite sequence of the form

v = {(i0, o), (i1, p1)s - - - (ig—1, Pg—1))

such that for every s < q, is < 2, ps € X, is a non-empty M-finite R-transitive
set with min ps > max ps_; (letting p_1 = o), and for every s <t < ¢, if is =0
then ps — g ps, and if i; = 1 then p; — g ps. We then write

w(V)=0cuUpyU--Upg_1

(2) This (o,a)-node is valid if for every s < q, ps S A;,(R)

(3) A (0,a)-node v satisfies a £9(M)-formula ¢(G, z) = Jiyy(G i, z) if (7 (v), |v|—
1) holds.

Lemma 10.3.8. Fiz a (0,a)-node v. Then w(v) is R-transitive.

Proof. Say v = {(ig, po), (i1,p1),--- (ig—1,pq—1)). We prove by J-induction that
for every ¢ < t, pg is an R-transitive tournament included in a minimal interval of
ouUpyuU---uUpe—1 and that o U pg U --- U py is R-transitive.

This is true for ¢ = 0 since (0,a) is a condition. And assuming the property to
be true at a rank ¢ < ¢ — 1, the construction of ps41 ensures that it is included in the
minimal interval of (¢, a) and that p,y1 —g p; if i; =1 and p; =g pey1 if i; =0, so
no element of o U pg U - - - U py is between two elements of py11. Since U pg U -+ U py
is R-transitive (by the induction hypothesis), this means that pg;1 is included in one
of its minimal intervals, and since it is itself R-transitive, o U pg U -+ U pg U ppy1 1S
R-transitive. O

Lemma 10.3.9. Fiz a valid (0,a)-node v. Then (n(v),b) is an extension of (o,a)
for some be M.

Proof. Say v = {(io,po), (%1,p1),--- (ig—1,Pq—1))- By definition of validity and
stability of R, for every s < g, if iy = 0 then Vz € p,V*y € X,, R(z,y), and
if i, = 1 then Yz € p,V*y € X,, R(y,z). By BXY, there exists some r € M
such that for every s < gq, if is = 0 then p; —r X \{0,...,r}, and if i; = 1
then X,\{0,...,r} —r ps. Let b € M be such that X;, = X,\{0,...,r} and
let 7=0UpyguU---Upg_1. By Lemma 10.3.8, 7 is R-transitive and by construction,
X € X, isincluded in a minimal interval of 7. Thus (7, b) is an extension of (o,a). O

Definition 10.3.10. Fix a condition (o, a).
(1) A (o,a)-tree is a set of (0, a)-nodes closed downward under the prefix relation.

(2) A (0,a)-tree E is universal if for every (o,a)-node v that is not a leaf, there is
some r € M such that for every M-finite 2-partition Ag u A; = {0,...,r — 1},
there is a side i < 2 and an M-finite R-transitive p < A; n X, such that

v-{i,py€ E.
(3) A (0,a)-tree E satisfies a 39 (M)-formula if all its nodes satisfy it.

(4) A universal (0, a)-tree E satisfying a ¥9(M)-formula (G, ) is mazimal for that
formula if we cannot add any descendants to a leaf of F while still obtaining a
universal (o, a)-tree satisfying ¢(G, x).

Lemma 10.3.11. For every %9(M)-formula (G, z) and every condition (o,a), there
is a monotone enumeration of a universal (o,a)-tree E satisfying ©(G,x) that is
mazimal for (G, x).
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Proof. At stage 0 enumerate the empty sequence (). At stage s, for every leaf v € E,
if for every 2-partition Ag 1 Ay = {0,..., s}, there is some i < 2 and some p € A; for
which

(i) ¢(m(v) v p,|v]) holds
(ii) v -{(i,p)) is a (0, a)-node.

then enumerate v - {(i, p)) for all such partitions, and go to the next stage. If nothing
is enumerated, simply go to the next stage. O

Such a universal (o, a)-tree is not necessarily M-finite.

Lemma 10.3.12. Fvery M -finite universal (o, a)-tree E has a valid leaf.

Proof. We prove it by AJ-induction. The root ) is vacuously valid. Assume v € E
is a valid non-leaf. By universality of E, there is some r € M such that for every
M-finite 2-partition Ag u A; = {0,...,r — 1}, there is a side ¢ < 2 and an M-finite
R-transitive p € A; n X, such that v - (i,p) € E. By BCAY(Y) (which is equivalent
to BXY(Y) modulo RCAY), the following partition is M-finite:

Ao(R)tru A1 (R)|r = {0,...,r — 1}

Thus, there exists some i < 2 and some p S A;(R) such that v - (i, p) € E. By choice
of ¢ and p, the node v - (i, p) is valid. O

Lemma 10.3.13. Let (0,a) be a condition, p(G,z) be a £9(M)-formula, and E be an
M -finite universal (o,a)-tree satisfying o(G,x), which is maximal for p(G,x). Then
there is an extension (7,c¢) < (0,a) and some q € M such that (1,¢) - (G,q—1) and
(7‘, C) I~ _'(,D(G, Q)'

Proof. By Lemma 10.3.12, there is a valid leaf v € E. Since E satisfies ¢(G,x)
o(m(v), |v] — 1) holds. By Lemma 10.3.9, there is some b € M such that (7(v),b) <
(0,a).

By maximality of the tree, for every s € M, there exists a 2-partition Ayg L A =
{0, ..., s}, such that for every side i < 2 and every M-finite p € A; n X, such that
v-{i,pyis a (0,a)-node, o(m(v) U p,|v|) does not hold.

Note that by choice of X, for every non-empty M-finite R-transitive p € A; N X3,
v-{i,pyis a (c,a)-node. Thus, for every s € M, there exists a 2-partition Ag L1 A1 =
{0, ..., s}, such that the following property holds:

(P): For every side i < 2 and every non-empty M-finite R-transitive p <
A; 0 Xy, p(m(v) U p,|v|) does not hold.

Consider the binary tree of all such partitions satisfying (P), where a partition
Byu By ={0,...,s+ 1} is a direct descendant of Ay u A; = {0,...,s} when B; n
{0,...,s} = A; for every ¢ < 2. This tree is therefore infinite, and there exists a
2-partition Ag u A; = X, such that (P) holds. By definition of X, there exists
some ¢,d € M such that X, Xy is a 2-partition of X; in C. Moreover, since C =* Xj,
either C =* X, or C =* X,4. Since they play a symmetric role, say C <* X.. Then
(T,c¢) is an extension of (7,b) forcing ¢(G, |v| — 1) and —¢(G, |v|). O

We are now ready to prove our two Shore blocking lemmas.

Lemma 10.3.14. Let (0,a) be a condition. For every k € M, there exists some
M-finite o’ € 2% and an estension (1,b) < (0,a) such that (1,b) - (G®Y) |k = o
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Proof. Let p(G,x) be the X{(Y)-formula which holds if there exists some eg < - -+ <
es—1 < k such that for every s < z, @g@/(es)l.

By Lemma 10.3.11, there exists a monotone enumeration of a universal (o, a)-
tree E satisfying ¢(G, x) such that no descendants can be added to any leaf while
preserving the property of being a universal (o, a)-tree satisfying (G, x). Moreover,
since (G, k + 1) never holds, the enumeration F is k-bounded. Since o > 0, M k=
WF°(w®), hence M & BME,, so E is M-finite. By Lemma 10.3.13, there is an
extension (7,b) < (0,a) and some g € M such that (7,b) - ¢(G,q — 1) and (7,b) I
—¢(G,q). Let o/ = {e < k: @I (¢)|}. Then (1,b) I (GOY) k=o' O

Lemma 10.3.15. Let (0,a) be a condition. For every k € M, letting T'y be the
functional of Lemma 10.2.4 for the order «, there is an extension (7,b) < (o,a)
forcing FkG@Y to be partial.

Proof. Let f < a be the largest ordinal smaller than « of index at most k. By twisting
I'x, we can assume that for every e,n € M, and every binary sequence p € 2<M that
if T79Y (n)|, then

o T (m)] for every m < n;

o TP2Y(0), 0%V (1),...,T7®  (n) is a strictly decreasing sequence of ordinals
smaller than 8 ® k.

Let (G, ) be the X9(Y)-formula which holds if T{®Y (z)|. By Lemma 10.3.11,
there exists a monotone enumeration of a universal (o,a)-tree E satisfying ¢(G,x)
that is maximal for ¢(G,x). We have two cases.

Case 1: F is M-finite. Then by Lemma 10.3.13, there is an extension (7, ¢) < (o, a)
and some g € M such that (7,¢) I+ ¢(G,q — 1) and (7,¢) I ~¢(G, q). In particular,
(1,¢) I-T$Y (9)1.

Case 2: E is not M-finite. Then there exist M-infinitely many stages s € M such
that E[s] # E[s + 1]. By speeding up the enumeration, we can assume without loss
of generality that E[s + 1] # E[s] # {{} for every s € M.

For every s € M and v € E[s], let

C(v) = Wl TS iy s a leaf of E[s]
) ®H3E[S]V Cs(p)  otherwise

Finally, let (s = ().

Claim: (41 < (s for all s€ M. Since E[s+ 1] # E[s], there is some leaf v € E[s]
which is not a leaf in E[s + 1]. By assumption on I'y, for every p Jgps11 v,

T Y T(v)®Y
TR (|u] - 1) < T (] - 1)
Hence y y
D ORI (ul=1) o (PR (v]-1)
HIAE[s+1]V

So (s+1(v) < (s(v). By Xd-induction along the ancestors of v up to the root, we
obtain (511({)) < (s({}). This concludes the proof of our claim.

As ( < (o < w®F < wP*® for all s € M. This contradicts the fact that M =
WF (o).
O

Construction We P-computably construct a decreasing sequence (o,as) of
conditions. In parallel, the set (G@®Y)’ is approximated by a sequence (¢7) of finite
binary sequences.
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Let 0¢ = 0, = € and ag be an index corresponding to M. Assume that o, as, and
o’ have been defined for some s € M and let

ks =1+ HlaX{|0's|aasa |U;|}

Using Lemma 10.3.14 and Lemma 10.3.15, there exists some extension (7,b) <
(0s,as) forcing Ry, and Si,. Such an extension can be P-computably found. We can
then add an element of X; bigger than ks to 7 and then extract an infinite minimal
interval from X, using P to obtain some condition (p,c) forcing 7j.. We then let
Os41 = P, g1 = ¢ and o, = o' where o’ is the sequence witnessing that Ry is
forced.

The o, and o, may only be defined on some cut I but are nonetheless of unbounded
length in M.

Let G = |J,; 0s- By construction G is P-computable and, as the Ry, are satisfied,
(G@Y)" is equal to | J,.; 0, and is also P-computable, hence M[G@® Y] = M[G] &
RCAy + BXY. Since the requirements 7y are satisfied, the set G is an M-infinite
transitive subtournament of R. Then, as the requirements Sy are satisfied, M[G] =
WF(a).

This completes the proof of Proposition 10.3.1. O

Corollary 10.3.16. Consider a countable model M = (M,S) = RCAq + B9 +
WFO(sup5<a w?*®) topped by a set Y € S, where o € M is an ordinal < ¢y. Then for
every infinite stable tournament R in S, there exists G € M such that

1. G is an M-infinite transitive subtournament;
2. M[G] = RCAy + BXY + WF’(a).

Proof. By Theorem 9.2.5, there exists a set P € M such that P » Y’ and M[P] &
RCAj. The conclusion follows from Proposition 10.3.1. O

Theorem 10.3.17. RCA, + BXY + WFO(@Q) + SEM s I1}-conservative over RCAq +
BX9 + WF°(e).

Proof. Immediate by Corollary 10.3.16 for the case a = ¢g and Theorem 9.2.3. O

10.3.2 TIlj-conservation of SADS

We now turn to the proof that SADS is IT}-conservative over RCAq + BX9 + WF(gq).
There exist two main constructions of solutions to instances of SADS: an asymmetric
one, which assumes that there is no infinite computable descending sequence, and
constructs an ascending one, as in Hirschfeldt and Shore [63, Theorem 2.11], and
a symmetric one using split pairs, as in Lerman, Solomon, and Towsner [94] or
Patey [114, Theorem 26]. Our proof follows the second construction.

Proposition 10.3.18. Consider a countable model M = (M, S) & RCAy + BX +
WFO(sup/ka w?*%®) topped by a set Y € S, where o€ M is an ordinal < €g. Then for
every linear order L = (M,<.) € S of order type w + w*, there exists G € M such
that

1. G is an M-unbounded ascending or descending sequence for <r;
2. zr (G®Y);
3. M[G] = RCAy + BX9 + WF(a).

Proof. Let £ = (M, <) be such an order. If M already contains an M-unbounded
ascending or descending sequence for <., then we are done, so assume otherwise. Let
U < M and U' < M be the sets of elements that have a finite amount of predecessors
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and successors for <, respectively. By assumption, U° L U' = M, and U? and U!
are both Aq(Y).

Contrary to the cases of COH, WKL, and SEM, we will be building two sets in
parallel instead of one: an ascending sequence G° and a descending sequence G',
and prove by a pairing argument that there exists some side ¢ < 2 where all the
requirements are forced.

A condition is a pair (0, 0!) with ¢ an M-finite L-ascending sequence included
in UY and o! an M-finite £-descending sequence included in U'. We say that (7°,71)
extends (09, 0') (and we write (79, 71) < (0°,01)) if 7° > 0% and 7! > o!. A set G?
is compatible with a condition (6", 0!) on side i < 2 when o* < G*.

Being a condition is a Ay(Y)-predicate, while the extension relation is A;. We
define a weaker notion of pair which is A;(Y):

Definition 10.3.19. A split pair is a pair (6%, 0') of strings such that ¢° is an M-
finite £-ascending sequence, o' is an M-finite £-descending sequence, and max, 0 <,
ming ol.

The core property of split pairs (0°,o!) comes from the fact that if o® & U?, then
ot € U'. In particular, if (6%, 0') is a condition and (7°,7!) is a split pair such that
0% < 7% and 0! < 71, then either (79, 0!) or (6%, 71) is a condition extending (¢, ot).

0% 0% be a condition, e,z € M and i < 2, we write:

Definition 10.3.20. Let (
o (0°,01) s DCOY ()] if BT O (z)].
N

e (0% 01) Ik @fy@y(x

i-th component in (¢, 02) by 7 is a split pair, ®7 ®Y (2)1.

if V7% > o’ such that the pair obtained by replacing the

Note that the relations (¢, c1) I-; ®¢'® (2)| and (09,0!) I-; ®F'OY (2)1 are
A1(Y) and II; (Y), respectively.

As in the proof of Theorem 8.5.6, we introduce a forcing question which, thanks
to Lemma 10.3.22, allows us to Y’-computably determine a side 7 < 2 and construct
extensions forcing either a given property or its negation on side .

Definition 10.3.21. Let (¢°,0!) be a condition and eg,e;, 79,71 € M. We write
(0% a%) 7+ (I>6GOO®Y(:E0)¢ % @gl@y (w1)] if there exists some split pair (77, 71) such that
o' < 7 and ®7 O (z;)| for every i < 2.

The relation (09, 0!) 7 (I)g)(’@Y(xo)l v @gl@Y(xl)l is 31 (Y).
Lemma 10.3.22. Let (0°,0%) be a condition, and let eq,e1, 0,21 € M. Then:

o If(0% ol 7 @go@y (20)! v@ﬁl@/ (21)|, then there exist an extension (7°,71) <
(0%, 0') and some i < 2 such that (7°,71) I q)g@Y(ggi)l.

o If(0% o) 2t @gjo@y (z0)l v@gl@/ (w1)|, then there exist an extension (7°,71) <
(0%, 01) and some i < 2 such that (7°,71) Ik ‘PgZ@Y(aji)T.

Furthermore, deciding which case holds and computing the extension (7°,71) can be
done Y'-computably.

Proof. Assume first that (¢°,0) 7 ®2)0®Y(xo)l v @gl@y (x1)]. Then there exists a
split pair (%, p!) such that, for every i < 2, 0% < p' and &2 ©Y (z;)|. Using Y, we can
find such a split pair. Since (p°, p!) is a split pair, there is some side i < 2 such that
p' € U?, and such a side can be found using Y. Replacing 0! by p’ in the condition
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(0%, 01) yields an extension (7°,71) < (09, ') such that (7°,71) |- (I)eGi"@Y(zi)i.

Now suppose that (o9, o1) 71/ @go@y (x0)] v @gl@/ (21)}. Consider the program
which runs through all M-finite L-ascending sequences p® such that o < p°,
max, p° <, ming o' and (I)@Z®Y(J:O)L. Whenever a new p° is found whose value
of max, p° is smaller than all previously found ones, enumerate max,p?. By
construction, this program yields a Y-computable £-descending sequence. By our
assumption, M does not contain any solution to the given instance of SADS, this
enumeration must therefore be finite. Hence, either no such p® is enumerated, in
which case (6%, 01) Io @gjo@/ (z0)1 and we are done, or else we can Y’-computably

find some p° such that 0% < p°, max, p° <, ming o! and @g((j@y(xo)i and for which
max, p° is minimal.

Similarly, either we already have (¢°, o) - (I)gl@y (21)7 or we can Y’-computably
find some M-finite £-descending sequence p' such that o' < p!, min, p! >, max, o
and @gi@y(xl)l and such that ming p! is maximal among all such sequences.

In the case where such p° and p' are found, we cannot have p' < U’ for both
i < 2, since then (p°, p!) would form a split pair, contradicting our assumption that
(00, ab) 2t @g)o@y(xo)l v @gl@y(xl)L, and we can Y’-computably find some side
i < 2 such that p* & U?. Without loss of generality, assume i = 0. Define 70 = ¢
and 71 = ol U{max, p°}, then (79, 71) is a condition extending (0, o). Indeed, since
p® & UY, we have max, p° € U', and by construction max, p° <, ming o'. Finally,
we have (79, 71) Ig q>g)°®Y(mo)T- Indeed, by minimality of max, p°, there is no M-
finite L-ascending sequence po/ such that 70 = ¢% < ,00/, max, pO/ <, ming 7! =
max, p° and (I)g;)’@y (70)]. O

We want our construction to satisfy for some i < 2 the following requirements for
every ke M:

o« Ri: (G'@®Y) Ik is decided.
o S,i:_ Let 8 < a be the biggest ordinal of index less than k, for every e < k,
®G'DY s not an M-infinite decreasing sequence of ordinals smaller than f3.

. 773 There exists some = > k such that z € G*.

For this, we will use a pairing argument, and ensure that for every k € M, the
following requirements are met: Rg v R,ﬁ, Rg v S,%, S,g v R}w S,g v 8,17 and 7;0 A 7;,1,
and therefore, that (R2 A SY A T2) v (Rj A St A T) is met for every k € M. Then,
there will be one side i < 2 such that Ri A Si A T} is satisfied for M-unboundedly
many values of k, hence that all requirements are satisfied for this side.

Definition 10.3.23. Fix a condition (¢, 0!).
A (09, 01)-tree is a binary tree T < 2<M labeled by a family of split pairs (02, aé)peT
such that for all pe T*

e o' ﬁag and o' 10;;

ZﬁO'Z'

o For every p €T and every i <2, if p-i <y then o, Ik

A node p is said to be wvalid if for every i < 2 and every p € T such that p-i < p,
o, € U'. Being valid is a A(Y) condition.
Definition 10.3.24. Let T be a (0%, 0!)-tree
+ A node (09,0}) in T satisfies a pair of X9(Y)-formulas (0°(G°, ), ' (G*, x)) if
©°(a9, |p| — card p) and @' (0}, card p) holds (where card p is the cardinal of p
seen as a set, to be distinguished from the length |p| of p as a string).

o T satisfies (9°(G°, ), p* (G, x)) if every node of T satisfies it.
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Lemma 10.3.25. For every pair (p°(G°, z), o (G, 2)) of 29(Y)-formulas and every

condition (0°,a%), there is a maximal $1(Y) (0, 0')-tree T satisfying it.

Proof. T will be the limit of the following increasing sequence of Y-computable
(00, ob)-trees (Ts)sens that all satisfy (0 (GO, z), 0! (G, z)) (and therefore T will also
be a (00, 01)-tree satisfying (¢"(G°, x), (G, 1))).

At stage 0, let Ty be the empty tree. It vacuously satisfies (0°(GY, z), 0! (G, 2)).

At stage s+ 1, if T is empty and there exists a split pair (7%, 71) with |79, |7} < s
such that ¢*(7%,0) holds for every i < 2, then let T} 1 consist solely of the root indexed
by (79, 71); it therefore satisfies (¢%(G°, z), o*(G',z)). If Ty is non-empty and there
exists a split pair (7°,71) with |79, |7 < s, a p € Ty and an i < 2 with p-i ¢ Ty
such that adding p-i to T, with the index (79, 71) still yields a (0, o!)-tree satisfying
(0 (G, ), o' (G, x)), then let Ty, 1 be that tree. If, for several values of p, i, the node
p -1 can be added to Ty, choose the one for which p -4 is minimal in the lexicographic
ordering, so that every node in T that can potentially be extended eventually will be.
If no such element is found, simply go to the next stage. O

Lemma 10.3.26. Let (0°,0') be a condition, (¢°(G°, ), (G, x)) be a pair
of XY(Y)-formulas, and T be an M-finite mazimal (o o')-tree satisfying
(¥ (GY x),p (G, 2)).  Then there is an estension (6°,61) < (0% 0') and
some pg,p1 € M U {—1} such that the following holds:

» (6%,6Y) 1o (G, po) and (6°,6) 11 @1 (G, p1)
o (6°61) ko =¢%(G% po + 1) or (6°,61) Ik — (G, p1 + 1).
With the convention that (6°,61) IF; (G, —1) always holds.

Proof. If T is empty, then (0% ob) 7t/ %G 0) v ©'(G',0) as otherwise the
corresponding split pair could be added in position € in T, contradicting its
maximality. Thus, by Lemma 10.3.22, there exists some extension (6°,61) < (0, 01)
and some side i < 2 such that (6° Al) IFi =t (G*,0). Thus, we can assume that 7T is
not empty.

Consider a valid p € T having no valid descendant in T, this is possible since the
set of valid elements of T is non empty because (¢,0l) is a valid condition, so we
can just take a maximal valid element of T" using IAJ (which we have by BX9).

Since (02, 0},) is a split pair, we have two cases:

Case 1: ap c U°. In that case p-0¢ T by maximality of p. Then take py = |p| —
card p, p; = cardp — 1 and (7°,71!) = (00 ol 1o +1)) with 4p the biggest index i < |p|

such that p(i) = 1 (if no such index exists we take o' instead of o, (;,11)). The pair
(79, 7") is a condition by definition of validity and the hypothesis o) < U®. (7%, 7') kg
0 (G po) and (12, 71) -1 9 (G, p1) because T satisfies (p°(G?, x), o' (G, x)).

We have (70, 71) 21£ 0% (GO, po + 1) v ¢ (G, p1 + 1) as otherwise the corresponding
split pair could be added in position p -0 in T', contradicting its maximality. Hence,
by Lemma 10.3.22, there exists some extension (6°,') and some side i < 2 such that
(6% 6) ks~ (Y, + 1).

Case 2: The case op C U! can be treated similarly.

O
Lemma 10.3.27. Let k € M, let Oy (G, x) be the formula: Jeg < e; < --- < e, < k
such that ®SY (e;)| for all i < x, let V,(G, x) be the formula: TEOY ()] (with Ty
the functional of Lemma 10.2.4 for the order «).
For any combination ¢°(G,z), o (G,z) € {®x(G,z), Vx(G,x)} and every condition
(0%, oY), there ewists an extension (6°,61) < (0°,0') and some po,p1 € M U {—1}
such that the following holds:

o (6%,6%) ko ©°(G po) and (6°,6%) -1 ' (G*,p1)
0

o (6%6") ko —¢°(GO po + 1) or (6°,6) Ik =" (G*,py + 1).
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With the convention that (6°,61) I ©*(G?, —1) always holds.
Proof. By Lemma 10.3.25 there exists a maximal 3, (¢, o!)-tree T satisfying

(¢°(G,x),¢'(G,2)).

To apply Lemma 10.3.26 and conclude, we just need to prove the M-finiteness of 7.
Let 8 < « be the largest ordinal smaller than « of index at most k. By twisting

I';,, we can assume that for every e,n € M, and every binary sequence p € 2<M that
if 179Y (n)|, then

. FZ®Y(m)l for every m < n;

. FZ(JBY(O),Fi@Y(l),...,Fz@/(n) is a strictly decreasing sequence of ordinals
smaller than S ® k.

Assume by contradiction that T is M-infinite and let (Ts)seas be an increasing
sequence of computable tree approaching 7. Without loss of generality we can assume
that Ts,1 contains exactly one more element than Ty for all s € M.

For every s € M and p node of T, indexed by (02,0;) with set of immediate
successors S, (card S, < 2 since Ty is a binary tree), define inductively :

Colp) = w0 (P)®f1(p) (2 — card Sp) ® 6—) Cs(p)

HES,

where fo(p) = FZ”®Y(|p|—cardp) if o(G,z) = Ui (G, z) and fo(p) = k—(|p|—card p)

if o%(G,z) = ®x(G,z). And fi(p) = FZ‘I’@Y(cardp) if o}(G,z) = V.(G,z) and
fi(p) = k — card p if (G, x) = By(G, ).
And let {5 = (;(e).

Claim. The sequence (s is an M -infinitely decreasing sequence of ordinals smaller
than wP’*®.

Let s e M, since Ts11 # T, thereisa p € Ts and an ¢ < 2 such that T = Tsup-i.
Therefore:

Cslp) @ (wa(P-i)@fl(P-i) ®2) = Cor1(p) @ wlo(P)®f1(p)

But for every possible values of ¢° and ¢!, we have fo(p) > fo(p-0), fo(p) =

folp-1), fi(p) = fi(p-0) and fi(p) > fi(p-1). So for every possible value of i, we
have
w0 P®f1(p) < (JoloD)®f1(pd) 9o

and therefore (s11(p) < (s(p) which gives us (541 < (s (as p - i is the only difference
between T and Ts1).

Therefore, for all s € M, ¢, < (o < w?®F < >,

This contradicts WF”(ww?*®), so T is M-finite and the result follows. O

Remark 10.3.28. If (6°,01) |-; @4 (G% p—1) and (¢, 01) Iy =P, (G?, p), then there
exists a p’ € 2% such that (¢°,0!) I-; (G*@®Y) |k = p’. Such a p' can be found
computably in Y.

Moreover, if (6°,01) I (G4 p — 1) and (0°,0) Iy —Uk(G?, p) then (6%, 0!) I
I N

(p)1, so (00, 0t) forces to be partial.

Remark 10.3.29. Because of the disjunctive requirements, the preservation
of WF®(gg) and the control of (Y @G)’ must be combined. Thus, at first sight, WF°(e)
is used to control (Y @ G)’. However, if one wants only to control (Y @& G)’, no well-
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foundedness assumption is necessary. Indeed, let P be the set of pairs (p, q) € k? such
that there is a split pair (79, 7!) with 70 > ¢° and 7! > ¢! satisfying ¥, (0!, p) and
Ui(7l,q). Then P exists by bounded XY comprehension. Using this set P, one can
find an extension with the desired property. Therefore, one can prove that SADS is
I1}-conservative over RCA( + BX9, as already proved by Chong, Slaman, and Yang [22]

using the first construction.

Construction We Y’-computably construct a decreasing sequence (0?,0}l) of
conditions. In parallel, the sets (G°@Y )" and (G'@Y')’ are approximated by sequences
(oY

S

/ . .
) and (o}) of finite binary sequences.
! / / /
Let 0) = o} =0y = o} =¢e. Assume that 02,0!,06%, and 0!’ have been defined

for some s € M and let
/ i
ke = 1+ max{|ol], o}, |07 |, |od ']}

Using Lemma 10.3.27 and the fact that U° and U' are M-infinite, there exists
some extension (0%, 0') < (02,0}) forcing R) vR} ,R) vS. , S VR, , S vS;,
and 7;) A T;'. Such an extension can be found Y’-computably. Thus, there exists
some side i < 2 such that (¢%,0') forces R, A S A T . We then let 0%, , = o,
U;j =ol Y 024_1/ — 0%, where o’ is the sequence witnessing that REC is forced and

1—i! _ 14!
Osy1 = 0g

Even if the 02, o}, 02/ and ag/ may only be defined on some cut I, the values taken
by the k; are unbounded in M, hence for every k € M, there exists some side ¢ < 2
such that ’R}C A S,i A 77; is satisfied. Therefore, there exists some i < 2 such that
Ri A SE AT is satisfied for every ke M.

Let G = Use] 02. By construction G is Y/-computable and, as the R}c are satisfied,
(GaY) is equal to |, o' and is also Y’'-computable, hence M[G®Y] = M[G] &
RCA( + BXY. Since the requirements T are satisfied, the set G is an M-infinite £-
ascending sequence if i = 0 and an M-infinite £-descending sequence if ¢ = 1. Then,
as the requirements S, are satisfied, M[G] £ WF’(a).

This completes the proof of Proposition 10.3.18. O

Theorem 10.3.30. SADS is IT} -conservative over RCAg + BX9 + WF%(ey).

Proof. Immediate by Proposition 10.3.18 for the case a = ¢y and Theorem 9.2.3. [

10.4 Il}{-conservation of RT;

Thanks to the decomposition of Proposition 6.2.11, we can combine the conservation
theorems developed in Section 10.2 and Section 10.3 to prove our main theorems.
Yokoyama [142] proved the following amalgamation theorem:

Theorem 10.4.1 (Yokoyama [142]). Let Ty, T1, T2 be I13 theories such that To 2 RCAg
and Ti and T are both I1}-conservative over To. Then T + T is IIi-conservative
over Tg.

In particular, letting 75 be RCAy + BX9 + WF’(gy), one can combine
Theorem 10.2.12; Theorem 10.2.18, Theorem 10.3.17 and Theorem 10.3.30 to deduce
that RT3 + WKL is IT}-conservative over RCAg + B9 + WF(gg), thereby proving our
first main theorem of the chapter.

Main Theorem 10.1.3. RT3+ WKL is IT}-conservative over RCAq +BX9 + WF(¢y).

A more direct proof of that result can be obtained by noticing that, in the proof
of Theorem 9.2.3, it is possible to alternate between several problems when adding
solutions as is the case in the proof of Theorem 10.4.2 below.
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10.4.1 Preserving | J, WF°(w,)

In their proof that RT% does not imply IXY over RCAg, Chong, Slaman, and
Yang [23] started with a model satisfying a slightly weaker well-foundedness axiom
than WF°(eo), namely, |J, ., WF’(w,). We show that our assumption can also be
weakened to  J, . WF°(w,) with a little bit of extra work.

new

Theorem 10.4.2. Let T be a Il1i-aziomatizable theory, n € w and Pq,...,P,_1 be
113 problems. Suppose that there exists some £ € w such that, for every countable
topped model M = (M, S) = RCA} + T + WF®(w$) with o < €9 and every instance
of P; in M for some i < n, there exists a solution G € M of that instance such that
M[G] = RCA} + T + WF(a).

Then Py + -+ + P,y is I} -conservative over RCAY + T + ..., WF®(wy).

Proof. Assume RCAY + T + e, WF° (wp) I~ VX (X) for ¢ an arithmetic formula.
By completeness, there exists a model N = (N, R) = RCAY + T + (o, WF° (wp) +
IX —p(X).

Extend the language of second order arithmetic with a first-order constant symbol
c. Every finite fragment of the theory RCA% + 7 +WF° (00.) + e, (¢ > k) +3X —p(X)
also has a model: take k € w such that no axiom of the form ¢ > k' for some k' > k
is in the fragment and consider the model (N, R,k) (i.e., the model N in which
¢ is interpreted by k). So, by compactness (Theorem 5.2.7) and the Lowenheim—
Skolem theorem (Theorem 5.2.8), there exists a countable model M = (M,S) E
RCAS + T +WF%(w,) + e, (¢ > k) +IX —p(X) which can be assumed to be topped
by some A € S such that M = —p(A). Such a model will therefore be non-standard
as c¢ is necessarily interpreted by a non-standard integer.

From our assumption, for any countable topped model of RCA¥ + T +WF®(wg.¢),
any i < n and any instance of P; in this model, we can find a countable topped
w-extension that will be a model of RCA¥ + 7 + WF(w4) and will contain a solution
to that instance.

So by iterating that reasoning as in the proof of Theorem 9.2.3, we can build
a sequence (indexed by the standard integers) Mo = M < M; € ... of countable
topped models such that M, = RCAy +T + WF° (we—y¢s) for every s € w and such that,
for every i < n, every instance of P; appearing inside one M will eventually have a
solution in one M,;. As ¢ is non-standard, ¢ is standard, and every such s is standard,
c—/s is non-standard and every M is a model of | .., WFO(wk). The model | J,., M
will therefore be a model of RCAY + T + e, WF° (00) +3X —p(X) +Po+- -+ Py 1.

So RCAS + T + Upew WF(wi) + Po + -+ + Py 1 VX o(X). O

Main Theorem 10.1.4. RT3 + WKL is II}-conservative over RCA, + BXJ +
Uew WF? ().

Proof. For every a < €p, we have wg > supg., w?*®. Hence, we can apply
Theorem 10.4.2 with Proposition 10.2.5, Proposition 10.2.13, Proposition 10.3.1, and
Proposition 10.3.18 to get the ITi-conservativity of RT3 + WKL over RCA, + BXY +
Ukew WFO (q")k) O

Remark 10.4.3. The combination of Proposition 10.2.5, Proposition 10.3.1 and
Proposition 10.3.18 provides a so-called «3-basis theorem for RT% while preserving
WF°(eg) (see [46, Definition 4.9]). As shown by Ikari [67] in his dissertation, this
implies that there exists a polynomial proof transformation for the ITi-conservation
result of Main Theorem 10.1.3. On the other hand, it is not clear whether there exists
a polynomial proof transformation for Main Theorem 10.1.4.
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Chapter 11

Bounded Ramsey theorem

In this chapter, we pursue the study of BRT%, a degenerate version of Ramsey’s
theorem for pairs in which the homogeneous sets for color 1 are of bounded size.
The study of BRT% is part of a larger project started and driven by Frittaion, who
introduced the bounded Ramsey theorem for colorings of arbitrary tuples. This
project was pursued by Solda [134, Section 4.1], and then independently by Belanger,
Shafer, and Yokoyama (unpublished).

BRT; was introduced in Chapter 7 as the base case for the induction on all
separable permutations, and we now recall it:

Statement 7.4.1 (Bounded Ramsey theorem for pairs). BRT% is the statement “For
every coloring f : [N]?2 — 2 and every ¢ € N such that there is no f-homogeneous set
for color 1 of size ¢, there is an infinite f-homogeneous set for color 0.

BRT; is an immediate consequence of RT3 in RCAq. In fact, Solda [134, Theorem
4.1.10] showed that EM is sufficient to imply BRT%, and, as we will see in this chapter,
it is not a consequence of ADS.

Main Theorem 11.0.1. RCA, + ADS £ BRT3

BRT% is significantly weaker than RT%. From a computational viewpoint, contrary
to Ramsey’s theorem for pairs and to most of the statements studied so far
(WKL, SEM, SADS, COH, RRTZ, ...), BRTZ is computably true, meaning that every
computable instance of it has a computable solution.

The statement “BRT3 is computably true” is a first-order statement (more
precisely, it is a Ily-statement). This follows because ;- and II;-formulas (or,
alternatively, Turing indexes) can be encoded as integers and quantified over within
first-order arithmetic.

We are mostly interested in the relativized version of that statement: “for
every set X, every X-computable instance of BRT% has an X-computable solution”.
This formulation implies BRT% over RCAg, and, from now on, when we say “BRT%
is computably true”, we will be referring to that relativized version. This is a
II1-statement (and more precisely, a VII}-statement).

Thus, the strength of the statement “BRT% is computably true” will only depend
on its first-order part, since it does not entail the existence of any non-computable
set and holds in any standard model of AY-comprehension.

By an old argument of Hirst [64, Theorem 6.8], RCAq - BRT3 — BX9, so any
proof that BRT% is computably true must use at least A%-induction. In fact, the best
known proofs, due to Belanger and Yokoyama (see Lemma 7.4.2 for Belanger’s proof
and Solda [134, Lemma 4.1.9] for Yokoyama’s proof), require ¥9-induction, which we
will show to be necessary by proving the following theorem:

131
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Main Theorem 11.0.2 (Short version). Every model of RCAg+BYX3+ —IXS contains
an instance f of BRT2 with no Ay(f)-definable solution.

In particular, as RCAg+ RT% i~ 129 (by Chong, Slaman, and Yang [23], and also by
the results of the previous chapter), there exist models of RCAg+BXJ+—I%9+ RT% and
hence models of BRT3 that contain an instance of BRT3 with no solutions computable
in that instance. Hence, the pure existence of a solution to an instance of BRT% is
strictly weaker than the existence of a computable solution. It also follows that
RCAq + BX £ BRT3, hence the strength of BRT3 lies strictly in between X9 and
BX9.

This situation already appears in the literature, with the tree theorem for
singletons [30, 21] and bounded-width weak K&nig’s lemma [130]. Over RCAq + BX9,
both statements are strictly in between IX9 and BXY, and their computably true
version is equivalent to 139.

11.1 BYY does not imply BRT;

The goal of this section is to prove Main Theorem 11.0.2 and its consequences. The
constructed instance f of BRT3 with no A;(f)-definable solution will also serve as
the BRT3-instance witnessing that RCAg + ADS £ BRT3 in Section 11.2.

We will be working in models of RCAq + BX9 + —I1%9. By Proposition 9.1.4, every
such model M = (M, S) admits a proper 39 cut. That is, there exists a %9-formula
p(z) = JyVz0(x,y, z) such that the set I := {x € M : M E ¢(x)} contains 0, is
closed under successor, and is downward closed (i.e., whenever a € I and b < a, then
be I), yet is not equal to M and there exists some k € M with I < k.

Similarly to the situation described in Section 10.2.1, if we consider, for each x € I,
the least witnesses y € M such that Vz60(x,y, z) holds, then those witnesses cannot
be bounded by any ¢ € M. Otherwise, p(z) would be equivalent to Iy < ¢Vz0(x,y, 2)
which would make the cut AY, contradicting our assumption that M = RCAg + BXS.

The function g which, given x € I, searches for the least y € M such that
V20(z,y,2) holds is thus a XY function, defined on I with an M-unbounded range.
Such a function g : I — M is said to be cofinal (in M ).

g can be approximated by a A{ sequence of functions (gs)sers with gs : & — M
defined by letting gs(x) be the least y < s such that Vz < s6(z,y, z) holds, or equal to
s if no such y is found. For every x < k, the sequence (gs(x))sens is non-decreasing,
and is eventually constant if and only if x belongs to I, in which case the limit value
is g(x).

By twisting the definition of g and of the g, a little, we can assume that they
satisfy more properties:

Proposition 11.1.1. Let M = (M, S) = RCAq + BXS + —IX9, then there exists some
X € S and some X5(X)-definable proper cut I = M with I < k for some k € M as well
as some Yo(X)-definable function g : I — M and some uniformly A1(X)-definable
functions gs : k — M for every s € M such that:

e g is increasing and cofinal in M.

o For every s € M, gs is non-decreasing, and for every x < k, s — gs(x) is
non-decreasing.

o For every x < k, lims_,o, gs(x) exists if and only if x € I, in which case the limit
is equal to g(x).

o For every s,z € M, gs(z) < s, and, if gs41(x) # gs(z) then gsy1(z) = s+ 1.

These functions will be of central importance for proving Main Theorem 11.0.2.
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In what follows, recall that WX is the e-th computably enumerable set. The core
of the argument lies in the following technical lemma:

Lemma 11.1.2. 129 proves that, for every set X, every b€ N and n € N, there exists
a A1(X) coloring f° : [N]? — 2 such that:

e There is no set of size 3 that is f2-homogeneous for the color 1.

e For every e < n such that WX is infinite, there exists some x,y € WX such that
b<z<yand fo(z,y) = 1.

Furthermore, the construction is uniform in n and b.

Proof. The coloring f? will be defined by stages, with f2(z,s) being defined at stage
s for every < s. At any point of the construction, any = € N will be in state “0” or
“1” meaning that at any further stage s, f?(z,s) will be set accordingly. By default,
every = € N has the state “0”. We consider a trash T, < [0, s] where the elements
leaving state “1” will be put, to ensure that they will never go back to that state.
Our construction will ensure that card T, < n? at every stage s.

For every e < n, we say that e is active at a stage s if card(WX[s] N [b, s]) > n?.
Once an element is active, it stays active for the rest of the construction.

Construction: At stage s, if there exists some new e < n that became active
at this stage, we then put every x < s that is in state “1” in state “0” and put
them in the trash T,. Then, for every ¢ < n that is active, we pick an element in
WX[s] n [b,s]\Ts and put it in state “1”. If no such e < n was found, then all the
elements stay in the same state and no new element is added to the trash.

Finally, whether or not a new e was found, we let f2(x,s) = c for every ¢ < 2 and

[Pl

every x < s in state “c”.

Claim 1: cardT, < n? for every s € N, hence the construction is well-defined.
Indeed, there are always at most n elements in state “1” at a given time (one per
active e). And such elements are put into the trash at most n times during the
construction (once every time a new e < n became active). Therefore, we can always
pick an element in W2X[s] n [b, s]\T if WZX is active at stage s.

Claim 2: There is no set of size 3 that is f’-homogeneous for the color 1. Assume
by contradiction that we have such a set {x < y < z}. By construction, z was in
state “1” at stage y for f2(z,y) to be equal to 1. Then, for f2(y, 2) to be equal to 1,
we need y to be in state “1” at stage z, but y can only enter state “1” after stage y,
which would put z in the trash, and make it so that f?(z,2) = 0.

Claim 3: For every e < n such that WX is infinite, there exists some z,y € WX
such that b < z < y and f%(z,y) = 1. If WX is infinite, then by I1X?, there is some
stage s such that card(WX[s] n [b,s]) > n?, hence e is eventually active. Then, for
every y > s, there will be some 2 € WX that will be in state “1” at stage y, which
gives f2(z,y) = 1. Since WX is infinite, there is one such y in W:X. O

We are now ready to prove our first main theorem for this chapter.

Main Theorem 11.0.2. For every model M E RCAq + BXY + —IX9 and every
set Z € M, there is a BRT3-instance f € M with no A, (f @ Z)-definable solution.

Proof. Let M = (M, S) = RCAg + BYJ + —I%9 and Z € S. Let X € S, I € M the
proper 32(X) cut bounded by some k € M, g : I — M the cofinal ¥5(X) function
and (gs)senr its Aq(X)-approximation obtained in Proposition 11.1.1.

For every b,n € N, let fb : [M]? — 2 be the A;(X @ Z)-coloring defined in
Lemma 11.1.2. For every i < k, let f*:[M]? — 2 be defined by stages as follows:

Construction: At stage s: for every i < k, let bi < s be the last b < s
such that the value of g;(i) has changed, if it exists, otherwise, b1 = 0. Then let
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fi(x,s) = fﬁf(i) (z,8) = fbb} (z,s) for every & < s .
Finally, let f : [M]? — 2 be defined by f(x,y) = 1 iff there exists some i < k such
that fi(z,y) = 1 for every x <y € M.

Claim 1: For every i < k, there is no f*-homogeneous set for color 1 of size 3.
Notice first that for every n,b € N, we have fi(z,y) = 0 when x < b, therefore, if
fi(z,y) =1 for some x,y € N, then b}, must be smaller than x and therefore is equal
to b¥. This means that every fi-homogeneous set for color 1 is also homogeneous for
some coloring f?, hence that no such set of size three can exist, by our assumptions
on the f2.

Claim 2: There is some £ € M such that there is no f-homogeneous set for
color 1 of size £. Since M [ IX9, the finite Ramsey theorem for pairs and k colors is
true in M. Let £ € M be such that every finite coloring h : [F]?> — k admits some
h-homogeneous subset of size 3 if card F' > ¢. If some set F = {xg,..., 2,1} were
f-homogeneous for color 1, then, by definition of f, the coloring h : [F]? — k sending
every pair x,,xp to some ¢ < k such that fi(xa,xb) = 1 would be well-defined, and
by definition of ¢, there would exist some i < k and some f’-homogeneous set for the
color 1 of size 3, contradicting Claim 1.

Claim 3: There is no M-infinite set which is simultaneously f-homogeneous and
Y1 (X@Z) (and a fortiori A1 (X@Z)) for color 0in S. Assume otherwise, and let e € M
be such that WX®Z is M-unbounded and f-homogeneous for color 0. By definition
of g, there exists some ¢ € I such that g(i) > e. By assumption on the g, the smallest
stage s € N such that g4(i) = g(i) is s = g(i). Pick some x,y € WX®Z such that
g(i) < < y and such that f;’((z))(z,y) = 1, then, we have fi(z,y) = gé;))(z,y) =1,

hence f(x,y) = 1 and WX®Z is not f-homogeneous for color 0. O

Corollary 11.1.3. RCA, + BX9 |£ BRT;.

Proof. Let M be a countable model of 13, + BXy + —I¥s. Let M = (M, S) be the
model whose second-order part S consists of the Aj-definable sets with parameters
in M. By Friedman [48], M = RCA¢+BX3+—I%9, but by Main Theorem 11.0.2, M
“for every coloring f : [N]?> — 2 and every £ € N such that there is no f-homogeneous
set for color 1 of size ¢, there is an infinite f-homogeneous set for color 0. O

Corollary 11.1.4. The statement “BRT3 is computably true” is equivalent to 139
over RCA,.

Proof. By Lemma 7.4.2, we have RCAq + 139 “BRT% is computably true”. In fact,
we can directly prove the more general statement that, if 1% implies a I13-problem P
over RCAg, then RCAq + 139 - “P is computably true”:

Consider such a statement P and let M = (M, S) = RCAq + 129 and let f € S be
an instance of P. By Friedman [48], M = (M, A1-Def(f)) &= 153, where A;-Def(f)
denotes the A;(f)-definable subsets of M. By our assumption, My = P, so there is
some H € A;-Def(f) such that My = “H is a P-solution to f”. In particular, H € S,
so M E “there is a Aj(f)-definable P-solution to f.” Thus, M & “P is computably
true”.

Suppose now that M = RCAg+ “BRT% is computably true”. In particular
M = BRT3. By Hirst [64], RCAy - BRT; — BXY, so M = BXJ. Then, by Main
Theorem 11.0.2, M = I1%9. O

11.2 ADS does not imply BRT%

The goal of this section is to prove Main Theorem 11.0.1. To this end, we will
construct a model of RCAq + ADS containing an instance of BRT3 with no solution.



11.2. ADS DOES NOT IMPLY BRT% 135

The construction of such a model will be similar to that in the proof of Theorem 9.2.3:
We will build a sequence My € M; < ... of w-extensions of countable topped models
of RCA + BXY such that every instance of SADS or COH appearing in some M; will
eventually have a solution in some M.

Our initial model M, will be the model RCAy + BX9 + —IX9 constructed in
Corollary 11.1.3. It contains a A; instance f of BRT% with no A; solution and
we will make sure to avoid adding any solution to f in the M; so that  J,. M; does
not contain any and is not a model of BRT3.

In the previous chapter, we introduced the combinatorics needed to add solutions
to instances of SADS,SEM,COH and WKL to models of RCAy + BXJ satisfying
appropriate well-foundedness assumptions. As it was noted in Remark 10.3.29, these
well-foundedness assumptions were only necessary in the case of SEM (as COH, SADS
and WKL are already known to be ITi-conservative over RCAq + BXJ alone). Thus, it
remains to introduce the combinatorics required for adding solutions G to instances of
SADS and COH to the M; while ensuring that G will not compute any M-unbounded
f-homogeneous set.

1EW

11.2.1 Immunity

By its definition, the coloring f satisfies properties other than simply having no Ay (f)-
definable solutions that we will exploit in our construction. One such property is the
fact that it is stable.

Proposition 11.2.1. The coloring f constructed in the proof of Main Theorem 11.0.2
is stable (i.e., for every x € N, limy_,o, f(x,y) exists).

Proof. For every b,n € N, the coloring f° defined in Lemma 11.1.2 is stable. Indeed,
by our use of the trash T, every € N can change state at most twice. Therefore,
every x € N eventually reaches a final state, which determines its limit behavior.
Then, all the f¢ constructed in Main Theorem 11.0.2 are stable. Fix x € M. Either
there exists some stage s such that b% > x, in which case fi(z,y) = 0 for all y > s
(because, by definition of f%, we have f’(z,y) = 0 whenever x < b), or no such stage
exists. In the latter case, we must have i € I, and the sequence (b?)en eventually
reaches a final value b such that g,(i) = g(7). Hence, for sufficiently large s, we have
fia,s) = fo,(@,s), and f(z,-) and f} ) (z,) have the same limit behavior.
Finally, f is stable. Fix x € N. For each i < k there exists a stage b; beyond
which fi(x,-) has reached its limit behavior. By BXY, there is a uniform bound b
after which all the fi(x,-) have reached their limit behavior for i < k. Thus, f has
also reached its limit behavior at stage b. O

For each i < 2, let A; := {x € M : Y®yf(x,y) = i} be the set of elements
having limit behavior i. Each set A; is Yo, and since Ayg u A; = M by stability of
f, both are in fact A,. By the discussion following Statement 6.2.7 concerning the
equivalence between the stable Ramsey theorem for pairs and the statement D%, every
M-unbounded subset G of either Ay or A; computes an M-unbounded f-homogeneous
set.

The assumption that f admits no A; solution ensures that Ay has no A; M-
unbounded subset. In particular, A; must itself be M-unbounded, since otherwise
there would exist some k € M such that {k,k+ 1,k +2,...} € Ay, yielding a Ay M-
unbounded subset of Ag. Nevertheless, our construction cannot add an M-unbounded
subset of A;. Indeed, let £ € M be such that there is no M-finite f-homogeneous set
for color 1 of size £. Then every model M = RCA( with first-order part M containing
an M-unbounded subset of A; would also contain an M-unbounded f-homogeneous
set for the color 1. By 139, this is impossible as every M-infinite set has an M-finite
set of size £, contradicting the fact that there is no M-finite f-homogeneous set for
the color 1 of size ¢.
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The property for an infinite set of not having an infinite computable set is called
immunity.

Definition 11.2.2 (immune). Fix a set Z. An infinite set X < N is said to be
Z-immune if it has no infinite Z-computable subset (or equivalently no infinite Z-
computably enumerable subset).

The goal is thus to ensure that Ay remains G-immune after adding a solution G
to our model. To be able to force this property, we require a more effective notion of
immunity, in which we additionally restrict the finite subsets of X whose cardinalities
are too large.

Definition 11.2.3. Fix a function h : N — N and a set Z. A set A is said to
be h-effectively Z-immune if for every Turing index e € N, card WZ > h(e) implies
WZ & A.

Ap can be shown to be h-effectively immune for some @f’-computable function h. In
order to execute a Shore blocking argument, we need to consider a slight modification
of the definition of an h-effectively Z-immune function in which the function h is
constant on large blocks. The adequate notion of immunity which we will be able to
preserve will be the following, where 2, (a) is defined inductively by 29(a) = 1 and
2, 41(a) = 2229 for g € N.

Definition 11.2.4. Fix a set Z, an unbounded A5(Z) set B and some standard n € w.
A set A € M is B-block Z-immune with cost n if for every b € B, and every x < b,
card WZ > 2,,(b) implies WZ & A.

For every set Z, every n € w and every Aq(Z) set B, if a set A is B-block Z-immune
with cost n, then A is h-effectively Z-immune for some Z’-computable function h. In
particular, A is Z-immune.

Proposition 11.2.5. Let f be the coloring constructed in the proof of Corollary 11.1.8
and Ay = {x € M : YPyf(x,y) = 0}. Then, there exists some M-unbounded Ay set
B < M such that Ag is B-block immune with cost 1.

Proof. Let I be the Y5 cut used in the construction of f, and let B be the image of
the corresponding s-definable cofinal function g : I — M. Let (gs)senms be the Aq
approximation of g.

Fix b € B. By definition of B, there exists some ¢ € I such that b = g(i). By
Proposition 11.1.1, the least stage s € M such that gs(i) = ¢(i) is s = b. Hence,
the coloring f! constructed in Main Theorem 11.0.2 satisfies fi(z,y) = f{(z,y) for
every y = b. Consequently, if z < b is such that card W, > 22" > b+ b2, then
card(W, n [b, +0)) = b2. Therefore, card W,, n [b, +00) must contain an element
having limit behavior 1 for f and thus also for f, by the definition of f?. O

11.2.2 The SADS step

We now prove the existence of w-extensions which add solutions to instances of SADS
while preserving the fact that the instance of BRT% has no solution.

Proposition 11.2.6. Let M = (M, S) = RCAq + BXY be a countable model topped
by some set Y. Let B be an M-unbounded Ay(Y) set and fix n € w. Then, for every
set A < M that is B-block Y -immune with cost n and every instance L = (M, <)
of SADS in S, there exists some M-unbounded set G € M and some M -unbounded
Ay (Y) set B such that:

e G is an M-infinite L-ascending or L-descending sequence;
e Y 210 (G®Y) and in particular M|G] & RCAq + BXY;
o A is B-block (G @Y )-immune with cost n + 2.
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Proof. As in the proof of Proposition 10.3.18, we consider U° € M and U! < M, the
sets of elements that have a finite amount of predecessors and successors, respectively.
We also use the same notion of conditions, split pairs and the same forcing relations.
The difference is now that the requirements concerning the well-foundedness of an
ordinal « are replaced by requirements ensuring that A stays sufficiently immune.
We want our construction to force for some i < 2 the following requirements for
every ke M:

o Ri: (G"@Y) Ik is decided.

o Si: there exists some ¢ > 22" in B, such that, for every = < log,(log,(f)), if
card Wfi@y > 2,,(¢), then, there exists some e < £ such that card WY > 2,,(¢)
and WY < WE@Y (in particular, since A is B-block Y-immune with cost n,
this implies that WY & A, hence that Wfi@y ¢ A).

. 7;; There exists some = > k such that z € G.

The requirements S are ¥3(G)-formulas, whereas the relations |-; have only been
defined for X9(G)- and II9(G)-formulas. To handle this case, we write (o, 01) I-;
JydC Y (y)1 if there exists some n € M such that (00, 1) I-; ®FOY (n)1.

Again, we will use a pairing argument, and ensure that for every k € M, the
following requirements are met: RY v R}, RY v S}, SY v RL, SY v Sty and T2 A T,
and therefore, that (R A SY A T2) v (R} A S} A T) is met for every k € M. Then,
there will be one side i < 2 such that Ri A Si A T} is satisfied for M-unboundedly
many values of k, hence that all requirements are satisfied for this side.

For simplicity of notation, the elements b € B will all be assumed to be of the
form 22" for some k € M , which will then be used to construct B such that B <
{log,(log, (b)) : b e B}. The general case requires some care in handling integer parts
and inequalities, but does not change the argument.

We will define two sets G and G using an infinite A;(Y”) decreasing sequence of
conditions and then pick G to be equal to one of them. We will also define two A (Y”)
sets B for i < 2 so that, if G = G?, then A is B'-block (G®Y )-immune with cost n+2.

The tree T obtained in Lemma 10.3.25 is given by the limit of a uniformly Y-
computable increasing sequence (Ts)sens of M-finite (0¥, 0')-trees. This sequence
can be uniformly Y-computed in the pair (¢o(G°, ), ¢1(G*, x)) and in the condition
(0%, o).  Thus, there exists some computable function e : M — M such

that We}&rmxr%xgoﬁl7p7i¢z>) searches the split pair (¢2,0%) in position p of the

p%p
corresponding (¥, o!)-tree T, and, if such a split pair exists, outputs the elements of

oY

The pair (6°,6!) constructed in the proof of Lemma 10.3.26 has the property
that, for i < 2 the side such that (6°,6%) I-; —=p*(G*, p; + 1), 6% is an element of some
split pair appearing in 7', hence there exists some p € T" such that ¢* = o7,.

Lemma 11.2.7. Let k € M and (6°,0) be a condition. Then, for every requirements
U e {RY, SV} and U} € {R1,Si}, there exists some extension (6°,6%) < (0°,0%) and
some i < 2 such that (6°,61) I U}. Such an extension is uniformly Y'-computable
in UR, UL and (0°,0).

Proof. We will define two %9(Y)-formulas ®;(G, z) and ¥,(G, z) as follows:

Let ®,(G, x) be the formula: Jeg < e < --- < e, < t such that ®F®Y (¢;)| for
every i < z, and let U;(G,z) be the formula: Jey < e < -+ < e, < t such that
card WEOY > 2, 5 (t) for every i < x.
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Consider the function S : M — M which maps ¢ to the largest value taken by
e("po', "o1", 00, 0t p,i, x) for every oo, p1 € {®y, U}, every p € 252D every i < 2
and every x < t.

Assuming a reasonable encoding of e and of ®; and Wy, this function is eventually
dominated by t — 22t, indeed, all the possible parameters of e either directly depend
on t (such as "po" and "¢,"), are smaller than ¢ (such as ) or are in 2<2(=1 (like p),
hence, in any case they can be encoded using at bits for some « € w and the same
holds for the corresponding value taken by e. Hence, there exists some element ¢ in

B such that ¢ > 22" and such that ¢ := log,(log,(¢)) satisfies S(¢') < 22" _ ¢,
For every i < 2, let ¢;(G,z) be the formula ®,(G,z) if U} = Ri and ¥, (G,z)
otherwise.

Let T be the maximal ¥;(Y) (0% o')-tree T satisfying (¢o(G,z),1(G,x))
obtained in Lemma 10.3.25. Since @g/(G,E’) and Uy (G, ') cannot hold, as there
are only ¢/ Turing indexes smaller than ¢, the tree T' cannot have a depth bigger than
2(¢' — 1). Indeed, any p € T of length > 2(¢ — 1) would make either |p| — card p or
card p bigger than ¢/ — 1, contradicting the fact that T satisfies (po(G, z), p1(G, x)).

Therefore, T, as a binary tree, has fewer than 22¢'-1 elements, and the increasing
sequence (Ts)sens of computable trees approaching T' must have a final stage after
which the approximation stabilizes and is equal to 7', hence T is M-finite.

Therefore, by Lemma 10.3.26, there exists some extension (6%,6') < (09, 01),
some 7 < 2 and some p; < £ such that:

o (6%6Y) Ik 0i(Glp; — 1)
o (69,6Y) Ik —@i(Gp;).

Again with the convention that (6°,61) I; ;(G*, —1) always holds.

There are two cases:

Case 1: If U} = R}, then ¢;(G,z) = ®y(G,z), and, since (6°,6') I-; i (G, p; —
1), there exist indices ey < -+ < ep,—1 < ¢ such that @g:@y (ex)] for every = < p;.
Since (69,61) I —pi(GY, p;), then, for every y < ¢ not equal to one of the e,,
the condition (6°,4%) forces @fi@y(y)T. Hence, the condition (6°,6') forces R as
U=k,

Case 2: If U} = S}, then ¢;(G,z) = ¥ (G,x), and, since (6°,61) Ik; (G, p; —
1), there exist indices eg < -+ < e,,_1 < ¢ such that card W2 ®Y > 2,,.5(¢') = 2,,(¢)
for every x < p;. Since (6°,61) I —pi(G?, p;), then, for every y < ¢’ not equal to
one of the e, the condition (6°,61) forces card WyGi@Y < 2p42(0).

Let < p; and let p be the index of T" such that 6* = o,,. Since the depth of T is
smaller than 2¢'—1, p € 2<2(¢'~1) and, by definition of ¢, e("po’, "1, 00 0t pyise,) <
ize = (. By definition of the function e, W" oY equals We(< 00", 100,00 priseny)?

ence,

CardW (< @O , @11700,017972- 5T>) > 2n+2(€/) = Qn(f)
and (6°,6%) I; WY .

G'®Y 50 21 j
(oo o000l prieny) S Wen @Y. Hence, (6°,6') forces Si. O

Construction We Y’-computably construct a decreasing sequence (0?,0l) of
conditions. In parallel, the sets (G°@Y)" and (G'@Y')’ are approximated by sequences
(¢9) and (o) of finite blnary sequences and each B? by a sequence (BY).

Let 0 = 0} = 03 = ol = e and B} = B} = &. Assume that 0?,0},0%, o', B
and B! have been defined for some s € M and let

/ /
ks = 1+ max{|ol], o, |03, o], | B | B[}
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We will satisfy one of the five requirements Rgs v R,lcs, S,gs v R}%, R% v S,%S, S,?S v S,is
or 7;05 A 7;15, depending on the value of s modulo 5. There are two cases:

Case 1: The requirement is of the form U v U} , with U] € {R] ,S] }.
In that case, by Lemma 11.2.7, there exists some i < 2 and some extension (6°,6%) <
(09,0%) forcing Uy, we then let 02,, = 6° and o}, = &'. Then, if U, = Rj_,
let o, ," be such that (6°,6") I- (G'@®Y) = ot,," and let 051;{’7 BY | and B!,
unchanged. If Uy = S , let Bl (x) = 0 for every x € [|B.| logy(log,(¢))) and
Bi_ i (log,(logy(£))) = 1, where £ is the bound obtained from the fact that (6°,6) I-;
S and let O'S_H/, 0’;+1/ and B!] unchanged.

Case 2: The requirement is of the form 7;0 A 7791:, Since both U® and U' are
M-unbounded, there exists some condition (7°,71) < (69, 0l) with card ¢ > card ¢!
for every i < 2. Let 02, = 7% and o}, = 7! and leave USH/, O’;+1/, BY. | and B!,
unchanged.

Even if the 02,01,0%, ¢!, B® and B! are only defined on some cut I, the values
taken by the ks are unbounded in M, hence for every k € M, there exists some side
i < 2 such that RL A S A 773 is satisfied. Therefore, there exists some i < 2 such
that, for every k€ M, Ry A Sj A T is satisfied.

Let G = Uy; oi. By construction G is Y’'-computable and, as the R} are satisfied,
(G@Y) is equal to | J,; o'’ and is also Y’'-computable, hence M[G®Y] = M[G] £
RCA, + BXS. Since the requirements 7 are satisfied, the set G is an M-infinite
L-ascending sequence if i = 0 and an M-infinite £-descending sequence if i = 1.

Let B = |J,.; B!, then A is B-block (G @ Y)-immune with cost 7 + 2. Indeed,
every b e B was added because some requirement S,i,s was forced (which happened M-
unboundedly many times, hence B is M-unbounded), hence there exists some ¢ € B
such that b = log, (log,(¢)) and for every = < b, if card WE®Y > 2,,(¢) = 2,,,2(b) then
WY € WE®Y and card WY > 2,,(¢) for some e < £, which implies that W} ¢ A and
therefore W&®Y & A by the B-block Y-immunity with cost n of A.

This completes the proof of Proposition 11.2.6. O

In the proof of Proposition 11.2.6, the construction of the sets G and B does not
depend on the set A. Therefore, for any other set A € M that is B-block Y-immune
with cost n, we also get that A is B-block (G @ Y)-immune with cost n + 2.

11.2.3 The COH step

We now prove the existence of w-extensions which add solutions to instances of COH
while preserving the fact that the instance of BRT% has no solution. Again, we reuse
the same formalism as in the proof of Proposition 10.2.5.

Proposition 11.2.8. Let M = (M, S) = RCAq + B9 be a countable model topped
by some set Y. Let B be an M-unbounded Ay(Y) set and fix n € w. Then, for every
set A € M that is B-block Y -immune with cost n, every instance R of COH in S and
every P > Y' such that M[P] = RCA}, there exists G = M and some M -unbounded
(G @Y -computable set B such that:

o G is R-cohesive
o M[G] E RCA; + BX)
o A is B-block (G®Y )-immune with cost n + 2.

Proof. As in the proof of Proposition 10.2.5, we let

Ro= () NRin ) Ri
(i)=1

o(1)=0
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for every o € 2<M and let T be the X1 (Y) tree {o € 2<M : Jz(x > |o| A z € R,)}.
P computes a path @ through that tree and we then consider the same notions of
conditions, compatibility, and the same forcing relation using this Q.

As in Proposition 11.2.6, we will assume that all the elements of B are of the form
22" for some k € M. We will define the set G using an infinite A1 (Q@Y") decreasing
sequence of conditions. To ensure that Q @Y’ =7 (G@Y) and that A is B-block
(G@®Y)-immune with cost n + 2, we will also construct (G @ Y) and B in parallel.

For this, we will need to satisfy three kinds of requirements for every k € M:

e Ry: there exists some o’ € 2% such that (G®Y) 1k = o'.

o Sy there exists some ¢ > 22" in B, such that, for every z < log, (logy(¢)), if
card WE®Y > 2, (¢), then there is some e < ¢ such that card WY > 2,,(¢) and
WY c wEev,

o Ti: for every e < k, G <* R, or G * N\R, and there exists some x > k such
that z € G.

By Lemma 10.2.9, for every condition (o,p) and every k € M, there exists an
extension forcing Ry. And similarly for the 7 by Lemma 10.2.8. Remains the S.

Lemma 11.2.9. For every condition (o,p) and every k € M, there exists some
extension (7, p) < (o, p) such that (7, p) I Sk.

Proof. For every finite set F' < M, every x € I and every t € M, let We}& Foot)) search

the smallest 7 compatible with (o, p) such that card WY > 2, ,5(t) for every o’ € F
and output the elements of WI®Y.

Let S : M — M be the function which sends ¢ to the largest value taken by
e({F,z,t)) for every F < {0,...,t — 1} and = < ¢t. Assuming a reasonable encoding
of e, this function is eventually dominated by ¢ — 22t7 indeed, every F' < t and every
x € t can be encoded using less than at bits for some a € w and the same holds for
the corresponding value taken by e.

Hence, there exists some ¢ € B such that £ > 22" and such that ¢ := log, (logy(£))
satisfies S(¢') < 22" = ¢,

Let F={F c/{:(Vxe F)card W;&F)Le,» = 2,42(¢)}. The set Fis £1(Y), non-
empty (contains @) and bounded, hence, by 1% we can pick some F € F maximal
for the inclusion.

Since F € F, there exists some 7 compatible with (o, p) such that card W ®Y >
2,12(¢") = 2,,(¢) for every x € F. The condition (7, p) thus forces card WEF®Y > 2, (¢)
for every z € F and, by the maximality assumption, forces card W&®Y < 2, (¢) for

every x € {0,...,¢' — 1}\F, as otherwise F' U {z} would be in F. Moreover, for every
x € F, we have card Weﬁm oy = 2n(f) and Weﬁm oy) = WY c ooy,
Thus, (7, p) I+ Sk. O

Construction: We @ @ Y’'-computably construct a decreasing sequence (o5, ps)
of conditions. In parallel, the sets (G @ Y) and B will be approached by sequences
(0%) and (Bs) of finite binary sequences.

Let og = pp = o) = Bg = J. Assume that oy, ps, 0, and B, have been defined for
some s € M and let

ks = 1+ max{|os|, |ps|, |05/, | Bs[}

Using Lemma 10.2.9, Lemma 11.2.9 and Lemma 10.2.8, there exists some
extension (7, p’) < (05, ps) forcing Rg., Sk, and Tg,. Furthermore, such an extension
can be found (Q@Y")-effectively. We then let 0541 = 7, ps41 = p', 041 = 0’ where o’
is the sequence obtained from the fact that Ry, is forced and let Bsy1(z) = 0 for every
x € [|Bs|, logs(log,(¢))) and Byt (logs(log,(€))) = 1 where £ is the bound obtained
from the fact that Sk, is forced. We then proceed to the next stage of the construction.
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The o5,0%, ps and B may only be defined on some cut I but are nonetheless of
length unbounded in M.

Thus, this construction defines two sets G = | J,.; 05 and B = U,es Bs that are
(Q®Y')-computable and such that (GY)' is also (Q@Y”)-computable. We also get
that (G@AY) = Q, indeed, using (GAY)’, we can check if G €* R; or if G <* N\R;
for every i € M and thus find the value of Q(i), hence (GRY) =r Q@ Y’ and B is
Ay(G@Y). Since the requirements 7}, are satisfied, the set G is M-unbounded and
R-cohesive. Finally, for the same reasons as in Proposition 11.2.6, we get that A is
B-block (G @Y )-immune with cost n + 2. O

As in Proposition 11.2.6, the previous construction makes no reference to the set
A. Thus, every set A € M that is B-block Y-immune with cost n will also be B-block
(G@Y)-immune with cost n + 2.

Corollary 11.2.10. Let M = (M, S) = RCAq + BX) be a countable model topped by
some set Y. Let B be an M-unbounded A5 (Y") set and fix n € w. Then, for every set
A € M that is B-block Y-immune with cost n and every instance RofCOHin S , there
exists some M-unbounded set G € M and some M-unbounded (G @ Y')’-computable
set B such that:

e G is R-cohesive
o M[G] & RCA( + BXY

« Ais B-block (G @Y )-immune with cost n + 2.

Proof. By Theorem 9.2.5, there exists a set P € M such that P » Y’ and M[P]
RCA{. The conclusion then follows from Proposition 11.2.8. O

11.2.4 Main result

We are now ready to prove Main Theorem 11.0.1.

Proposition 11.2.11. Every countable topped model of RCAq + BXS + —IXY can be
w-extended into a model of RCAg + ADS + —BRT3.

Proof. Let My = (M, Sp) be a countable model of RCAy + BX§ + —IX9, topped by
a set Zp € So. Let I € M be a ¥9(Zp)-definable proper cut, witnessing that My =
—I129, and let By € M be a Ay(Mj)-definable M-unbounded set with cardinality 1.
By the proof of Main Theorem 11.0.2, M, contains a stable instance f : [M]* — 2
of BRT2 with no A;(Zy)-definable solution, and such that the set A = {z € M :
VPyf(xz,y) = 0} is By-block Zp-immune with cost 1 by the same reasoning as in
Proposition 11.2.5.

Since M is countable, there is a (not necessarily computable) reordering (I'),)new of
the sequence (@, )zenr of all Turing functionals with codes in M. By Proposition 11.2.6
and Corollary 11.2.10, define a sequence (M, ),ew of countable models of RCAg + B9
such that for every n € w,

(1) M,,41 is topped by some set Z,, 11 and w-extends M,,;
(2) Ais B,-block Z,-immune with some cost ¢, € w;

(3) if n = <0,a,b) and T'?® is an instance £L = (M, <) of SADS, then M,
contains an M-unbounded L-ascending or £-descending sequence;

(4) if n = {1,a,b) and T'Z is an instance R of COH, then M, contains an M-
unbounded R-cohesive set.
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Let N =, ,c., Mn. Then N = RCA, + BXY. By (1), N w-extends M,. By (2) A is
immune relative to every set in AV, so f is an instance of BRT2 with no solution in .
It follows that A/ i BRT5. By (3) and (4), A" = SADS + COH, so by Hirschfeldt and
Shore [63], N = ADS. O

Main Theorem 11.0.1. RCA, + ADS £ BRT3

Proof. Let M be a countable model of 1X; + BXy + —1¥5. Let M = (M, S) be the
model whose second-order part S consists of the Aj-definable sets with parameters
in M. By Friedman [48], M E RCAq + B9 + —I%9. Moreover, M is countable, and
topped by &, so by Main Theorem 11.2.11, there is an w-extension A of M such that
N E RCAj + ADS + —BRTZ. Thus, RCA + ADS £ BRT3. O

Corollary 11.2.12. RCA;+ADS+—BRT3 is IT}-conservative over RCAg+BX9+—1%9.

Proof. Let ¢ = VX1 (X) be a ITi-sentence such that RCAg + BX3 + =129 £ ¢. By the
completeness theorem and the downward Lowenheim-Skolem theorem, there exists a
countable model M = (M, S) £ RCAq + BXY + =19 + —¢. Let X € S be such that
M E —p(X) and Y € S be such that IX9(Y) fails. Let My = (M, A;-Def(M, X,Y)).
By Friedman [48], M; = RCAy + BX3. Moreover, since 1 is arithmetic, M; =
—9(X), and since Y € My, M; £ —I¥9. Lastly, M; is topped by X @Y, so
one can apply Main Theorem 11.2.11 to get an w-extension N of M; such that
N & RCA( + BX9 + ADS + —BRT3. In particular, X € A and N £ —(X), so
RCA, + BXJ + ADS + —BRT3 £ ¢. O
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Partial conservation
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Chapter 12

Cuts

In order to remove the use of the infinite in a proof of a finitary result, one idea could
be to analyze the proof and replace each use of an infinitary statement by a finite
cardinality version of it for a sufficiently large value. Unfortunately, this idea does
not work in the general case. One reason is that there are (computable) properties
of infinite sets that cannot be reduced simply to the fact that every finite set is of
cardinality at least k for every k € N.

One example of such a property is w-largeness. A finite set F' is said to be w-large
if card ¥ > min F. It is clear that every infinite subset of N has an w-large subset,
but there exist finite sets of arbitrarily large cardinalities that are not w-large (e.g.,
{k,k+1,...,2k — 1} for every k). Thus, a finitary proof involving an infinite set and
using the fact that it has an w-large subset cannot directly be replaced by a proof
invoking a finite set of size k for some sufficiently large k.

Paris and Harrington [108] were the first to introduce the notion of w-large set,
in order to produce a variation of the finite Ramsey theorem that is true, but not
provable in Peano arithmetic:

Definition 12.0.1 (Paris-Harrington principle). Let PH be the following IIo-
statement:

“For every n,k,m € N, there exists some N € N such that, for every f : [N]* — k,
there exists some w-large and f-homogeneous subset F < {0, ..., N —1} with card F >

7

m.
Theorem 12.0.2 (Paris-Harrington [108]). PA (£ PH

Nevertheless, PH is a true statement that can be deduced from the infinite Ramsey
theorem via a compactness argument.

Proposition 12.0.3 (Paris-Harrington [108]). WKLy + RT -~ PH

Proof. We can apply the same compactness argument as in the proof of the finite
Ramsey theorem (Theorem 6.0.3). However, instead of considering the tree of all
finite colorings for which no homogeneous subset of cardinality m exists, we consider
the tree of colorings for which there is no homogeneous subset of cardinality at least
m that is also w-large.

We then conclude by using the fact that every infinite set contains a subset of
cardinality greater than m which is w-large. O

In particular, RCAy + RT is not IIs-conservative over PA (it is in fact not even
IT;-conservative, as the original proof of Paris and Harrington showed that PA+PH
Con(PA)).

In this part, we will go in the opposite direction. Rather than constructing finite
combinatorial statements that follow from their infinitary version, but are not provable
by finitary means, we shall investigate the first-order consequences of statements from
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Ramsey theory, such as Ramsey’s theorem for pairs or the ordered variable word
theorem. For this, we shall prove, in RCAy or in RCAy + BXYY, finite combinatorial
theorems that capture some of these first-order consequences.

In this chapter, we provide a general overview of the techniques used to obtain
partial conservation results over theories such as PRA,RCAg and RCAg + BXY. We
begin in Section 12.1 by introducing the notion of semi-regular cut, due to Kirby and
Paris [73], which can be used to prove Ils-conservation results over PRA. Next, in
Section 12.2, we present a generalization by Ketonen and Solovay [72] of the notion
of w-large set to other countable ordinals (called a-largeness) that was then used by
Patey and Yokoyama [115] to prove VII3-conservation results over RCAg. Finally, in
Section 12.3, we introduce a parameterized version of a-largeness and see how to use
it to obtain VII$-conservation results above RCAq + BX. Here, a VI'-formula is any
formula of the form YXp(X) where o € I.

12.1 Cuts and Il,-conservation

Contrary to the previous parts where the new models built were w-extensions of
the initial model (either in non-implication proofs over w-models, or in the II}-
conservation proofs), here we will modify the first-order part of our models by
removing some elements from it. The first-order part of the resulting model will
form a cut, whose definition we now recall:

Definition 12.1.1 (Cut). A cut in a model M of first-order arithmetic is a nonempty
subset I € M which is closed under successor, and is an initial segment of M, that is,
ifael and b < a, then be I.

A cut I € M is proper if I # M.

As in Part III, it becomes even more important to distinguish between the formal
set N, used in formulas to denote the first-order part of the model under consideration,
and the set w of standard integers. An additional layer of complexity arises from the
fact that we are also dealing with ordinals inside non-standard models. To address
this, we use the notations w and ¢y within formulas to denote the ordinals w and &g
as they are interpreted in a given model.

Once a cut [ is defined, the second-order part of the resulting model will be given
by the sets coded by M.

Definition 12.1.2 (Coded sets). For I < M a proper cut, a set X < I is said to be
M-coded on I if X =1 n X' for some M-finite set X’. Let Cod(M/I) be the set of all
the sets that are M-coded on I.

If some proper cut I of a first-order structure (M, Ons, succar, +ar, X ar, <ar) is
closed under addition and multiplication, then

(I,Cod(M/I),0nr, succps M, +nr 1 T2, x pr M2, <pg 117)

(which we will simply write (I, Cod(M/I))), is also a first-order structure.

Inside this structure, the infinite sets are of the form X NI for some M-finite set X
that is unbounded in I. Similarly, for b > I, and n, k € w, the colorings f : [I|" — k
are those of the form g|[I]" for some M-finite coloring ¢ : [b]" — k.

For conservation proofs, our goal will be to build suitable cuts I such that, when
starting from a model M = (M, S) of RCAy + v for some first-order sentence v, the
structure (I, Cod(M/I)) remains a model of RCAg + ¢ plus some other axioms such
as RT3. In contrast to Part III where the second-order part of both models was the
same, here some care is required for (I, Cod(M/I)) to remain a model of . In fact,
our constructions only work for formulas up to I1J in the arithmetical hierarchy.

As in Part III, we can also treat the case where 1 contains second-order parameters
from M. Consequently, in the same way that we obtained II}-conservation results
in Part III instead of arithmetical conservation, here we will obtain VII-conservation
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theorems. However, when 1 contains second-order parameters, we cannot directly
claim that (I, Cod(M/I)) = 1, since these second-order parameters are not elements
of Cod(M/I). Instead, we obtain that (I,Cod(M/I)) &= 1, where 1) is the formula
obtained from 1 by replacing each second-order parameter with its restriction to I,
which will be sufficient for our purpose. For simplicity, we will often identify v with
the corresponding ’(ZJ and omit the distinction in proofs.

To do so, not every cut will do. Indeed, as IX{ proves the totality of every primitive
recursive function, the cut I also has to be closed under all primitive recursive
functions for (I, Cod(M/I)) to be a model of I1X). The notion of semi-regular cut
encapsulates the properties needed to build a model of WKL.

Definition 12.1.3 (Semi-regular cut [73]). A proper cut I < M is said to be semi-
reqular if for every M-finite set £ € M such that card £ € I, E n I is bounded in [
(i.e., there exists a € I such that En I < a).

Proposition 12.1.4 (Scott [123] and Kirby and Paris [73, Proposition 1]. See also
Simpson [128, Lemma IX.3.11]). Let M &= PRA and let I = M be a proper cut. Then,
I is semi-regular if and only if (I,Cod(M/I)) = WKL,.

The II-conservation of WKLy over PRA can then be derived by model-theoretic
means, providing an arguably simpler proof, albeit a non-constructive one.

Theorem 12.1.5 (See Simpson [128, Theorem IX.3.16]). WKLq is IIz-conservative
over PRA.

The model-theoretic proof of that result proceeds as follows: if PRA 1/ Va3yl(x,y)
for some Yg-formula 6, then there exists a countable non-standard model M of PRA +
JzVy—0(x,y). Letting a € M be such that M = Yy—6(a,y), we can construct some
semi-regular cut I containing a. Thus, the resulting model (I, Cod(M/I)) will be a
model of WKLy + Vy—6(a, y), thereby proving that WKLg t£ V23yl(x, y).

For (I,Cod(M/I)) to be a model of RT3, the semi-regularity on the cut I is
not sufficient, stronger assumptions are required. Indeed, any instance of RT% in
(I,Cod(M/I)) has the form f[I]? for f : [c]*> — 2 an M-finite coloring with ¢ > I.
In order for (I,Cod(M/I)) to contain a solution to this instance, we must find an
f-homogeneous set X < {0,...,c— 1} such that X n I is unbounded in I.

However, a direct application of the finite Ramsey theorem for pairs and two colors
only guarantees the existence of a homogeneous set X < {0,...,c— 1} of size at least
log,(c) (using the bound Ra(n) < 4™ of Erdés and Szekeres [42]). This does not
ensure that X n I is unbounded in I for some semi-regular cut I. Indeed, suppose X
is of the form {c — log,(c),...,c — 1} with I < c¢. If d € X n I for some d, then by
closure of I under multiplication, we would have 2d € I, but 2d > ¢, contradiction.

In the next section, we will introduce a-large sets and study finite variants of RT-
like statements that will put more weight on the smallest integers and guarantee that
the resulting sets X contain sufficiently many ‘small’ elements so that a semi-regular
cut [ in which X is cofinal can be found.

12.2 Largeness and VII}-conservation

12.2.1 Largeness notions and a-large sets

A subset X < N being infinite guarantees that we can find, for every k € N, finite
subsets of X of size k. But, as shown before with the example of w-largeness, these
are not the only examples of X{ properties that hold true for every infinite set.

Definition 12.2.1. A family £ of finite subsets of N is a largeness notion if any infinite
set has a subset in £ and L is closed under supersets (i.e., if F' € £ and G S¢i, N is
such that F' < G, then G € L).

Any finite set in £ is said to be L-large.
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A particular family of largeness notions that will be of interest to us is the a-
largeness, for some ordinal «. It is possible to define a-large sets for very large
countable ordinals as long as we have a system of ordinal notations at our disposal.
For our purpose, it will be sufficient to define a-large sets only for a of the form w™ - k
for some n, k € N.

Definition 12.2.2 (a-largeness). A set F' C¢ip N is
(1) wO-large iff F # &
(2) 0™V large iff F\{min F'} is (0" - min F)-large
(3) w" - k-large iff there are k w"-large subsets of F'

Fo<Fi<---<Fr_

For every n € w, RCA is powerful enough to prove that w™-largeness is a largeness
notion.

Proposition 12.2.3. For every n € w, RCAg proves that every infinite set has an
w"-large subset.

However, RCA( is not strong enough to prove that for every n € N, w”-largeness
is a largeness notion. If that were the case, then RCAy would prove that w”-largeness
is a largeness notion, where a set X is w®-large if X\{min X} is w™"*-large. And,
by the following result, this is not the case.

Theorem 12.2.4 (Generalized Parsons theorem for WKL, [115, Corollary 3.5]). Let
L be a X1 notion of largeness, provably in WKLy. Then there exists some n € w such
that 139 proves that every w"-large set is in L.

This provides further justification for using w”-largeness in the study of infinite
sets within RCAg. For sufficiently large n, w™-large sets become increasingly difficult
to distinguish from genuinely infinite sets in a model of WKLy (and in particular, in
models of RCAy).

We are interested in the closure of largeness notions under combinatorial
statements coming from Ramsey theory (i.e., how large must a finite set X be, so
that every instance of our problem on X has a solution that is L-large for some
largeness notion L£).

Given a function f : [N]” — k and a finite set G = {xg < -+ < x4_1}, let
fa : [€]" — k be defined by fa(io, ... in—1) = f(@ig,--., 24, ,). Most statements we
are interested in will be IT} problems of the following form:

Definition 12.2.5. Given n, k € N, an RT-like statement is a II3-formula of the form
(Vf: IN]" - k)3Y)[®(f,N) — (Y is infinite A U(f,Y))]
where ®(f,Y) and ¥(f,Y) are of the form (VG S, Y)O(fg) with © a L)-formula.

For example, RT3, ADS and EM are all RT-like statements.

Definition 12.2.6. Let P be an RT-like statement with witnesses n, k, ® and ¥, and
let £ be a largeness notion. A finite set F' is P-L-large if for every coloring f : [F]™ — k
such that ®(f, F') holds, there is an L-large subset E < F such that U(f, E) holds.

By extension, if (Pj)ren is a family of RT-like statements, then we say that a
finite set F is P-L-large if it is Py-L-large for every k < min F'. For instance, a set
F is RT'-L-large if for every k < min F and every coloring f : N — k, there is an
L-large f-homogeneous subset of F. Equivalently, since £ is closed under supersets,
Fis RT'-L-large if for every k < min F' and every k-partition Eq L --- 1 Ey_q = F,
there is some ¢ < k such that E; is L-large.
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As an example, we present the following bounds for RT,lf and RT!, which will be
proven in Chapter 13.

Proposition 12.2.7. RCA( proves that, for every n >0 and a,k > 1:
(1) If X is w" - ak-large, then it is RT}-w" - a-large.
(2) If X is w™t'-large, then it is RT'-w"-large.

With an argument similar to that of Proposition 12.0.3, we can see that WKLq + P
proves that if £ is a largeness notion, then so is P-L-largeness. As we will see with
Theorem 12.2.9, the ability for RCA( itself to prove this statement gives a good
criterion for the VII3-conservativity of P over RCA,.

In a theory able to prove that P-L-largeness is a largeness notion for every largeness
notion £, then for every m € w we can prove the existence of so-called m-dense(P) sets
(defined below). In contrast to P-a-largeness, which concerns how large a solution to
a single instance of P can be, m-density(P) is a notion of largeness which involves m
successive applications of P. And we will see in Theorem 12.2.9 how the existence of
a c-dense(P, RT?) set for some non-standard element ¢ € M can then be used to build
the desired cut.

Definition 12.2.8 (m-density). Let Py, ..., P;_1 be RT-like statements and let m € N.
A finite set F' is m-dense(Pg,...,P;_1) if either:

e m =0 and F is w-large;
e« m > 0 and the following two conditions are satisfied:

1. for every j < i, every instance of P; on F' admits a solution that is (m —1)-
dense(PO, ceny Pi—l);

2. there exist subsets Fy < -+ < Finp—1 S F\{min F'} that are (m — 1)-
dense(Pg, ..., P;—1).

12.2.2 VII}-conservation of RT-like statements

We now have sufficient tools to establish a general proof scheme for VYII3-conservation
over RCA,.

Theorem 12.2.9 (Patey and Yokoyama [115, Theorem 3.1]). Let P be an RT-like
statement with witnesses n, k,® and V. If for every £ € w there exists some £ € w
such that RCAg proves that every w[—large set is P-w’-large, then WKLy + P is VI19-
conservative over RCAq.

Proof. Let ¢ := VXVa3yVz0(X |2, 2,y, z) be a VII3-sentence in Kleene normal form
and assume that RCAq £ .

By compactness, completeness, and the Léwenheim-Skolem theorem, there exists
some countable non-standard model M = (M, S) = RCAy + —p. Let a € M and
A € S be such that M = RCAy + Vy3z—0(Alz,a,y, 2).

Consider the following set Y = {yo,y1,...} defined inductively by:
Yo = a and, for every ¢ € M, y;11 is the smallest element > 1y; such that
Vy < yi3z < yiz1—0(Alz,a,y,2). Since M = BXY and M = Vydz—0(Alz,a,y,2), Y
is infinite, and since Y is A{, we have Y € S.

By external induction on m € w, we can prove that there exists some bound
£, such that RCAy proves that every w'm-large set is m-dense(P, RTl). Indeed, for
m = 0, simply take f5 = 1. And, assuming that there exists such an ¢,, for some
m € w, let £/ be such that RCAg proves that every w[m—large set is P-w’™-large and
pick €41 = max{¢, + 1,0, +1} =¥ + 1, by Proposition 12.2.7, RCAq proves that
every w'mt1-large set is (m + 1)-dense(P, RT").
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The property of being m-dense(P, RTI) is 9 and M = 1329, hence, by overspill
(see Proposition 9.1.5), there must exist some non-standard element ¢ € M and some
c-dense(P,RT") subset F of Y. We can also assume that min F > 2.

Fix (E;)iew an enumeration containing all the M-finite sets infinitely many times,
and fix (f;)ie, an enumeration of all the M-finite functions from [{0, ..., max F}|™ to
k.

Consider the following decreasing sequence F'= F_; 2 Fy 2 F} 2 ... of M-finite
sets, such that, for every i € w:

(1) Fyis (¢ — 2i — 2)-dense(P, RT").
(2) ®(f;,{0,...,min Fy;}) doesn’t hold, or ¥(f;, F»;) holds.
(3) If card F; < min Fy;41 then [min Fy; 4o, max Fo;40) N E; = .

Assume F; has already been defined for some i € w U {—1}.

If i + 1 = 2j for some j € w, then, since Fj is (¢ — 2i — 2)-dense(P,RT") and
min F; > 2, there exist F? < F! < F; that are (¢ — 2i — 3)-dense(P,RT"). If
O(f;,{0,...,max F2}) holds, let Fiy; € F? be some (¢ — 2i — 4)-dense(P,RT") set
such that W(f;, F;+1) holds. Otherwise, let Fi;; = F}'. Since min F}' > max F, this
ensures that ®(f;,{0,..., min Fj;1}) does not hold.

Ifi4+1=2j5+1 for some j € w: if min F; < card Ej then let F;.; = F; otherwise,
consider the coloring g : F; — min F; defined by g(z) = card{y € E; : y < z} and
let Fj;1 be some g-homogeneous and (¢ — 2i — 3)-dense(P, RT') subset of Fj, in that
case we have [min Fj4q,max F; 1) n E; = & as g(min F; 1) = g(max F;41) implies
that card{y € E; : min F; 11 < y < max Fj41} = 0.

By (1), this construction can be carried out for every i € w. Let I = sup{min(F;) :
i €w}:={xeM:3iewxr < minkF;}. Notice that, as the F; form a decreasing
sequence of sets, every F; is cofinal in [.

I forms a semi-regular cut of M. Indeed, consider some M-finite set £ € M with
card £ € I. By definition of I, there exists some j € w such that card &' < min Fj.
Then, since (E;);e, contains all the M-finite sets infinitely many times, there exists
some ¢ > j such that E = F;, and, as Fy; 41 S F; (since 2i +1 > j), we also have
card E < min Fy; 1. By (3), this implies that [min Fy;42, max Fp;10) N E; = ¢, and
hence that EnT is bounded in I (as min Fy;, 9 € T and max Fy; 2 > I by construction).
By Proposition 12.1.4, the semi-regularity of I implies (I, Cod(M/T)) = WKLy.

For every ¢ € M such that y; € Y n I, we have that y,+1 € Y n I. Hence,
Vy e I3z € I-0(Alz,a,y,z) holds. Since minY = a, we have that a € I, and letting
A" = A n I denote the M-coded set by A on I, it follows that (I,Cod(M/I)) &
Vydz—0(A'lz,a,y, z), and therefore (I, Cod(M/I)) = —p.

Finally, for every instance f : [I]|" — k of P in (I, Cod(M/I)), there exists some
index 7 € w such that f = f; [[I]™. If ®(f;, {0,..., min Fy;}) doesn’t hold, then neither
does ®(f;,I) as min Fy; € I, contradicting our assumption that f is an instance of P
in (I,Cod(M/I)). Thus, by (2) we have that U(f;, F5;) holds, and hence U(f, Fp; N 1)
holds, and, as Fy; is cofinal in I, the set Fy; n I is infinite in (I, Cod(M/I)), thus
(I,Cod(M/I)) E P.

Thus, (I,Cod(M/I)) = WKLg + P + —¢, and WKLy + P £ ¢. O

The original proof by Patey and Yokoyama of the VIIJ-conservation of RT2 over
RCA [115] did not provide explicit bounds for the amount of mel—largeness required
for a set to be RTg—we—large. Such bounds were later obtained by Kotodziejczyk and
Yokoyama [79], who showed that every w'*4("*1)_large set is RT3-w"-large.

Deriving explicit bounds can be of theoretical interest. Indeed, the fact that the
function n — 144(n + 1) is polynomial in n was exploited by Kolodziejczyk et al. [78].
Adapting the general scheme of forcing interpretation as introduced by Avigad [4],
they proved that every proof of a VII3-statement in RCAq + RT% could be translated
to a proof of that same statement in RCAy with at most a polynomial increase in size.
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12.3 Largeness(f) and VII}-conservation

To move from a proof of VIIJ-conservation to one of VII}-conservation, several
adjustments are required. When, starting with a model M that satisfies an 3%9-
formula, or equivalently, after fixing witnesses for the existential quantifiers, a I13-
formula, we aim to construct a cut that preserves this property. The main difficulty
is that for VoIyVz0(x,y, z) a I3-formula, there is no guarantee that there exists an
infinite set Y = {yo,y1,...} such that M = Vo < y,Jy < y;4+1V20(x,y, z) for every
i € N as such a set would require I19-comprehension to exist. Instead, we will modify
our notion of a-largeness so that it now depends on the formula 6.

Another point to consider is that RCAg + RT3 proves BX9 (and the same holds
for many other Ramsey-like statements). Since BXY is a VII{-statement not provable
in RCAy, it follows that we cannot prove the YIIJ-conservativity of RT2 over RCA,.
Instead, we will establish VII}-conservativity results over the stronger base theory
RCA, + BX9.

12.3.1 Definitions and combinatorial properties

Definition 12.3.1. Let 6(z,y, 2) be a X9-formula and let b € N be the largest first-
order constant appearing in #. Two finite sets b < X < Y are 6-apart if

Ve <max X3y < minYVz < maxY0(z,y, z)

Note that f-apartness is a transitive relation. Moreover, if X <Y are f-apart and
Xo< X and Yy € Y, then Xy, Y] are f-apart.

The use of the largest first-order constant appearing in 6 in the definition of 6-
apartness and a-largeness(6) is to ensure that the cut constructed will contain all
first-order constants appearing in 6.

Definition 12.3.2 (a-largeness()). Let 0(z,y, z) be a ¥J-formula and let b € N be
the largest first-order constant appearing in 6. A set X C¢in N with b < min X is

o wl-large(9) if X # .

o ™D Jarge(9) if X\{min X} is (" - min X)-large(6)

o w" - k-large(0) if there are k pairwise f-apart w™-large(6) subsets of X
Xo< X1 < <Xk

Likewise, we can define what it means for a set to be P-a-large(d) and m-
dense(d, Po,...,P;):

Definition 12.3.3 (m-density(0)). Let 6(z,y, 2) be a £3-formula and let Py, ..., P;_;
be RT-like statements. A finite set F' is m-dense(8, Py, ..., P;_1) if either:

o m =0 and F is w-large(0);
e« m > 0 and the following two conditions are satisfied:

1. for every j < i, every instance of P; on F' admits a solution that is (m —1)-
dense(6, P, ...,Pi_1);

2. there exists pairwise f-apart subsets Fy < -+ < Fpnp—1 € F\{min F'}
that are (m — 1)-dense(d, Po,...,P;—_1).

Clearly, every a-large(f) set is also a-large. The main combinatorial difference
between a-largeness(f) and ordinary a-largeness is that a-large(6) sets cannot easily
be grouped together (if a set A is #-apart from two sets B and C, then A is not
necessarily f-apart from B u C), giving us worse bounds for RTl—largeness(G). In
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what follows, we will often use the term bound to refer specifically to the exponent n
when discussing how much w”-largeness(6) is required for a given result. For instance,
we shall say that P admits a polynomial bound if there is a polynomial @) such that
every w?(™-large(0) set is P-w"-large(f).

The following statement, whose proof is deferred to Chapter 14, gives a 4n + 4
bound for a set to be RT'-w"-large(f). In contrast to the case of RT'-w"-largeness
(see Proposition 12.2.7), it is not possible to obtain a bound of the form n + O(1).
Indeed, for every n € N, there is a set F' and a formula 6 depending on F' such that
F is w?"~-large(fr) but not RTj-w"-large(fr) (see [88, Section 7]).

Lemma 12.3.4. 139 proves that, for every X9-formula 0(x,y,z) and every b € N, if
F Cein N is w4 large(), then it is RT-w’-large(6).

Just as RCAq proved that w™-largeness is a largeness notion for every n € w, we
have that, for every n € w, RCAy + BXJ proves that w"-largeness(f) is a largeness
notion when Vz3yVz0(x,y, z) holds.

Lemma 12.3.5. RCA+BX9 proves that, if Va3yVz0(z,y, z) holds, then, for everyb €
N, if wb-largeness(0) is a largeness notion, then

1. For every ce N, w’ - c-largeness(6) is a largeness notion ;

2. wPTl-largeness(0) is a largeness notion.

Proof. Suppose that Va3yVz0(x,y,2) holds and that w’-largeness(d) is a largeness
notion.

Fix an infinite set X. We prove by internal X{(X)-induction over ¢ > 1, that
X contains an w® - c-large(f) subset. The case ¢ = 1 follows from the fact that
w’-largeness(#) is a largeness notion. Assume the case ¢ holds. Let ' < X be an
w? - c-large(f) set. Since Ya3yV¥z6(z,y, z) holds, then, by BXY, there is some d € X
such that

Vo < max Fy < dVz0(z,y, z)

Since X\[0,d] is infinite and w’-largeness(f) is a largeness notion, there is an w’-

large(f) subset G < X\[0,d]. Then F U G is an &’ - (c + 1)-large(d) subset of X.
Since every infinite set X contains an w? - c-large(d) subset, then w® - c-largeness(#) is
a largeness notion.

Suppose now that for every ¢ > 1, w” - c-largeness(d) is a largeness notion.
In particular, for every infinite set X, there is an w’ - (min X)-large(f) set F <
X\{min X}, hence {min X} u F is an w’"!-large(f) subset of X. Thus, «’*!-
largeness(d) is a largeness notion. O

b

Proposition 12.3.6. For every n € w, RCAg + BXY proves that, for every 39-formula
O(z,y, z) such that YxIyVz0(z,y, z) holds, then for every ¢ = 1, w™ - c-largeness(6) is
a largeness notion.

Proof. We prove by external induction over n that w"-largeness(f) is a largeness
notion. The statement of the proposition then follows from Lemma 12.3.5. For the
base case, since every non-empty finite set X > b is w’-large(d) for b the largest
first-order constant appearing in 6, then w’-largeness(f) is a largeness notion. The
induction case is the second item of Lemma 12.3.5. O

12.3.2 VII{-conservation of RT-like statements

Similarly, we have the following proof scheme for VII}-conservation over RCAq + BXY.

Theorem 12.3.7. Let P be an RT-like statement with witnesses n,k,® and V. If
for every { € w there exists some ¢' € w such that RCAg + BXY proves, for every 39-
formula 0(z,y, z), that every we'—large(ﬁ) set is P-w’-large(0), then WKLo + BX9 + P
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is VI1$-conservative over RCAg + BX9.

Proof. Let ¢ = VXVaIyVz3t0 (X [t,z,y, z,t) be a VII)-formula in Kleene normal
form and assume that RCAg + BXJ 1~ .

By compactness, completeness, and the Léwenheim-Skolem theorem, there exists
some countable non-standard model M = (M, S) = RCAq+BX3+—¢. Let a € M and
A € S be such that M E Vy3zVt—=0'(Alt,a,y,2,t). Let 0(y,z,t) be the X§-formula
—0'(Alt,a,y,2,t).

Since M E RCAy + BX9 + Vy3zVth(y, z,t), then, by Proposition 12.3.6, there
exist w’-large(0) subsets of M for every ¢ € w. Thus, by assumption, there exist
P-w’-large(f) subsets of M for every £ € w, and by Lemma 12.3.4, there exist RT!-
w'-large(#) subsets of M for every ¢ € w. Thus, there exist m-dense(d,P,RT") sets
for every m € w.

By overspill, (as the property of being m-dense(6, P, RTl) is 29 and M £ 1X9)
there must exist some non-standard element ¢ € M and some c-dense(d, P, RT') set
F Cfin M.

Fix (F;)iew an enumeration containing all the M-finite sets infinitely many times,
and fix (f;)iew an enumeration of all the M-finite functions from [{0, ..., max F}|™ to
k.

Consider the following decreasing sequence F' = F_1 2 Fy 2 F; 2 ... such that,
for every i € w:

(1) Fyis (¢ — 2i — 2)-dense(6, P,RT?).

(2) ®(fi,{0,...,min F3;}) doesn’t hold, or ¥(f;, F3;) holds.

(3) If card F; < min F; then [min F3;41, max F3,11) N E; = &.
(4) Yy < min F3;1132z < min F3;, 5Vt < max F3;,20(y, z,t) holds.

Assume F; has already been defined for some i € w u {—1}.

If i + 1 = 3j for some j € w, then, since F; is (¢ — 2i — 2)-dense(6, P, RT!) and
min F; > 2, there exist F? < E! < F; that are (¢ — 2i — 3)-dense(d, P,RT"). If
®(f;,10,...,max FP}) holds, let F;1; S F? be some (¢ — 2i — 4)-dense(d, P,RT") set
such that W(f;, Fi4+1) holds. Otherwise, let ;41 = F}'. Since min F}' > max F, this
ensures that ®(f;,{0,...,min F;;}) does not hold.

If i +1 =35+ 1 for some j € w: if min F; < card E; then let F;; = F; otherwise,
consider the coloring ¢ : F; — min F; defined by g(z) = card{y € E; : y < x} and let
Fiy1 be some g-homogeneous and (¢ — 2i — 3)-dense(6, P,RT") subset of F}, in that
case we have [min Fj 1, max F; 1) n Ej; = (.

If i+1 = 3j + 2 for some j € w: as F; is (¢ — 2i — 2)-dense(d,P,RT")
and minF; > 2, let F° < F' < F; be (¢ — 2i — 3)-dense(d,P,RT") and

Q-apart and let F,,; = F!. By the f-apartness of F? and F!, we have
Vy < maxF’3z < min F!'Vt < max F!'0(y, 2,t), and, as maxF’ > minF;, we

have that Yy < min F;3z < min F; 1Vt < max F;10(y, z, t) holds.

By assumption (1), this construction can be carried out for every i € w. Let
I = sup{min(F;) : i € w}. Then, as in the proof of Theorem 12.3.7, by (3), I forms a
semi-regular cut of M, hence (I, Cod(M/I)) E WKLy and as the F; form a decreasing
sequence, every Fj; is cofinal in I. By definition of a-large(d) sets, we have that
a < min F, hence a € I. By (2), we have (I,Cod(M/I)) & P.

Finally, let y € I, by definition of I there exists some i € w such that y < min F3;, 1.
Then, as (4) holds, there exists some z < min F3;42 such that 0(y, z,t) holds for
every t < max F3;12. As z < min F3;,0, we have z € I, and as max F3;,0 > I,
we have that Vy € I3z € IVt € I-0'(Alt,a,y, 2,t) holds, hence, as a € I, we have
(I,Cod(M/I)) E —ep.

Thus, (I,Cod(M/I)) = WKLy + BX9 + P + —¢, and WKLy + BZ) + P £ . O
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Chapter 13

a-largeness

Before proving bounds for RTg—largeness(F)) in the next chapter, we shall first
familiarize ourselves with the standard notion of a-largeness, as developed by Ketonen
and Solovay [72]. To do so, we will first study the general definition of a-largeness for
ordinals smaller than ¢y and prove the following partition theorem. Here, @ denotes
the natural (or Hessenberg) sum over ordinals, as introduced in Chapter 10. Moreover,
a set F is said to be at most a-large if F = & or if F\{max F'} is not a-large.

Main Theorem 13.0.1. Let 8,7 < &g be two ordinals, and B,C < N\{0} be at most
B-large and ~-large respectively. Then B u C is at most (8@ ~)-large.

This theorem has several consequences, including a generalization of Ketonen
and Solovay [72, Lemma 4.6] and pigeonhole generalizations of Bigorajska and
Kotlarski [8, Theorem 12| for a-largeness. For this, we introduce a Hardy-like
hierarchy of fast-growing functions, and adapt and generalize the techniques of
Bigorajska and Kotlarski.

Then, in the rest of this chapter, we shall focus on ordinals @ < w" and give a
tight upper bound (up to additive constant) for RTZ—@”—largeness.

Main Theorem 13.0.2. Let n,k > 1. If X S N s mk"+4-large and min X > 2,
then it is RT% -w"-large.

In the case k = 2, we obtain w?"*%-largeness, improving over the e'4(+1)_
largeness upper bound of Kolodziejezyk and Yokoyama [79]. This bound is tight,
in the sense that Kotlarski et al. [82, Theorem 5.4] proved (in a slightly different
formalism) that every RT:-w"-large set is w*"-large.

The proof of Main Theorem 13.0.2 goes through the computation of upper bounds
of closure for the usual decomposition of RT3 into ADS + EM, or rather to one of their
generalization to k-colorings in the form of the transitive Ramsey theorem trRTi and
the fallow Erdds-Moser theorem (fEM) due to Towsner and Yokoyama [139].

We prove in particular that trRTi is solely responsible for the lower bound of
RTZ—w”—largeness, in that every w"*3-large set X with min X > 7 is fEM-w"-large
(Corollary 13.2.14). This latter result improves the w!'®"-largeness upper bound of
Towsner and Yokoyama for fEM-w™-largeness.

This chapter is of purely combinatorial nature, with no meta-mathematical
considerations.  Although improving the bounds for RTg—wn—largeness can have
theoretical consequences (with most notably, the proof of Kolodziejczyk et al. [78]
of the absence of speedup between RCAq + RT% and RCA, for VII$-formulas), there
are, to our knowledge, no further theoretical implications arising from refining the
bound 144n + O(1) to 2n + O(1).

In general, the statement “a-largeness is a largeness notion” is equivalent,
over RCA, to the statement WF’(a), asserting the well-foundedness of a. Many
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proofs in Section 13.1 rely on induction up to €9 and therefore cannot be formalized
directly in RCAy. Nevertheless, the results in this chapter are still formalizable in
RCA(, indeed, most of them are of the form “For every a < gg, every a-large set
X..” or similar. Such statements are usually provable in RCA, as the existence of
the a-large set is assumed rather than derived.

13.1 Largeness below ¢

In this section, we study the general definition of a-largeness as introduced by Ketonen
and Solovay in [72], which applies for every ordinal @ < ¢y and establish some of
its combinatorial properties. By Ketonen and Solovay [72, Lemma 4.6], the two
definitions of a-largeness coincide for « of the form w™ - k.

Recall that every ordinal a < ¢y admits a unique Cantor normal form

a=w a5+ -+ w-ag

for some ap < @1 < -+ < a; < a and ag,...,a; € N\{0}. Given two ordinals
a, B < €, we write o « Bl if either a or 8 equals 0, or if the smallest exponent of 3
is at least the largest exponent of « in their Cantor normal form. If o # 0, we shall
also use its short Cantor normal form o = f + w” with g » w”.

Definition 13.1.1. Given a non-zero ordinal o < ¢y with short Cantor normal form
a=pF+w’, and x €N, let

B ify=0,
{a}(z) =< B+ w12 if v is successor ,
B+ wi=) if y is limit.

Finally, let {0}(z) = 0.

The sequence ({a}(x))zen is called the (canonical) fundamental sequence of «.
When « is a limit ordinal, then it is a distinguished increasing sequence of ordinals
that is cofinal in a.

The » relation admits two desirable properties. First, if 8 » «, then the sum
B + « coincides with the natural sum (or Hessenberg sum) 5@« corresponding to the
component-wise sum of the multiplicative factors. Second, if 8 » «a and « # 0, then
the operation {5 + a}(z) can be reduced to a computation of {a}(x):

Lemma 13.1.2 (Ketonen and Solovay [72]). Let a, 8 < &g be such that 8 » a and
a#0. Then {f + a}(z) = 8+ {a}(x).

In general, fundamental sequences are not compatible with ordinal inequality, in
the sense that there exist some ordinals 8 > « and some z € N such that {5}(z) <
{a}(x). For instance, if 8 = w and « = 10, then {w}(1) =1 < {10}(1) = 9. However,
this is the case if x is larger than every coefficient appearing in the Cantor normal
form of a. This motivates the definition of the pseudo-norm:

Definition 13.1.3 (Bigorajska and Kotlarski [9]). The pseudo-norm psn(a) of a of
Cantor normal form w®s - as + - - + w*° - ag is defined as

psn(a) = max(psn(ag), . .., psn(as), ag, - . ., as)

The following lemma is an immediate consequence of Bigorajska and Kotlarski [9,
Lemma 2.1].

IThe notation B « A was introduced in Chapter 4 and used in Chapter 10 to denote that A is
PA over B. As there is no risk of notational conflict, we will overload the symbol >.
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Lemma 13.1.4 (Bigorajska and Kotlarski [9]). Let o < 8 < ¢g and x € N such that
psn(a) < z. Then {8}(x) = a (with equality if and only if f = a +1).

The following easy lemma relates psn({a}(n)) to psn(«) for any n € N.

Lemma 13.1.5. Let o < €9 and let n € N\{0}. Then psn(a) — 1 < psn({a}(n)) <
max{psn(a),n}

Proof. The result is clear for a = 0, then, if a # 0, the operation {a}(n) can only add
n's and decrease coefficients by 1 in the (recursive) Cantor normal form of a. O

The notion of fundamental sequence generalizes to finite sets as follows:

Definition 13.1.6 (Ketonen and Solovay [72]). Given an ordinal a < ¢ and a finite
set X = {xg < -+ < x4}, let

{a}(X) = {--- {{a}(z0)} (1) - - - }(=s)
A set X is a-large if {a}(X) = 0, otherwise, it is a-small.

Accordingly, a finite set X is ezactly a-large if it is a-large and X\{max X} is
a-small. A finite set X is at most a-large if X\{max X} is a-small. By convention,
we consider that ¢¥ is at most 0-large.

Note that a set X might be a-large, o + 1-small, but not at most a-large. For
instance, {3,5,6,7,8} is w-large, not w + 1-large, and not at most w-large.

Ketonen and Solovay [72] proved many of the basic properties of a-large sets. In
particular:

Proposition 13.1.7 (Ketonen and Solovay [72, Section 4.5]). Let o < ¢¢ and X =
{0, . Tn_1} Stin N be a-large.

o (Closure by superset) If Y Csin N is such that X € Y, then'Y is also a-large.

e (Regularity) If Y = {yo, ..., Yn—1} with y; < x; for every i < n, then'Y is also
a-large.

13.1.1 Hardy-like hierarchy

Ratajczyk [120, Section 5] defined a notion of largeness based on the Hardy hierarchy
of functions [59]. As noted by Ratajczyk, this notion is slightly different from Ketonen
and Solovay’s a-largeness, and was extensively studied by Bigorajska and Kotlarski [8,
9, 81]. We now define a Hardy-like hierarchy whose induced notion of largeness
corresponds exactly to Ketonen and Solovay’s definition.

Definition 13.1.8. Fix an increasing function i : A — N for some A € N with h(a) >
a for every a € A. We define inductively a sequence of partial functions h, for every
a < g as follows: for z € N and o > 0, let ho(x) = 2 and let hq(x) = hyayz)(h(z))
if h(x) € dom(hiay(z)) and = € dom(h), otherwise leave hq(x) undefined. We write
ha(z)| if x € domh, and hy(x)1 otherwise.

Note that for every a < €y and = € dom h,, there is some n € N such that
ho(z) = b (2). However, this n depends on z: if o > w, there is no n such that
h, — B

Remark 13.1.9. In the definition of the original Hardy hierarchy [59] based on h,
if o is limit, then ho(2) = hfay(e)(x), while in our Hardy-like hierarchy, we define
ha(x) = hiay(z)(h(z)). This variation reflects the main difference between the notion
of largeness from Ratajczyk [120, Section 5] and the one of Ketonen and Solovay [72].
In the former case, a set A is a-large for a limit ordinal « if it is {a}(min A)-large,
while in the latter case, a set A is a-large if A\{min A} is {a}(min A)-large. Some



158 CHAPTER 13. a-LARGENESS

further differences exist: in the finite case, a set A is n-large in the sense of Ratajczyk
if card A > n+1 while in Ketonen and Solovay’s sense, a set A is n-large iff card A > n.
As a consequence, under both definitions, a set A is w-large iff card A > min A.

Lemma 13.1.10. If h,(z)| for some a < €y and x € N\{0}, then h,(x) = psn(a) +z.
Furthermore, the inequality is strict when o = w.

Proof. By induction on a. For @ = 0, let x € N\{0} be such that ho(z)|, then
ho(x) = x = psn(0) + z. Let @ < €9 and assume the property to hold for every
o' < a. Let x € N be such that hq ()], then ho () = hiay @) (h(x)). By the inductive
hypothesis, we have hiqy(2)(h(z)) = psn({a}(z)) + h(x), but, as h(z) = x + 1 and
as psn({a}(z)) = psn(a) — 1 by Lemma 13.1.5, we have h{,y(y)(h(x)) = psn(a) + .
This concludes our induction.

For strictness: when o = w, we have {a}(z) = z, so psn({a}(x)) = psn(x) = = >
psn(a) —1 = 0. Thus, the inequality psn({a}(z)) = psn(a) — 1 used above is strict,
and hence so is hq(x) = psn(a) + z. The remaining cases o > w follow by the same
induction as above, propagating strictness upward. O

Fix an increasing function h : A — N for some A € N, with h(z) > z for
every ¢ € A. The Hardy-like iterations of h yield faster-growing functions on a
restricted domain, that is, if « > 0, then domh, < domh and h, dominates h on
dom h,, (see Lemma 13.1.14(4)).

On the other hand, given two ordinals ao < 8 < ¢y and some z € dom hg, it is not
true in general that € dom h,, nor that if z € dom hg ndom h,, then hg(z) = hq(x).
However, if z is sufficiently large — > psn(a) suffices —, then this is the case (see
Lemmas 13.1.12 and 13.1.14). However, the x > psn(«) hypothesis is too strong for
our purposes, so we will use a more general relation 5 =, a which depends on both
B and «, and such that if 5 =, «, then 8 > « and hg(z) = ho(z).

Definition 13.1.11 (Ketonen and Solovay [72]). Given two ordinals «, 8 < €9 and
x>0, let 8 =, « if either 5 = a, or {B}(z) =, «.

Bigorajska and Kotlarski [8, Lemma 2(viii)] proved that the definition is
unchanged if one replaces {}(x) by {8}(y) for some y < z. As one expects from
the previous discussion, the relation 5 =, « coincides with the inequality 8 > «
whenever > psn(a). The whole interest of this relation is therefore in the case
x < psn(a).

The following lemma strengthens Ketonen and Solovay [72, Proposition 2.8.1] and
is an immediate consequence of Bigorajska and Kotlarski [9, Lemma 2.1]. It appears
in this form in the posthumous book of Kotlarski [81, Lemma 1.4.3].

Lemma 13.1.12 (Kotlarski [81]). Let a« < 8 < €9 and x € N such that psn(a) < z,
then 8 =, a.

Ketonen and Solovay [72] proved many properties about the relation =,. The
following lemma compiles a list of basic facts that shall be useful to prove our main
theorem.

Lemma 13.1.13 (Ketonen and Solovay [72]). Let o, 5, A < €p and x = 0.
(1) If X » a and a =, B3, then (A + a) =, (A + B);
(2) If k < LEN, then w® - £ =4 w* - k;
(8) Ifa=, B and a > [+ 1, then « =,11 B+ 1.
(4) If a =, B and x = 1, then w® =, w?;

(5) If t =2 1 and k < £ e N, then {a}(l) =, {a}(k).
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Proof. (1) is [72, Lemma 1, part 2.4], (2) is [72, Lemma 3, part 2.4], (3) is [72, Lemma
2, part 2.6], (4) is [72, Lemma 5, part 2.4], (5) is [72, Theorem 2.4] for « limit. If &
is 0 or successor, then {a}(¢) = {a}(k). O

The following lemma states that the =, relation is a sufficient hypothesis for the
Hardy-like hierarchy of functions to behave nicely. Lemma 13.1.14(1,3) is a Ketonen-
Solovay counterpart of Bigorajska and Kotlarski [8, Lemma 4]:

Lemma 13.1.14. Let h be as above. Let 0 < a, 5 < €9 and x € N. Then:
(1) hg is increasing
(2) if x € domh and h(xz) € dom hg then x € dom hg
(8) if B =5 a and x € dom hg then x € dom hy and ho(z) < hg(z)
(4) if x € domhg, then hg(x) = h(x)

Proof. We prove (1),(2) and (3) by mutual induction on . If 5 = 1 then the property
holds as hy = h is increasing and the only 0 < o < ¢ such that 8 =, ais a = 1.

Let 8 > 1 and assume that (1),(2) and (3) hold for every 0 < 8 < 3. Let
x,y € domhg such that x < y, then hg(y) = hygy)(h(y)). As {B}(y) < B and
as, by Lemma 13.1.13(5), {8}(y) =n@) {B}(z), then by (3) for {B}(y) we have
h(y) € domhygyzy and hygy)(h(y)) = gy (h(y)). From x € domhs we get
h(m) € domh{g}(z), hence, by (1) for {,8}(1‘), we get h{g}(x)(h(y)) > h{g}(ﬂ(h(l‘)).
Thus, hg(y) > hg(z) and hg is increasing. Thus (1) holds for f.

Let « € domh be such that h(z) € domhg. Then we have hg(h(z)) =
higy(n(zy) (h(h(z))) hence h(h(x)) € dom hgyny)- By (2) for {B8}(h(z)) we have
h(z) € dom hygy(n(z)).- Then, as Lemma 13.1.13(5) {8}(h(z)) =p) {6}(x), we also
have h(z) € dom hygy(,) by (3) for {B}(h(z)), hence x € domhg. Thus (2) holds for

3.

Let z € Nand 0 < a be such that 8 =, « and hg(z)]. Since 8 =, «, either § = «
or {f}(z) =, a. If B = « then h,(x)] and ho(z) = hg(z), in which case (3) holds.
If {8}(x) = a, then as hg(x) = hygym)(h(x)), we have x € dom hgy(,) by (2) for
{B}(x) and hygyz)(h(x)) > higya)(x) by (1) for {B}(z). From {8}(r) =, o and (3)
for {B}(x), we get x € domh, and hygy () () = ha(x). So hg(x) = higya) (h(x)) >
higy(a)(®) = ha(x), Thus (3) holds for 3.

Last, since g =, 1 for every > 0 and z € N, then (4) follows from (3). O

The following lemma is the Ketonen-Solovay counterpart of Bigorajska and
Kotlarski [8, Lemma 7]. Formulated in terms of largeness, it corresponds to Ketonen
and Solovay [72, Lemma 4.6].

Lemma 13.1.15. Let a « B and x € N, if hgo(x)] then hg(ha(z))| and hgio(z) =
ha(ha(2)).

Proof. By induction on «. If a = 0 then, for z € N and 8 » «a such that hgiq(x)],
we have hg(z)|, then, as ho(z) = = we have hg(x) = hg(ha(z))| and hg(ha(z)) =
B val2)

Let o > 0 and assume the property to hold for every o < a. Let z € Nand 8 » «,
if hgya(r)] then higyay) (h(7))] and higiayz)(h(2)) = hpra(z). By Lemma 13.1.2,
(B+a}(z) = B+ {0} (2), 50 Ay (ay oy ((2)) = hpsa(®): As {a(x) < o and fa)(z) <
B, by the induction hypothesis we have hg(hiay ) (h(2)))] and hg(hiaym)(h(x))) =
hﬁ+{a}(z) (h(m)) = h5+a(l‘). And, as h{a}(m) (h(a:)) = ha(x), we have hﬁ+a(l‘) =
ho(ha(2)). 0

We now prove our core proposition. The intuition goes as follows: Suppose
0 < XA <egoand x > 0. The evaluation of hy(z) unfolds into hgry(z)(h(z)), then
Piiay(@)i(hz)) (R(R(7)), and so on. Thus, the ith iteration of the evaluation of hy(z),
if defined, corresponds to hy,(z;), where x; and A; are defined inductively by z = x,
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Mo = dand z; 41 = h(z;), \i+1 = {\i}(z;). Note that since the function h is increasing,
s0 is the sequence xg < z1 < ...

The definition of {A\}(z) is done by considering the short Cantor normal form, by
reducing first the smallest component of the Cantor normal form. The evaluation
either decreases a successor ordinal by one, or replaces a limit ordinal by a smaller

one, with coefficient x. Since the sequence \g > Ay > ... is defined by successive

evaluations with an increasing sequence xg < x; < ..., the higher components will

be evaluated with larger values than the smaller components, and therefore this

evaluation order ensures that the sequence A\ > A\; > --- decreases as slowly as
possible.

Based on this evaluation order, if A = 8 + «, with 5 » «a, the sequence \yg > A1 >

- corresponds to evaluating a successively with xg,x1,... until we reach a stage ¢

such that «; = 0. Then we evaluate 8 with x;,1,Z;12,....

One could consider other evaluation orders, in which one would alternate some
evaluation steps of 3, and some of «. In terms of the Hardy-like hierarchy, one
evaluation step of 3 corresponds to hgy(z)@a(h(2)) while one evaluation step of a
corresponds t0 g (a}(z)(h(7)). Since the standard evaluation order is the one making
the sequence \g > A1 > ... decrease as slowly as possible, this translates into the
following inequality:

htra(T) = hgifay@) (M) = higy@)@a(h(T))

The following proposition formalizes this intuition in the case 8 » «. It will then
be proven in its most general form in Theorem 13.1.18.

Proposition 13.1.16. Let 0 < a,f < €9 with B » « and x > 0 an integer. If
h5+a<:];)l, then h{ﬁ}(r)@a(h(x))l and h5+a<$) = hﬁ+{a}(1)<h($)) = h{ﬁ}(r)@a(h(l')).

Proof. The proof is by case analysis on the Cantor normal forms, and not by induction.
Write o« = w™ -y, +- - +0* -ag and 8 = wP* by + - - - + w0 - by their Cantor normal
form. From the assumption 8 » «, we have By = «,,.

Case 1: n =0 and «, = fy. In that case, 8 + {a}(z) = {8}(z) ® a, hence

higyy@a(h(2))] and hg (o)) (M(2)) = hyigy@)@a(h(z)).

If we are not in this case, we can freely assume that a,, < By in the Cantor normal
form of o and B. Indeed, if a,, = By, we can consider o = w**~1a,_1 + -+ + w*aq
and B = by + --- + 0% (by + a,), we then have 0 < o/, < €, o/ « B,
B+a=p0+d, 8+ {a}(z) =0 +{c'}(z) and {8}(z) Da = {#'}(z) ® ’/, making it

sufficient to prove the result for o’ and J'.

Case 2: «a, < fp and [y is successor. Let 5 be such that Sy = 5 + 1. In that
case, write 3 = § + w’*1. By our assumption that o, < Sy, we have w’*! > o and
w » a. By Lemma 13.1.15, letting ¢ = hyay(x)((z)) = ha(z), we have

hgtfay(@)(M(@)) = hg(c) = s, s (R(c))

Consider the following two subcases:

Subcase 2.1: a < w. In that case, « = k for some k£ € N. This gives us
hgral(z) = hg(hF(x)) = hygyne(a)) (W1 (x)) (where h* denotes the composition of h
with itself £ times). Then, as h is increasing, we have {8}(h*(z)) =yr+1(,) {8} (z) by
Lemma 13.1.13(5). Hence, by Lemma 13.1.14(3), we have hygy () (h*™(z))| and

higyne () (R (@) = hygya) (W (@) = higye)+a((2)) = higym)@a(h(2))

Hence hpio(z) = higy(@)@a(h(z)), which is what we wanted.
Subcase 2.2: o > w. In that case, we can use the strict inequality obtained in
Lemma 13.1.10 to get ¢ > psn(«) + .
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As By > an, we get ) = a,, and therefore have w? - (psn(a) +1) > « by definition
of psn(a). Thus, by Lemma 13.1.12, we have w - (psn(a) + 1) =p() @ (using the
fact that h(c) > ¢ > psn(«)).

We have 0% - ¢ =h(e) W - (z 4+ psn(a) + 1) = P -2 + w - (psn(a) + 1)
by Lemma 13.1.13(2). Then, as w -z » % - (psn(a) + 1), we can apply
Lemma 13.1.13(1) and obtain w? - z + w% - (psn(a) + 1) = h(c) w% - 2 + o. Hence
that w? - ¢ =h(c) Wz + a.

By another application of Lemma 13.1.13(1) (using the fact that § » w? - ¢), we
obtain § + w - ¢ =n(e) 0 + R

By Lemma 13.1.14(3), we thus have h (h(c))| and

5+wﬁ6-z+a
h5+wﬂ6~c(h(c)) > h6+wﬁ6~w+a(h(c))

As h(c) = h(hqa(z)) = h*(h(x)) for some £ € N, we have, by several applications of
Lemma 13.1.14(2) that hy_ s . (h(z))| and that

Byt W@ = By (h(2)) = By oypa(h(2))

Which is what we wanted.
Case 3: «a, < ffp and [ limit. In that case, write 3 = § + w”. Similarly, by
Lemma 13.1.2 and Lemma 13.1.15, letting ¢ = h{a}(2) (h(2)) = ha(x), we have

hptal(T) = hpiay@) (R(x)) = hg(c) = hsiyte0i (R(c))

Since ¢ > z, we have {8o}(c) = {fo}(x)+1 for every y > 2 by Lemma 13.1.13(3,5).

By Lemma 13.1.10, ¢ = psn(a) + & > psn(«). Thus, by Lemma 13.1.4, we have
{Bo}(c) > an, and, by Lemma 13.1.12, {5p}(c) = a,. By Lemma 13.1.13(3), we
have {fo}(c) =n(c) an + 1, as h(c) > c.

Thus, we have both {Bo}(c) =ne) {Bo}(z) + 1 and {Bo}(c) =pne) an + 1.
Depending on whether a,, or {5o}(x) appears first in the sequence {Bo}(c) =)
{80} (€)1 (1(e)) = ney {L{AH Y} ((e)) =ge - - we either have {By}(x) =1
QO iy =) {Bo} ().

We can then consider the following two subcases:

Subcase 3.1: «, > {Bo}(r), in which case «a, =) {Bo}(z). By
Lemma 13.1.13(2,4), we have

wiBo}e) ) o+l =) W () =p(e 0 (c+ 1)

Thus, by Lemma 13.1.13(1), since ¢ » w{Po}(e),

§ + ibol(@) =) 0+ w - (c+1)
Therefore, by Lemma 13.1.14(3), hsgen.(c+1)(P(c))|, and, letting d = hyan (h(c)),

Rs 1art803 (@ (R(€)) = s aan . (c41) (R(€)) = hgtaon.c(d)

As w =y w{f}(®) by Lemma 13.1.13(4), we have hs01) (h(c))| and d >
hy, 501 (h(c)) by Lemma 13.1.14(3).

By Lemma 13.1.10, A 01 (R(c)) = psn({Bo}(x)) + h(c). Hence, we have d >
psn({Bo}(x)) + h(c) > psn({So}(z)) + psn(a) as h(c) > ¢ > psn(a).

Then, from ¢ > psn(a) and a, > {Bo}(z), we get " - ¢ > w!#}®) @ a, and, as
d > psn(w!?}@) 4+ psn(a) = psn(w!}@ @ a), we have w?" - ¢ =4 wlf} @ @ o by
Lemma 13.1.12.

Again, as § » w0} we can apply Lemma 13.1.13(1) and obtain § + w*" - ¢ =4
0+ (W@ @a) = {BHx) @ a.

Thus, by Lemma 13.1.14(3), hg}(z)@a(d)] and

hgtoon.c(d) = h{ﬁ}(x)@a (d)
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As d = h¥h(z)) for some ¢ € N, we have, by several applications of
Lemma 13.1.14(2) that hgyo)@a(h(2))] and that higy(m)@a(d) = hisym)@a(P(T)).

Combined with the other inequalities, we get hgia () = higyz)@a (h(1)).

Subcase 3.2: «, < {fo}(z), in which case {Bo}(r) =pi) @n. By
Lemma 13.1.13(2,4), we have

W) S W@ S @) (o) = @ L (e 1 1)

Then, from ¢ > psn(a) and o, < {Bo}(x), we get w!}® . ¢ > a, hence, by
Lemma 13.1.12 we get w{#}@) . ¢ =) o As wiP} (@) » o, Lemma 13.1.13(1) gives
us

0B (1 1) = I 4 BH@) o )@ 4

Then, as § » w!P}(©) another application of Lemma 13.1.13(1) gives us
5 + iPol(©) =) 0 + wibol(@) 4 o = (6 + w{ﬂo}(l)) Da={8(z2)Da
Thus, by Lemma 13.1.14(3), hyg}(z)@a(7)| and

s towiore ((€)) = higyz)@a(h(c))
Again, by several applications of Lemma 13.1.14(2), we have hygy(z)@a (h(7))] and

higyy@al(h(c)) = higy@)@a(h(2)).
Hence, we have h5+a(x) > h{ﬂ}(x)@a(h(x)).

This completes our proof of Proposition 13.1.16. O

Lemma 13.1.17. Let o, 8 < g, then there exists o/, ' < ¢y with o/ « ' and such
that @ a ="+ o and {B}(z) Da = {f'}(z) D for every x € N

Proof. If B = 0 then take o/ = « and 8/ = 5. If 8 # 0, then write a = ' -
Gp + -+ w" - qggand f =" by, + -+ w - by with ag,...,an,bo,...,0p € N
and 9 < -+ < v, < €p. Let i < n be the smallest index such that b; # 0, and let
B =wr (bp+ay)+ - +w’-(b;+a;) and o = V1 (bi—1+a;—1)+ - -+w-(bo+ap).

We have f@a =0 +a' =w" (b, +ay) + -+ w"(by + ap) and {f'}(z) D' =
(@ (b +an) +- -+ (b +a; — 1)+ + 0 (bo +ag)) @ {w }(z) = {B}(z)Da O

The following theorem informally states that the evaluation order of the
fundamental sequences is the one which makes the Hardy-like hierarchy grow the
fastest. In the case a < 3, f + a = B @ a, hence it generalizes Proposition 13.1.16.

Theorem 13.1.18 (Optimal growth). Let o, 8 < €9 with 8 > 0 and x > 0 an integer.
If hpga(z)| then higy@y@a ()l and hpga(r) = higga} (@) (A(2)) Z hig)@)@a(h(2)).

Proof. Let o, 3 < ¢p be obtained from Lemma 13.1.17 applied on o, 3. As @ a =
B+’ and {B}(z) ® a = {#'}(x) D, it is sufficient to show that hyg}()@a (h(x))]
and that h@/@a/(l‘) = h{/g/@a/}(x)(h(l')) = h{ﬁ/}(@@m(h(l‘)).

If o = 0, then the result holds by definition of hg.

If o # 0, then the result is that of Proposition 13.1.16. O

13.1.2 Partition theorem

We now translate this abstract study of the Hardy-like hierarchy into the framework
of a-largeness, to prove Main Theorem 13.0.1.

Definition 13.1.19. Let A = {x¢,...,2,_1} S N a finite set. We define h* :
A\{fmax A} — A by h(x;) = w41 for every i < n — 1. In other words, h* is
the successor operation on the ordered set (A, <y).

The following lemma is the heart of the correspondence between Hardy-like
hierarchies and of Ketonen and Solovay’s a-largeness.
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Lemma 13.1.20. Let 0 < a < €, then A is at most a-large iff b7} (min A)1.

Proof. By induction on a. The result holds for o = 1, as h2(min A)1 if and only
if cardA < 1. Let 1 < a < ¢y and assume the property holds for every 8 < a.
Let A = {z9,71,...,7,} € N be such that k% (z)?, then, hj{‘a}( )(xl)T and therefore

Zo
hl{t\}{&)}) (x1)1. By the inductive hypothesis, A\{z} is therefore at most {a}(x¢)-large,

hence A is therefore not at most a-large.
Reciprocally, if hZ(x0)], then we also have h{Aa}(wo)(xl)l, hence A\{zo} is not at
most {a}(zp)-large by the inductive hypothesis, and A is not at most a-large. O

The following theorem is an iterated counterpart of Theorem 13.1.18 in the
language of a-largeness. It has several consequences, such as the splitting property
(Theorem 13.1.21) and multiple versions of the pigeonhole principle (Theorems 13.1.22
and 13.1.23)

Main Theorem 13.0.1. Let 8,7 < ¢y be two ordinals, and B,C < N\{0} be at
most (-large and at most y-large respectively. Then B u C is at most (8 @ v)-large.

Proof. Without loss of generality, we can assume that B n C = . By
assumption we have hg (min B)t and AS(minC)f. We want to show that
hgé’f(min{min B, minC})1.

Write Bu C = {xg < x1 < -+ < x2_1} and consider the sequences of ordinals
(Bi)i<k and (7;)i<k defined inductively as follows: By = 8 and vy = v and if 8; and
~; have been defined, let 8,11 = {8;}(x;) and ;41 = ~; if x; € B and B;41 = 8; and
Yivr = {viH (i) if 2 € C.

Since B is at most S-large, then {8} (B\{max B}) > 0, thus, if ; € B then §; # 0,
similarly, if z; € C' then ~; # 0. Hence, if z_1 € B then 81 # 0 and if z_, € C
then v;_1 # 0, in every case Bx_1 @ Vx—1 # 0.

If hZ2C (20)], then, by induction on i < k, using Theorem 13.1.18, we claim

Bo@vo
that for every i < k, we have hﬁb_\égi (z;)} and hg;égi () = hg:?@%“(xiﬂ). Thus,
if hgoégo (0)| then hgk{?@wil(xk_l)l, which is only possible if 8_1 @ y_1 = 0,
contradiction. Thus h5%C (x0)? and B u C' is at most (8 @ 7)-large. O

The following splitting property generalizes [72, Lemma 4.6]. Note that the
reversal holds if 8 » a.

Theorem 13.1.21 (Splitting property). Let X < N\{0} be (a®f)-large for a, f < o,
then there exists Xog < X1 € X such that Xg is a-large and X, is S-large.

Proof. Let X be the prefix of X that is exactly a-large, i.e., if X = {zo,...,zr_1},
we let Xo = {zog,...,x;} for i < k the smallest index such that {a}(xq,...,z;) = 0.
Such a set X exists, as every coeflicient in the Cantor normal form of a @ S is at
least as big as the corresponding one in the Cantor normal form of a.

Let X1 = X\Xp, » =max X + 1 and let X’ = X u {*}. By the contrapositive of
Main Theorem 13.0.1, since X’ = Xo U (X1 U {*}) is not at most (a@® 3)-large, either
Xo is not at most a-large or X7 U {*} is not at most S-large. Thus, X; U {*} is not
at most (-large, and X, is therefore §-large. O

We now deduce two versions of the pigeonhole principle.

Theorem 13.1.22 (First pigeonhole principle). Let X = Xou X; < N\{0} be (a®f)-
large for some o, < €g, then either Xo\{max Xo} is a-large or X;\{max X1} is
B-large or Xo and X1 are exactly a-large and exactly B-large, respectively.

Proof. Suppose X is at most a-large, otherwise Xo\{max Xy} is a-large and we are
done. Similarly, suppose X; is at most S-large, otherwise X;\{max X} is S-large and
we are done. Let * = max X + 1. The set Xou (X1 U {*}) is not at most (a@® j)-large,
hence, by the contrapositive of Main Theorem 13.0.1, X; U {*} is not at most S-large.
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Since X7 is at most S-large, it is exactly S-large. By applying the contrapositive of
Main Theorem 13.0.1 on the partition (Xo u {*}) U X1, we get that Xy U {*} is not
at most a-large, hence since X is at most a-large, X is exactly a-large and we are
also done since both Xy and X; are exactly p-large. O

Theorem 13.1.23 (Second pigeonhole principle). Let X = Xy u X; u {x} < N\{0}
be (a® B)-large for some a, f < &g and some x > Xou X1. Then either X is a-large
or X is B-large.

Proof. Let ' = max X +1. Theset X u{*'} = (Xou {*})u (X1 uU{*'}) is not at most
(a® B)-large, hence, by the contrapositive of Main Theorem 13.0.1, either X u {*} is
not at most a-large, in which case Xy is a-large, or X7 u {*'} is not at most S-large,
in which case X is 8-large. O

Since a-largeness is closed under supersets, if Xou X7 is (a @ )-large, then so is
Xou X; u{*} for any * > max X1, in which case either X is a-large or X; is S-large.
This formulation of the pigeonhole principle, although more natural, is less optimal
than Theorem 13.1.23.

13.2 Largeness below w"

We now return to the study of a-largeness for ordinals below w®. Although, for
our investigation of the first-order consequences of various theorems, we are mainly
interested in ordinals of the form w” - k (or even w™) for some n,k € N. The general
definition of a-largeness will allow us to obtain tighter upper bounds that are of
independent combinatorial interest.

13.2.1 Construction and deconstruction

Any w"*1-large set X can be seen as an increasing sequence of min X many w"-large
blocks. In this section, we prove two important propositions: a construction property,
which quantifies how many w"-large blocks are sufficient to produce an «w"*t™-large
set, and a deconstruction property, which counts the number of w”-large blocks which
can be extracted from an w""-large set.

The quantification is expressed in terms of a-largeness. There are multiple ways to
give a meaning to the sentence “the sequence of blocks Xy < -+ < Xy4_1 is a-large”.
One could ask that {max X; : ¢ < d} is a-large, or that any sequence in XX -« - x X4_1
is a-large. Thanks to the regularity of a-largeness (see Proposition 13.1.7), the two
definitions are equivalent. However, this is no longer the case with largeness(6). In the
next chapter, we prove in Lemma 14.0.3 the decomposition property for largeness(6)
in the strongest setting, where any sequence in Xy x --- x X4_1 is required to be
a-large(6).

Proposition 13.2.1 (Construction). For every n,m,d € N and for every sequence
of w"-large sets Xog < -+ < Xg—1 such that {maxX; : i < d} is w™-large, then
Xou- U Xg4_1 is "™ -large.

Proof. By induction on m. The case m = 0 is immediate, since any w’-large set is non-
empty, so d = 1 and X is w"-large. Suppose it holds for m. If Y = {max X; : i < d} is
w1l large, then Y\{min Y} is w™ - min Y-large. Let Yy < -+ < Yiuiny_1 be w™-large
subsets of Y\{minY'}. For every i < minY, let Z; = J, .. X,ev; Xj- By induction

hypothesis, each Z; is w"T™-large, so {min Y} U Zg U+ U Ziiny—1 is @ m Llarge.

By upward-closure of a-largeness, Xg U --- U Xg4_1 is "™ large. O

The following deconstruction proposition is an adaptation of Kolodziejczyk and
Yokoyama [79, Lemma 2.1]. Note that the hypothesis requires an extra w"-large set,
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while the conclusion also contains some extra w™-large set. This might seem sub-
optimal but the w”-large set of the hypothesis is on the left part of X, while the one
from the conclusion is on the right, which is weaker.

Proposition 13.2.2 (Deconstruction). For every n,m € N and for every o™ + " -
large set X, there are some d € N and some w"-large subsets Xg < -+ < Xg of X
such that {max X; : i < d} is w™-large.

Proof. By induction on m. The case m = 0 is immediate by Ketonen and Solovay [72,
Lemma 4.6], as X is w" - 2-large, so there are two w”-large sets Xy < X; < X. Note
that {max Xy} is non-empty, hence w’-large.

Suppose it holds for m. Let X be ™™™+ +w"-large. By Ketonen and Solovay [72,
Lemma 4.6] (or by Theorem 13.1.21), there are some A < B € X such that A is w"-
large and B is w"*™* 1 large. Let Zyp < -+ < Zminp—1 be w" ™-large subsets of
B\{min B}.

Let d_1 = 0 and Xd__l1 = Zy. Note that Xd__l1 is w"t™-large, hence w"-large.
We are going to build inductively for every i < min B — 1 a family of w™-large sets
X§ <--- < X} such that

(1) Xju-—uXh =X 0 Z;
(2) {maxX;: 1j < d;} is w™-large.

Assuming X;;ll < Z; is defined, the set Xfl;ll U Z; is "™ +w"-large, so by induction
hypothesis, there is a sequence X¢, ..., Xéi of w™-large sets satisfying (1) and (2). It
follows that {max X} : i < minB —1,j < d;} is @™ - (min B — 1)-large. Since
max A < min B, then {max A} U {max X} : i <min B — 1,5 < d;} is w™"'-large, so
altogether, these w™-large sets form the desired sequence. O

Corollary 13.2.3 (Generalized deconstruction). For every n,k,¢ > 1 and m > 0, for
every w"t™ . (k€ + 1)-large set X such that k(¢ 4+ 1) < min X, there are some d € N
and some w" - k-large subsets Xy < --- < X371 of X such that {max X; : i < d} is
w™ - (-large.

Proof. Suppose m = 0. Then X is w"- (k€ + 1)-large, and a fortiori w" - k¢-large hence
there is a sequence Xy < - -+ < Xp¢_1 of w™-large subsets of X. For every ¢ < £, let
Zi = Xpi U U Xgi41)—1- Bach Z; is " - k-large, and {max Z; : i < {} is (-large.
Suppose m > 0. In particular, X is w" ™ kf+w"*1-large. Since k(¢+1) < min X,
then X is w" ™ -kf+w" k(£+1)-large. By Theorem 13.1.21, there is a sequence X _; <
Xo < -+ < Xgp_1 of subsets of X such that X_; is w” - k-large and Xo,..., Xge_1
are w" "™ 4 w"-large. By Proposition 13.2.2, for each i such that 0 < i < k¢, there is
a sequence X0 < --- < X¥7! of w"-large subsets of X; such that {max X7 : j < d;}
is w™-large. Let Wy,...,W,_1 be the sequence (Xf)i<kg)j<di. In particular, the set
Z = {maxW; : i < p}is w™ kl-large. Let g : Z — k be such that g(x) is the remainder
of the Euclidean division of ¢ by k, where x = max W;. By Theorem 13.1.23, there is
an w™ - f-large g-homogeneous subset H = {xg < -+ < x4-1} € Z. For each s < d,
let i5 be such that maxW; = xs. Let Hy = X_; U W, and Hsyq = Uis<j<is+1 W;.
Note that for each s < d, max Hy = g, so {max Hy : s < d} is w™ - {-large. Since
X_q1 is w" - k-large, so is Hy. By g-homogeneity of H, 1511 = is + k, so Hgyq is
w" - k-large. O

13.2.2 Sparsity

Every notion of largeness £ induces a dual notion of L-sparsity as follows:

Definition 13.2.4. Let £ be a largeness notion, a set X < N is L-sparse if for
every z,y € X such that x < y, (z,y]y € L.
In the special case of a-largeness, we will talk about a-sparse sets.
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By closure of largeness notions under supersets, any subset of an L-sparse set is
again L-sparse. Any increasing function g : N — N induces a notion of largeness
Ly = {F : g(min F —1) < max F'}. Then, an Lg-sparse set X is such that for z,y € X
with z < y, g(z) < y. We simply say that X is g-sparse. We will be particularly
interested in g-sparsity for primitive recursive functions g. Indeed, by the following
theorem, g-sparse sets for primitive recursive functions g are closely linked to a-sparse
sets for o < w®.

Theorem 13.2.5 (Ketonen and Solovay [72]). For every primitive recursive function
9 : N — N, there is some n € N such that for every w"-large set F, max F > g(min F).
Thus, every w'-sparse set is also g-sparse.

In particular, y > 2z whenever (z,y] is w-large and y > 22% whenever (x,y] is
w?-large. We shall be particularly interested in w? - 3-sparse sets as they provide
sufficient sparsity to bound Ramsey numbers.

Recall that we have the following upper bounds on Ry (m), the least number R
such that for every coloring f : [R]?> — k, there is an f-homogeneous set of size m.
By Erdés and Szekeres [42], Ro(m) < (7)) < 4™, and this bound generalizes to

m—1
Ri(m) < k¥™ (see Graham, Rothschild and Spencer [53, Section 1.1]).
Lemma 13.2.6. If X is w? - 3-sparse and min X > 7, then it is (x — xf=(2+2).
sparse.

Proof. Any w?-sparse set is (z > 22%)-sparse, so any w? - 3-sparse set is (v —

x z+a2® . . 2%
Qe e +w2 )-sparse, and in particular (x ~— 2*2" )-sparse. Whenever x > 7,

x2% 22 (2z z(2z z(2x
then 2(2z + 2) < 27, so 2727 > g2 @2 5 22" Thus X is (x — 2 ¢ +2))—
sparse.
Since R, (2z + 2) < x%(2*+2) (see Graham, Rothschild and Spencer [53, Section

z(2x+2)
1'1])7 pBRe(2242) £ fa®

, 50 X is (@ > xf=(2*+2)) gparse. O
Thanks to the deconstruction proposition Proposition 13.2.2, one can relate

largeness to sparsity.

Proposition 13.2.7. For every primitive recursive and increasing function g : N — N,
there exists some bound n € N such that, for every m € N, every w"™™-large set X
with min X > 2 contains an w™-large and g-sparse subset.

Proof. By Theorem 13.2.5, there exists some n’ € N such that every w™ -sparse set
is g-sparse. Let n = n’ + 1 and let X C¢in N be w"t™-large. As min X > 2, X
is also w™ *™ . 2-large and therefore w™ t™ + " -large, hence, by Proposition 13.2.2
there are some d € N and some w”'—large subsets Xg < -+ < Xy of X such that
Y = {max X, : i < d} is w™-large.

We claim that Y is w" -sparse and therefore g-sparse. Indeed, let x < y € Y,
there exists some ¢ < d such that y = max X;, hence X; € (x,y] and (z,y] is thus
w"'—large. O

The following lemma specifies this bound in the case of w? - 3-sparsity.

Lemma 13.2.8. For every £ > 1 and m > 0, for every w™ 3-large set X such that
30 +2 < min X, there is some w? - 3-sparse w™ - £ + 1-large subset of X.

Proof. Since 3¢ + 2 < min X, then X\{min X} is w™*2 - (3¢ + 2)-large, hence ¢"*2 -
(3¢ +1) + w™2-large. Then there are two subsets A < B € X such that A4 is o™ *2-
large and B is w™*2- (3¢ + 1)-large. Since 3/ + 2 < min 4, then 3(¢£+ 1) < max B, so
by Corollary 13.2.3 applied to B, there is a sequence Xg < --- < Xg_1 of w? - 3-large
subsets of B such that Z = {max X, : ¢ < d} is w™ - ¢-large. The set {min X} U Z is
w™ - £ + 1-large, and w? - 3-sparse. O
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Although sparsity can be translated into some largeness assumption, it is
convenient to separate the largeness and sparsity hypothesis in the ordinal
computation of largeness, as sparsity has a better behavior with respect to
composition of RT-like statements and yields better bounds.

13.2.3 Largeness for combinatorial theorems

Bounds for Ramsey’s theorem for pairs were extensively studied. Ketonen and
Solovay [72] proved that every w***-large set is RTi—w—large when k > 2. Patey and
Yokoyama [115] proved that for every k € N, there is some n € N such that every w"-
large set is RT%—@”—large. Kolodziejczyk and Yokoyama [79] computed some explicit
bounds, and proved that every w'**("*1D large set is RT%-(w”-large. Our goal is to
give a tight bound to RTi—w”—largeness, up to an additive constant.

To do so, we will again use the decomposition of Bovykin and Weiermann [11] of
Ramsey’s theorem for pairs and two colors into EM + ADS. More precisely, the bounds
obtained for EM-w"-largeness actually apply to a stronger statement called fEMy,
formally introduced by Towsner and Yokoyama [139], but already used in Patey [111,
Theorem 8.2.1]:

Definition 13.2.9. Given a coloring f : [N]? — k, a set H < N is f-fallow if for
every z <y < zeH, f(z,2) € {f(z,y), f(y,2)}-

Clearly, any f-fallow set is f-transitive, but the converse is not true. Both EM and
ADS therefore admit two generalized statements, based on transitivity and fallowness.
We shall only consider the stronger version of each statement, that is, the fallow
version of the Erdés-Moser theorem and transitive Ramsey theorem for pairs.

Statement 13.2.10 (Fallow Erddés-Moser theorem). Given k& € N, fEMj is the
statement “For every coloring f : [N]? — k, there is an infinite f-fallow set”. And fEM
is the statement YAfEM,.

Statement 13.2.11 (Transitive Ramsey theorem for pairs). Given k € N, trRT3
is the statement “For every transitive coloring f : [N]?> — k, there is an infinite
f-homogeneous set”.

The statements fEMj and trRTi admit largeness counterparts, as does Ramsey’s
theorem. In the remainder of this chapter, we shall compute bounds for fEM-w™-
largeness and trRTi—ao"—largeness, and deduce bounds for RTi—w"—largeneSS.

13.2.4 Pigeonhole principle

We already studied a-large versions of the pigeonhole principle for a < g
in Section 13.1. The following proposition is an immediate consequence of
Theorem 13.1.23, restricted to the setting of w”-largeness. It is however useful to
state it under this form as it will be used all over the remainder of the chapter. This
strengthens Kolodziejezyk and Yokoyama [79, Lemma 2.2] by improving the bounds
and removing the sparsity assumptions.

Proposition 12.2.7. Fixn >0 and a,k > 1.
(1) If X is " - ak-large, then it is RTj-w" - a-large.
(2) If X is "t !-large, then it is RT'-w"-large.

Proof. (1) By induction on k. The case k = 1 is trivial. Suppose it holds for k. Let
X be w" - a(k + 1)-large, and let f: X — k+ 1. Let Yy = {z € X : f(z) < k} and
Y1 ={z e X : f(z) = k}. By Theorem 13.1.23, either Y is w™ - ak-large, in which
case by induction hypothesis, there is an f-homogeneous set which is w™ - a-large, or
Y7 is w™ - a-large, and is f-homogeneous for color k by definition.
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(2) Let f : X — min X. Since X is w"*!-large, X\{min X} is w™ - min X-large. By
(1), X\{min X} is RTL;, x-w"-large, so there is an w"-large f-homogeneous subset.
O

13.2.5 Grouping principle

The inductive proofs of Kolodziejczyk and Yokoyama for largeness for EM heavily
depended on the notion of grouping. We shall only use the following lemma, which,
in the terminology of grouping, means that every w” - Ro(2d)-large (z — 2:2%)-sparse
set admits an (w" + 1, d)-grouping. This decomposed their w"*3 bound [79, Lemma
2.6] into a largeness and a sparsity assumption.

Lemma 13.2.12. Let k > 0 and let X S N be 0™ - Ri(2d)-large and (x — zk®)-
sparse, for some d € N such that k™) < min X and let f : [X]? — k be a coloring.
Then, there exists a sequence Yy < --- < Yy_1 of w™ + 1-large subsets of X and some
color ¢ < k such that f(z,y) = c for everyx € Y5 and y € Y; for s <t < d.

Proof. If n = 0, the result holds by definition of R and w’-largeness. Indeed, let
f : [X]?> — k be a coloring. Since card X > Ry(2d), by finite Ramsey theorem
for pairs, there is an f-homogeneous set {yo < y1 < -+ < yag—1} € X. Since any
singleton element is w-large, the set Y; = {2, y2i41} is w® + 1-large. Assume from
now on that n > 0.

Let Xo < -+ < Xg,(2a)—1 be a decomposition of X into w"-large sets. Consider
the sequence (fi)i<p,(24) of colorings and the sequence Zy < -+ < Zp, (24)—1 of sets
defined inductively as follows:

Assume that Zj1,...,Zpg, (20)—1 have been defined for some i < Ry(2d), and

consider the coloring f; : X; — k=172, card Xy qefined by

fi(z) = (f(yvx))yeuj<ixj U (f(xay))ye{mian:i<j<Rk(2d)}

As min Xy > Ry(2d) and as the X; are disjoint, we get that for ¢ > 0, Rg(2d) +
Zj<icarde < max X; ;. By (x — xk®)-sparsity of X, k™ Xi-1 . max X; | <
min X;, so kTrCD+E;<icard Xi L pax X, 1 < min X;. By Proposition 12.2.7(1), there
exists some "' - (max X;_1)-large and f;-homogeneous subset Z; € X;. For ¢ = 0,
since k(4 < min Xy, by Proposition 12.2.7(1), there exists some "~ !-large and
fo-homogeneous subset Z; < X.

The (Z;)i<Rr,(24) are defined such that, for every i < j < Ry(2d) and = € Z;,
y € Z;, we have f(z,y) = f(minZ;, min Z;). By definition of Rj(2d), there exists
some subset {ig < -+ <i24-1} € {0,..., Rx(2d) — 1} and some color ¢ < k such that,
for every j < <2d,x€ Z;; and y € Z;,, f(z,y) = c.

Finally, let Yj = {29;, 23} U Zi,,, for every j < d, where 29; and z3; are the two
last elements of Z;, . Every Y; is w" + 1-large. O

13.2.6 Erdds-Moser theorem

The goal of this section is to prove that every w"*3-large set X with min X > 5 is
fEM-w"-large (and thus EM-w™-large). The previous known bound of Kolodziejczyk
and Yokoyama [79] was w36+ largeness.

Proposition 13.2.13. Letn > 0 and k,d > 2, let X C¢in N be (z — 27 (22))_sparse,
(1) If X is w™ + 1-large with 2 < min X, then it is fEM-w"-large.
(2) If X is w" - Ry,(2d)-large with k™) < min X, then it is fFEMy-w" - d-large.

(3) If X is w™ - 2k-large, then it is fEMy-w™ + 1-large.
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Proof. We prove (1) and (2) by mutual induction on n. (1) holds trivially for n = 0,
as any w’-large set is non-empty, and any singleton is fEM-w-large.

Suppose (1) holds for n. Let us show that (2) holds for n. Let k,d € N, let
X Ctin Nbe (2 — 2(22))sparse, (w" - Rg(2d))-large and such that k%) < min X
and fix some coloring f : [X]> — k. As k(9 < min X, we have k& < min X,
hence X is (x — xk®)-sparse, and by Lemma 13.2.12, there exists some sequence
Zy < -+ < Zg_1 of w™ + 1-large subsets of X and some color ¢ < k such that
f(z,y) = cfor every z € Z; and y € Z; for s <t < d. By (1) for n, for each i < d,
there is an f-fallow w™-large subset W; < Z;. Then, the set W = | J,_, W, is 0" - d-
large and f-fallow.

Indeed, pick by contradiction some xz < y < z € W such that f(x,z) ¢
{f(z,y), f(y,2)}. We cannot have Z; n {z,y,z} = {z} or Z; n {z,y,2} = {z} for
some ¢ < d as it would imply f(z,y) = f(z,2) = cor f(z,2) = f(y,z) = ¢ by our
application of Lemma 13.2.12. Similarly, we cannot have Z; n {z,y, 2z} = {y} for some
i < d as it implies the existence of some j < d such that Z; n {z,y, 2z} = {z}, since
x <y < z. And finally, we cannot have Z; n {z,y, 2z} = {x,y, 2z} for some i < d by
our application of the inductive hypothesis.

i<d

Suppose (2) holds for n. Let us show (1) holds for n + 1. Let X Z¢;, N be

(z — 2f(2))_gsparse and (w"*! + 1)-large and let zp = min X. Fix some coloring

[ [X]? — =0, then, X\{zo} is w" - 1oRy, (2z0)-large as xRy, (2z0) < xfm(MO)

when zy = 2 and xfm 2wo) < min X\{zo}. By Proposition 12.2.7(1), there exists
some w" - Ry, (2x¢)-large subset Y < X\{xo} such that f(zo,y) = f(wo, 2) for every
y,z €Y. By (2) for n, there is some f-fallow w™ - xg-large subset Z < Y. Then, the
set W = {z0} U Z is f-fallow and w"*!-large.

Indeed, pick by contradiction some z < y < z € W such that f(x,z) ¢
{f(z,y), f(y,2)}. We cannot have x = xg as f(zo,y) = f(xo,2) for every y,z € Y.
And we cannot have x € Z, otherwise {z,y, 2} S Z, contradicting the fact that Z is
f-fallow.

(3) For n = 0, if X is w° - 2k-large, then card X > 2k. In particular, any two-
element subset of X is fEM-w" + 1-large. Suppose n > 0. Fix a coloring f : [N]? — k.
Let 29 = min X and g : X — k be defined by g(z¢) = 0 and g(y) = f(zo,y) for y # xo.
By Proposition 12.2.7(1), there is an o™ - 2-large g-homogeneous subset Y € X. Let
Yy < Y7 be its decomposition into w”-large sets. Let z; = maxYy. Since n > 0,
cardYy = 2, so ¢1 > xg and {z1} U Y] is w" + 1-large. By (1), there is a w"-large
f-fallow subset Z < {1} U Y7. Since Z is g-homogeneous, then {z} U Z is f-fallow,
and w" + 1-large. O

Corollary 13.2.14. Let n > 0. If X C¢i; N is w™t3-large and min X > 7, then it is
fEM-w"-large.

Proof. Since min X > 5, then by Lemma 13.2.8, there is an w? - 3-sparse w" + 1-large
subset Y € X. By Lemma 13.2.6, since min X > 7, Y is (z — xf%=(22+2))_sparse, so
by Proposition 13.2.13, Y is fEM-w"-large. O

13.2.7 Transitive colorings

The strategy to compute bounds for transitive Ramsey theorem for pairs and
k-colors is different from the one for fallow Erdés-Moser theorem. Patey and
Yokoyama [115, Lemma 4.4] proved that every w?"*6-large set is ADS-w"-large, using
a slightly modified notion of largeness. The proof consisted in defining a coloring
f :[N]? - 2n+2 and applying Ketonen and Solovay’s bound [72]. Kotodziejczyk and
Yokoyama [79, Theorem 2.11] gave a more direct but less optimal proof by getting
rid of the intermediate notion of largeness, and showed that any w*"*4-large set X
with min X > 3 is trRT3-w"-large.
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In this section, we give a direct and optimal proof, by generalizing the bound of
Ketonen and Solovay to w-g-largeness. Given an increasing function g : N — N, a set
X is w-g-large if card X > g(min X). Whenever g is the identity function, this yields
the standard notion of w-largeness. The following proposition is a generalization
of Ketonen and Solovay [72, Lemma 6.3] and of Kolodziejczyk and Yokoyama [79,
Theorem 1.5]:

Proposition 13.2.15. Fir a primitive recursive function g : N — N. If X is (w*+1)-
large and g-sparse for k = 1 and (z — k29 _sparse for k > 2, then it is RT3 -0-
g-large.

Proof. By induction on k. Suppose k = 1. Let f : [X]? — 1 be the trivial constant
coloring. Then X is f-homogeneous. Since X is w* + 1-large, then, letting X = {x¢ <
1} uY, then cardY > z; and by g-sparsity of X, x1 > g(z9), so card X > g(min X).

Assume the property to be true for some & > 0. Let X be (w**! + 1)-large
and (z — (k 4 1)f+1(29())_sparse and consider a coloring f : [X]?> — k + 1. Let
xo = min X, by sparsity, min(X\{zo}) = (k + 1)#+1(29(=0) and X\{zo} is an (w -
(k+1) x Ri11(29(x0)))-large set.

Consider the coloring h : X\{zg} — k + 1 defined by h(y) = f(zo,y). By
Proposition 12.2.7(1), there exists some (0" - R 1(2g(z0)))-large and h-homogeneous
subset Y of X\{xo}, and let ¢y < k be the corresponding color.

By Lemma 13.2.12, as minY > (k 4 1)F#+1(29(z0)) " there exists a sequence Yy <
o+ < Yy(z)—1 of 0¥ + 1-large subsets of ¥ and some color ¢; such that f(z,y) = ¢1
for every x € Yy and y € Y; for s <t < g(xp).

If ¢ = c1, then the set {zo} U{minYy < --- <minYy(,,)_1} is f-homogeneous and
w-g-large and we are done. So assume ¢y # ¢; and consider the coloring f’ : [X]? — k
to be the same coloring as f, except that the colors ¢y and ¢y are fused into one. By
the inductive hypothesis, there exists some w-g-large f’-homogeneous subset Z; < Y7.

If Z; is f homogeneous, then we are done. Otherwise, f([Z1]?) = {co,c1}, and,
since min Z; > Rs(g(minYp)) by sparsity of X, there exists some f-homogeneous
subset W < Z; of size = g(minYp). If f([W]?) = {co}, then {xo} U W is f-
homogeneous, and if f([W]?) = {ci}, then {minYy} U W is f-homogeneous, and
both of these sets are w-g-large. O

By generalizing the proof of Patey and Yokoyama [115, Lemma 4.4] to trRTi and
replacing the bound of Ketonen and Solovay by Proposition 13.2.15, we obtain the
following proposition:

Proposition 13.2.16. Let n € N, k > 1 and let X < N be (w*™ + 1)-large and
(z — (kn)fen(2+2)) _sparse, then it is trRT2-w"-large.

Proof. Consider a transitive coloring f : [X]? — k and let f : [X]? — kn be defined
by f(z,y) = kj + i if f(x,y) = 4 and if j is the smallest index such that there is no
w1 large subset H < [z,y) n X with x € H and such that H U {y} is f-homogeneous
for color 4, or, if no such index exists, take j =n — 1.

By Proposition 13.2.15, take Y < X such that YV is w-(x — z + 1)-large and
f-homogeneous. Write Y = {yo < y1 < --- < 5} for some £ > yo and let f([Y]?) =
kj+i. For every s < ¢, let Hy < [ys,ys+1) be w’-large, f-homogeneous for the color i
and such that ys € H,. Let H = {yo} U Uij H,, then, as £ > 1o, H is o’ *!-large and
H U {ys} is f-homogeneous for the color i. Thus, we have j = n as f(yo,ye) = nj + 1,
hence H is f-homogeneous and w™-large. O

Corollary 13.2.17. Let ne N, k > 1. If X C¢ip N is w™*3-large and min X > 8,
then it is trRT3-00"-large.

Proof. Since min X > 8, then by Lemma 13.2.8, there is an w? - 3-sparse w"* - 2 + 1-
large subset Y € X. By regularity, there are two subsets Yy < Y7 of Y such that Yj
is w™*-large and Y; is w™ + 1-large.
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By Lemma 13.2.6, since Y; is w? - 3-sparse and min X > 7, then it is (z —
:va(zx”))—sparse. Since Yy is w™*-large, then cardYy > nk, so minY; > nk. It
follows that Y7 is (x — (kn)f*(22+2))_sparse, so by Proposition 13.2.16, Y7 is trRT:-
w"-large. O

Corollary 13.2.18. Let ne N. If X C¢;; Nis w?”3-large and min X > 8, then it is
ADS-w"-large.

Proof. Immediate by Corollary 13.2.17. O

Note that this bound is optimal, up to an additive constant, in that the coloring
witnessing the lower bound of RT% by Kotlarski et al. [82, Theorem 5.4] is transitive.

13.2.8 Ramsey’s theorem for pairs

We now have all the necessary ingredients to prove our optimal bounds for RTi—w”-
largeness, using the bounds for the fallow Erdds-Moser theorem and for transitive
Ramsey theorem for pairs. We first state it with largeness and sparsity assumptions,
and then use Section 13.2.2 to compute purely largeness bounds.

Theorem 13.2.19. Let n,k > 1. If X C¢in N is 0" - 2k-large and (z — me(2m+2))_
sparse with kn < min X, then it is RTi—w"—large.

Proof. Let f:[X]?> — k be a coloring. X is w*" - 2k-large and (x — x%(2%))-sparse,
hence, by Proposition 13.2.13(3), there exists some w*™ + 1-large and f-fallow subset
Y € X. In particular, Y is f-transitive.

As kn < min X, Y is (z — (kn)fn(22+2)) gparse, and by Proposition 13.2.16
there exists some w”-large f-homogeneous subset Z € Y. O

Note that if we applied fEM and trRTi under their explicit largeness assumptions
(Corollaries 13.2.14 and 13.2.17) instead of their hybrid sparsity/largeness versions
(Propositions 13.2.13 and 13.2.16), this would have yielded significantly worse bounds.
It is therefore useful to keep a sparsity version of the statements in case of their use
as an intermediate object in the proof of a stronger combinatorial statement. When
translating the sparsity assumptions into largeness ones, we obtain our main theorem.

Main Theorem 13.0.2. Let n,k > 1. If X C¢ip N is w??+4-large and min X > 2,
then it is RT3-00"-large.

Proof. Since min X > 2, then there exist Xg < X; € X\{min X} that are e*"*3-
large. As Xj is wF"*3-large, we have min X; > max X, > 6k + 2, hence there
is an w? - 3-sparse and w™* - (2k) + 1-large subset Y < X; by Lemma 13.2.8. By
Lemma 13.2.6, Y is thus (z — 2% (22%2))_gparse.

We also have min Y > max Xy > kn, hence by Theorem 13.2.19, Y (and therefore
X) is RT2-w"-large. O
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Chapter 14

VHg-conservation of Ramsey’s
theorem for pairs

In this chapter, we pursue the search for the first-order part of RT% by extending
the characterization due to Patey and Yokoyama [115] of the VII3-consequences of
RCA( + RT2 to a characterization of its YII}-consequences, via the following result:

Main Theorem 14.0.1. WKL + RT3 is YII9-conservative over RCAg + BXY.

This constitutes a step toward a characterization of the full first-order part of
RT2, as well as toward resolving whether RT3 is II1-conservative over RCAy + BXY.
By Fiori-Carones et al. [46], it would suffice to go one step further and prove the VII2-
conservation of RT3 over RCAq + BX9, in order to obtain the full II{-conservation.

The original article [88], which established the ¥II-conservation of RT3 + WKL
over RCAy + BX, derived bounds for RT3-w"-largeness(#) (although the bound for
ADS-w"-largeness(f) as initially given was flawed and later corrected in [86]). The
combinatorial arguments in [88] adapt those of Kolodziejczyk and Yokoyama [79] to
the setting of largeness(f) and are quite involved.

Fortunately, we can again exploit the decomposition of RT% into EM + ADS,
together with the fact that ADS is already known to be II}-conservative over
RCA( + BXJ (Chong, Slaman and Yang [22]). This allows us to focus solely on bounds
for EM-w"-largeness(#) (or rather, for fEM-w"-largeness(#)) and, by Theorem 12.3.7,
to obtain the VII9-conservation of WKLy +EM over RCA, +BX9. By an amalgamation
theorem of Patey and Yokoyama (Theorem 14.0.9), we can then combine those two
conservation results, yielding a proof of Main Theorem 14.0.1.

By restricting ourselves to EM, we can adapt the combinatorics used in
Section 13.2 to largeness() instead of those of Kolodziejczyk and Yokoyama [79],
leading to a shorter proof.

The following lemma is the analogue of Proposition 12.2.7 for largeness(6). The
bound obtained here, 2n, is worse than the bound n+ 1 given in Proposition 12.2.7. It
was proved in [88, Section 7] that this bound is tight, in the sense that for every n € N,
there is a set F' and a formula 7 depending on F such that F is w?"!-large(dr) but
not RT%—w”—large(Gp). This difference in the bounds propagates throughout the rest
of the proof, yielding an exponential bound for EM-w"-largeness(f) in contrast to the
linear bound of Corollary 13.2.14.

This exponential bound prevents us from directly adapting the framework of
Kolodziejezyk et al. [78] to show that every proof of a VII-statement in WKLq + RT%
can be transformed into a proof of the same statement in RCAg + BX9 with only a
polynomial increase in size. Nevertheless, polynomial bounds for RTg—w”—largeness(G)
can in fact be obtained, yielding such a result, as shown in [91]. The derivation
of these bounds relies on more involved combinatorics than those presented here,

173
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including a tree partition theorem based on Milliken’s tree theorem. Given the
elaboration of the argument and the complexity of the framework of Kolodziejczyk
et al. [78], we shall not present those results.

In this chapter, for every proposition, the formula 6 is taken to be universally
quantified over all ¥)-formulas within the considered theory.

Lemma 14.0.2. 129 proves that for all b e N, every w?’-large(d) and (z — 4%)-sparse
set X is RT-w’-large(6).

Proof. By induction over b.

Case b = 0. For every w’-large(d) set X and every f : X — min X, every 1-element
subset of X is f-homogeneous and w’-large().

Case b > 0. Fix an w?-large(d) (v — 4%)-sparse set X and f : X — min X.
Since X is w?-large(#), there are min X pairwise f-apart w?*~!-large() subsets Xy <

+ < Xmin x—1 of X\{min X}. Suppose X is not f-homogeneous, otherwise we are

done. Let t < min X be maximal such that f[J,_, Xi] 2 f[X¢]. Note that t > 1
exists since otherwise,

2 < card f[Xo] < card f[Xou X1] < -+ <card f[Xo U -+ U Xinin x-1]

and therefore card f[X] = min X + 1, contradicting the assumption that f : X —
min X.

Since X; is w2~ !-large(f), there are min X; pairwise f-apart 1?°~2-large(6) subsets
Yo < -+ < Yiin x,—1 of X;\{min X;}.

By induction hypothesis, for every j < min X;, there is a w”~!-large(f) subset Z; <
Y; which is f-homogeneous for some color ¢; < min X. Since X is (x — 4%)-sparse,
gmaxXe—1 < min X; so (max X;_1)? < min X;, thus min X x max X;_; < min X;.
Thus, by the finite pigeonhole principle, there is a subset J < {0,..., min X; — 1} of
size at least max X;_; and some color ¢ < min X such that for every j € J, ¢c; = c. By
choice of ¢, f[lJ,-, Xi] 2 f[X¢], so there is some x € | J,_, X; with f(z) = ¢. Thus,
the set {z} U J;c; Z; is an wb-large(f) f-homogeneous subset of X. O

As explained in Section 13.2.1, there are two natural ways to define when a
sequence Xy < --- < X4—1 of blocks is L-large, where £ is a largeness notion. One
may either require that the set {max X; : i < d} is L-large, or instead require that
every sequence in Xg x -+ - x X4_1 is L-large. For a-largeness(f), these two definitions
no longer coincide. The following lemma provides an analogue of Proposition 13.2.2
for largeness(6) when the second definition is used. As with Lemma 14.0.2, the 2b
in the bound is tight because of the apartness requirement. This allows us to prove
Proposition 14.0.4, a counterpart of Proposition 13.2.7 for largeness(6) which will be
used to obtain sufficiently sparse w™-large(f) sets.

Lemma 14.0.3. 130 proves that for every a,b and for every w**?**1-large(6) set X,
there are some c € N and some w*-large(0) pairwise 0-apart subsets Xog < -+ < X._1
of X such that every H € [,_, X; is w’-large(9) (here, we abuse the product notation
and see H as a subset of N intersecting every X; exactly once rather than a tuple in
the product Xo x -+ x Xo—1).

Proof. By Il%-induction over b, we prove the following statement that directly implies
the lemma (since min X > 2): for all a, for all f-apart pairs Yy < Y; of w®*?*-large(6)
sets, there exists some ¢ < maxY; and some w®-large(d) subsets X7 < --- < X._; of
Y7 such that, letting Xo = Y, every H € [[,_, X; is w’-large(#) and Xo, ..., X._1 are
pairwise f-apart. This is indeed a II9-formula, as being f-apart, or being w?-large(f)
are Y)-statements.

Case b = 0. The result is clear, as every non-empty set is w'-large(6).

Case b > 0. Let Yy < Y] be w?*2?b-large(f) and f-apart, let Zy < -+ < Zminy, -1
be w1 large(f) pairwise §-apart subsets of Y;. For every i < minYy, let Z9, Z}
be w?*2*~2]large(f) and f-apart subsets of Z;.
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We can then apply the inductive hypothesis to the pairs
(Z87 Z(%)7 (ng le) A (Zr%axY(]fl? ZrlnaxYofl)

to get for every j < maxYp, families of pairwise f-apart w®-large(6) subsets Z;-) =
Xjo0 <+ <X, of Z) U Z] such that every H € [Tice, Xji is w’~L-large(d).

Consider the famlly Yo < X0,0 < X071 < e < X07CO < Xl,O < X1,1 < - <
Xinax Yo—1,emax vy 1+ Lvery block of this family is w-large(6). Since Xo < Y1, then
Yy and X are f-apart. Moreover, for all j < maxYy — 1, since X .. S Z; and
Xjt10= Z]QH, Xje;, and X1 0 are f-apart.

Let He Yy x Xgo x -+ x Xgg X X1,0% -+ X% Xmaerl,cmaxyofl- Every element
of [T, Xji is wb~1-large(f), therefore H is w-large(6).

This completes the proof. O

Lemma 12.3.4. IX{ proves that, for every a € N, if X C¢;, Nis w?@T4-large(6), then
it is RT -wlarge(d).

Proof. By Lemma 14.0.3, there exists ¢ € N and pairwise f-apart subsets Xo < -+ <
X._1 of X, each w3-large, such that the set YV := {max X; : i < c} is w?*-large(6).
The set YV is w3-sparse and, in particular, (z + 4%)-sparse. By Lemma 14.0.2, it
follows that Y is RT'-w®-large(), and hence X is also RT'-w?large(6). O

Proposition 14.0.4. For every primitive recursive and increasing function g : N — N,
there exists some bound n € w such that 1% proves that, for every be N, every wn*2b-
large(6) set F contains an w’-large(6) and g-sparse subset.

Proof. By Theorem 13.2.5, there exists some n’ € N such that every w”/—sparse set
is g-sparse. Let n = n/ + 1 and let X S, N be " +2%-large(). By Lemma 14.0.3,
there exists some ¢ € N and some m"/-large(H) subsets Xg < --- < X._1 such that
Y = {max X; : i < ¢} is w’-large(d).

We claim that Y is w" -sparse and therefore g-sparse. Indeed, let + < y € Y,
there exists some @ < ¢ such that y = max X;, hence X; € (z,y] and (z,y] is thus
w"'—large. O

The following proof follows Lemma 13.2.12 but with the bound obtained in
Lemma 14.0.2 instead of the one of Proposition 12.2.7.

Lemma 14.0.5. 139 proves that, for ¢ > 1, a,d € N, and X Crin N an w2 - Ry(d)-
large(9) and (x — xl*)-sparse set such that £7¢() < min X, and for every coloring
f:[X]? — ¢, there exists a sequence Yy < --- < Yyq_1 of pairwise 0-apart w*-large(0)
subsets of X and some color ¢ < £ such that f(x,y) = ¢ for every x € Y5 and y € Y;
for s <t <d.

Proof. For a = 0: let {xo} < -+ < {zg, (-1} S X be w’-large(#) and pairwise 0-
apart. By definition of R there is an f-homogeneous subset {yo < y1 < -+ < yg_1} S
{zo,.. ., TR, @)-1} and pick Y; = {y;} for every i < d. The Y; are w’-large() and
f-apart (as the {z;} are f-apart).

Assume from now on that a > 0. Let Xo <.+ < Xp,(g)—1 be a decomposition of
X into f-apart w**-large(f) sets. Consider the sequence (fi);<p,(a) of colorings and
the sequence Zy < -+ < Zg,(4)—1 of sets defined inductively as follows:

Assume that Z;,1,...,Zp,)—1 have been defined for some i < Ry(d), and

consider the coloring f; : X; — (@ =1=i+2, o card Xj qofined by
fi(z) = (f(%x))yerQXj U (f(xay))ye{min Z;i<j<Re(d)}

As min Xy > Ry(d) and as the X; are disjoint, we get that for ¢ > 0, Re(d) +
Zj<icarde < max X;_ 1. By (z +— zf%)-sparsity of X, f™™*Xi—1 . max X; | <

min X;, so pReld) ;i cicard X oy X, 1 < min X;. By Lemma 14.0.2, there exists
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some w®-large(f) and f;-homogeneous subset Z; € X;. For i = 0, since PRed) <
min Xj, by Lemma 14.0.2, there exists some w?-large() and fo-homogeneous subset
Zy < Xp.

The (Z;)i<p,(4) are defined such that, for every i < j < Ry(d) and x € Z;, y € Z;,
we have f(z,y) = f(min Z;, min Z;). By definition of R,(d), there exists some subset
{iop < -+ < ig—1} € {0,...,Re(d) — 1} and some color ¢ < £ such that, for every
j<k<d,veZ;andye Z,, f(r,y) =c

Finally, let Y; = Z;, for every j < d. Every Y; is w®-large(f), and, as the X; are
pairwise #-apart, they are also pairwise -apart. O

And finally, we can adapt Proposition 13.2.13 to largeness(#), which gives us an
exponential bound.

Proposition 14.0.6. X9 proves that, for a € N, and X Cein N an o ~'-large(d)
and (x — 8% @))_sparse set, X is fFEM-w?-large(f).

Proof. We proceed by induction on a.

The result holds trivially for a = 0, as any w’-large(d) set is non-empty, and any
singleton is fEM-wC-large(6).

Suppose the property holds for some a. Let f : [X]? — min X be an instance
of fEM on X. Let Xy < X be m4a+1_2—large(0) subsets of X and let zg = min Xj.
Consider the coloring g : X1 — min X defined by ¢(y) = f(zo,y), by Lemma 14.0.2,
there exists some w*"?~!-large(d) subset Y < X, such that f(zo,y) = f(xo,y’) for
every 1,y €Y.

As zf=(*) > R (x) for every x > 1, then, by (z — 2% (®))-sparsity of X,
Y\{minY} is w? 272 . R, (x¢)-large(d) and x?m"(m) < minY\{minY}. Then, as
xf= (@) > g2+ for every > 1, Y\{min Y} is (x — za®)-sparse, so, by Lemma 14.0.5,
there exists a color ¢ < zy and a sequence Yy < --- < Y, _1 of pairwise f-apart
w** ~1-large(6) subsets of Y\ {min Y’} such that f(z,y) = c for every z € Y, and y € Y,
for s <t < xg.

We can then apply the inductive hypothesis on each of the Y; and obtain a sequence
Zy < -+ < Zyy—1 of f-fallow and pairwise §-apart w?-large(#) subsets of Y \{minY'}.

Thus, the set Z := {zo} U U;y, Zi is an w**'-large(f) subset of X. We claim
that Z is f-fallow. Suppose otherwise and let < y < z € Z be such that f(z,z) ¢
{f(z,y), f(y,2)}, then & cannot be equal to zq as f(xg,y) = f(xo, z) by definition of
Y, hence there exists some 7 < j < k < xg such that z € Z;, y € Z; and z € Z;. If
j < k, then, by our use of Lemma 14.0.5, f(z, z) = f(y,2) = ¢ which contradicts our
assumption, similarly, if ¢ < j, then f(z,y) = f(z,2) = ¢, again contradicting our
assumption. Hence, we necessarily have ¢ = j = k, which is impossible since Z; is
f-fallow by our use of the inductive hypothesis. Hence, Z is indeed f-fallow. O

Corollary 14.0.7. There exists some n € N such that IX{ proves that, for a € N,
every w2t large(f) set is fEM-w®-large().

Proof. The function (z — ach(””)) being primitive recursive, by Proposition 14.0.4
there exists some n € N such that, for every a € N, every w4a'2+”—large(9) set contains
an w* ~!large(d) and (z — x=(*))-sparse subset, and, by Proposition 14.0.6, is
therefore fEM-w®-large(6). O

Proposition 14.0.8. WKLg + fEM is VII}-conservative over RCAg + BXY.
Proof. By Theorem 12.3.7, using the bounds obtained in Corollary 14.0.7. O

To obtain the VII-conservation of RT2 over RCAg + BXY, we will use the following
theorem of Patey and Yokoyama [115]. It is a generalization of an amalgamation
theorem for ITi-conservation by Yokoyama [142], that was used in Chapter 10
(Theorem 10.4.1).
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Theorem 14.0.9 (Amalgamation (Patey and Yokoyama [115, Theorem 3.6])). Fiz
n > 1. Let T be a theory extending 13§ which consists of sentences of the form
VX3IYO(X,Y) where 0 is 119, ,, and let 'y and Ty be sentences of the same form.
If T + Ty is VIO ,-conservative over T for i = 1,2, then T + Ty + 'y is VIIY -
conservative over T .

Main Theorem 14.0.1. WKL, + RT3 is VII}-conservative over RCAy + BXY.

Proof. By a result of Chong, Slaman, and Yang [22], ADS is IIi-conservative over
RCA( + BXY (and therefore VII$-conservative). By Theorem 14.0.8, so is EM + WKL.
Hence, by Theorem 14.0.9, WKLy + RT3 is VII9-conservative over RCAg + BXY. [

As discussed at the beginning of the chapter, it is possible to obtain polynomial
bounds for RT3-w"-largeness(6), as shown in [91], using more involved combinatorics.
Then, using the framework of Kolodziejczyk et al. [78], we obtain the following result,
which shows that the above conservation can be witnessed by a polynomial-time
procedure.

Theorem 14.0.10 ([91, Main Theorem 1.1]). We can effectively transform every proof
of a VII}-statement in WKLq + RT% into a proof of that same statement in RCAg + BX9
with only up to a polynomial increase in size.
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Chapter 15

VHg-conservation of the
ordered variable word
theorem

15.1 Introduction

In this chapter, we will use the formalism introduced in Section 12.3 and in Chapter 14
to prove the VII)-conservation over RCAg + BX9 of another statement from Ramsey
theory: the ordered variable word theorem (OVW). OVW is a so-called tree partition
theorem, i.e., a statement of the form

“For every finite coloring of the finite subtrees of an infinite tree-like
structure, there exists an isomorphic sub-structure whose finite subtrees
are monochromatic.”

Perhaps the simplest tree partition theorem is the tree theorem for singletons
(TTl), which says that for every finite coloring of 2<N, there is a monochromatic
subset T' < 2<N such that (T, <) is isomorphic to (2<V, <).

Tree partition theorems do not fit exactly into the formalism of Ramsey-like
statements as defined in Definition 12.2.5. Nonetheless, applying the same approach
by considering finitistic versions of the theorems defined in terms of a-largeness and
a-largeness(f) also produces conservation results.

Tree partition theorems play an important role in structural Ramsey theory. Many
proofs of existence of big Ramsey numbers are reduced to higher-order versions of
these theorems. For example, the existence of big Ramsey numbers for partitions
of the rationals [33] or of the Rado graph [122] are both reduced to Milliken’s tree
theorem [101].

Both the tree theorem (TT) and Milliken’s tree theorem (MTT) have been
extensively studied from a reverse mathematical viewpoint (see [21, 24, 25, 30, 40, 112]
for TT and [1] for MTT). The restrictions of TT and MTT to colorings of singletons
are computably true, that is, every instance admits a solution computable in the
instance. Thus, as with our study of the bounded Ramsey theorem for pairs BRT% in
Chapter 11, their strength can be measured only in terms of the amount of induction
necessary to prove them.

In this chapter, we study the first-order part of a stronger tree partition theorem,
due to Carlson and Simpson [13], called the ordered variable word theorem!. Fix a
finite alphabet A and a distinguished variable symbol x. A word over A is a finite

IThis statement is also called Carlson-Simpson theorem in combinatorics [35], but should be
distinguished from the variable word theorem [100], also known as Carlson-Simpson lemma in reverse
mathematics, which is a similar statement, but where each variable type is allowed to appear infinitely
often.

179
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sequence w = qag . ..ag—1 where a; € A. Again, we write w(i) for a; and let |w| = k.
A left variable word over A is a word w over A u {*} such that w(0) = . Given
a left variable word w and a letter a € A, we let w[a] be the word of length |w)]
obtained from w by substituting every occurrence of * by a. Beware, the notations
w(i) and w[a] should not be confused: the former yields a letter, while the latter is a
substitution.

Statement 15.1.1 (Ordered variable word theorem). OVW is the statement that:
For every finite alphabet A and every finite coloring f : A<N — ¢, there is a word ¢y
over A and an infinite sequence of left variable words w1, ws, ... such that the following
set is monochromatic:

{cowi[ar]walaz] - - - wi[ag] : k€ Nyaq,...,a, € A}

The ordered variable word theorem can be seen as a problem whose instances
are pairs (A, f), where A is a finite alphabet and f is a finite coloring of A<N. A
solution to (A, f) is the giving of the sequence cp, w1, ws, ... as above. The set T :=
{cowr[ar]walas] - - -wi[ak] : k € Nyaq,...,ax € A} forms an f-homogeneous subtree
of the original tree A<N satisfying very strong structural properties. For example,
for every k € N, there exists a single n € N such that {cow;[a)|wa[as] - wk[ag] :
ai,...,ar € A} € A" (ie, T is a strong subtree of A<N). Moreover, the paths
between any two levels of T are all generated by instantiating the same left variable
word.

The ordered variable word theorem was used as a pigeonhole principle by Carlson
and Simpson to prove a dual version of Ramsey’s theorem [13]. It was later used by
Hubicka [65] to give a simple proof of the existence of big Ramsey degrees for the
universal triangle-free graph. See the monograph of Dodos and Kanellopoulos [34]
for an extensive combinatorial analysis of variable word theorems. Friedman and
Simpson [47] asked about its reverse mathematical strength.

Contrary to the tree theorem for singletons and Milliken’s tree theorem for
singletons, which are computably true, Miller and Solomon [100] proved that OVW
admits a computable instance with no Ay solutions. Therefore, OVW cannot be
proved in WKLy, as there exists a model of WKL containing only low (and hence As)
sets by the low basis theorem (Theorem 4.2.7). Later, Liu, Monin, and Patey [97]
constructed a computable instance of OVW whose solutions compute a @’-DNC
function, that is, a total function f : N — N such that Vef(e) # ®2" (). On the other
hand, Angleés d’Auriac et al. [2] proved that every computable instance of OVW admits
a solution computable from any set PA over @'. The exact computable strength of
OVW therefore lies between 3'-DNC degrees and PA degrees over §'. Note that
the existence of the former is strictly weaker than ACAg, while the latter implies
it. Whether OVW implies ACAy over RCAy was left open. We answer the question
negatively:

Theorem 15.1.2. WKLy + OVW does not imply ACAy.

Usually, separations from ACAy are done using the so-called cone avoidance
property, like in Chapter 8, that is, by proving that for every non-computable
set A, every computable instance of the problem admits a solution which does not
compute A. In this chapter, we take a different approach, and prove the separation
through a partial conservation result.

Theorem 15.1.3. WKLy + OVW s VII}-conservative over RCAg + BXS.

The tree theorem for singletons is strictly in between 139 and BXY over RCA
(see [30, 21]). It is unknown whether TT* is II}-conservative over RCA, + BX9.

Chong, Wang, and Yang [24] obtained a partial conservation result by proving
that TT is VII9-conservative over RCAg. Theorem 15.1.3 strengthens Chong, Wang,
and Yang’s result since TT! follows from OVW.
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We defined largeness notions in terms of sets of integers, but the ordered variable
word theorem is a statement about words and variable words. We bridge the two
notions by defining an ordered X-variable word over a finite set X < N.

Definition 15.1.4 (Ordered Y-variable word). For Y = {yo,...,yn—1} a finite set, an
ordered Y -variable word over A is a finite word w over the alphabet A L {z; : j < n}
where for every j < n, the first occurrence of x; is at position y; and for every j < n—1
its last occurrence is before position ;1.

Definition 15.1.5 (Substitution). For w a Y-variable word over an alphabet A and
u € ASCdY | the substitution w[u] is defined as the word w where every occurrence
of z; for i < |u| is replaced by u(i) and cut just before the first occurrence of x|,

Example 15.1.6. On the alphabet A = {a, b}, w = abroazobz1bb is a {2, 6}-variable
word, axgbrizoab is not a variable word, since there is an occurrence of zy after an
occurrence of 1 and aax1b is not a variable word either since there is no occurrence
of zg. wle] = ab (where ¢ is the empty word), w[a] = abaaab and w[ba] = abbabbabb.

15.2 Hales-Jewett and Graham-Rothschild
theorems

The ordered variable word theorem belongs to a whole family of variable word
statements, whose pigeonhole principle is the Hales-Jewett theorem [58]. In its
simplest form, the Hales-Jewett theorem asserts the existence, for every finite
alphabet A and every finite coloring of A<YN, of a variable word w such that
{wla] : a € A} is monochromatic. Its generalization to multiple dimensions is
known as the Graham-Rothschild theorem [53]. In this section, we define notions
of largeness for these theorems, and obtain explicit quantitative bounds for them.
This analysis will be reused in the next section to obtain quantitative bounds for the
ordered variable word theorem.

Definition 15.2.1. For Y a set, a combinatorial Y -space over an alphabet A is a set
of the form S = {w[u] : u € A®4Y} for some ordered Y-variable word w over A.
We call w its generating variable word. The dimension of a combinatorial Y-space is
card Y, and a combinatorial Y -line is a combinatorial Y-space of dimension 1.

Definition 15.2.2. For S a combinatorial X-space, a combinatorial subspace S’ of S
is a combinatorial Y-space included in S for some set Y.

A consequence of the definition is that if S’ is a combinatorial Y-subspace of a
combinatorial X-space S, then Y € X and the generating word w’ of S’ is equal to
wlu] for w the generating word of S and u some [-variable word of length card X,
where X = {zg,...,z,} and Y = {a; : i € I}.

The original proof of the following theorem by Hales and Jewett [58] had an
extremely fast-growing bound. A more recent proof by Shelah [125] uses only X{-
induction, and yields a primitive recursive bound, hence is provable in 1329,

Theorem 15.2.3 (Hales-Jewett [58], Shelah [125]). IX9 proves that there exists a
primitive recursive function HJ(k,£) such that for every finite set X with card X >
HJ(k,0), every combinatorial X-space S over an alphabet A of size k and every
coloring f : S — {, there exists some x € X and an f-homogeneous combinatorial
{x}-subspace of S.

As mentioned above, the Hales-Jewett theorem admits a multidimensional
generalization, known as the Graham-Rothschild theorem [53]. Its proof follows
from the Hales-Jewett theorem by elementary combinatorics. The original Graham-
Rothschild theorem allows the variable kinds to be unordered, that is the first



182 CHAPTER 15. VI19-CONSERVATION OF OVW

occurrence of x; must appear before the first occurrence of x;y1, but the last
occurrence of x; might appear later. We are going to use a slightly modified version
of the Graham-Rothschild theorem, due to Dodos et al. [35, Theorem 2.1], which
requires the variable words to be ordered. The proof of its primitive recursive bound
is an adaptation of Shelah’s bound [125] for the original Graham-Rothschild theorem,
which can be found in Dodos and Kanellopoulos [34, Theorem 2.9, Theorem 2.15].

Theorem 15.2.4 (Graham and Rothschild [53], Dodos and Kanellopoulos [34]). 139
proves that there exists a primitive recursive function GR(k,d,m,f) such that for
every finite set X with card X > GR(k,d, m, ), every combinatorial X -space S over
an alphabet A of size k and every coloring f of the m-dimensional subspaces of S with
£ colors, there exists some d-dimensional subspace of S, all of whose m-dimensional
subspaces have the same color.

Definition 15.2.5. For 6(z,y,z) a )-formula, a set X Cy;, N is said to be GR-a-
large(0) if for every ¢,k < min X, every combinatorial X-space S over an alphabet A
of size k and every coloring f : S — ¢, there exists some a-large() subset Y € X and
an f-homogeneous combinatorial Y-subspace of S.

The following lemma states that if X is sufficiently large, then the size of X will
be large enough to be able to apply the Hales-Jewett theorem for min X — 1 colors
and alphabet of size min X — 1, and get a monochromatic combinatorial line.

As in the previous chapter, all occurrences of 6 in the results of this chapter
are assumed to be universally quantified over all ¥J-formulas within the considered
theory.

Lemma 15.2.6. There exists some ng € w such that 13§ proves that if X is w"™-
large(0) then X is GR-w-large(6).

Proof. For X to be GR-w’-large(#), it is sufficient that card X > HJ(min X —
1,min X — 1) and that min X > b for b the largest first-order constant appearing
in 6. By Theorem 15.2.3, x — HJ(z,x) is primitive recursive, so by Theorem 13.2.5
(and by regularity of a-largeness), there exists some ng such that every w"°-large
set X satisfies card X > HJ(min X — 1, min X — 1). Thus, every w™-large(d) set is
GR-w-large(d). O

In the following lemma, it might be helpful to see a combinatorial X-space over
an alphabet A as the set of leaves of a tree isomorphic to AScard X,

Lemma 15.2.7. 129 proves that for allb e N and every finite set X, if X is w?0Tmo+1.
large(0) and (x — x®")-sparse then X is GR-w’-large().

Proof. Fix some b € N. Let X be w?**"0*Llarge(f), let £,k < min X, let S be a
combinatorial X-space over an alphabet A of size k with generating variable word w,
and let f: S — ¢ be a coloring.

By Lemma 14.0.3, there exist pairwise §-apart w™-large(#) subsets of X\{min X}
Xo < +++ < Xq-1 such that any Y € [[,_, X; is w’-large(d). For simplicity, we will
assume that S is a combinatorial (X u -+ U X,_1)-space (this can always be done
by taking a subspace of the original space).

The coloring f induces a coloring on every combinatorial X,_;-subspace of S. Let
ng_1 be the number of such subspaces, there is one of them for every possible value

taken by the variables of Xg U - - U X,4_2, so
N1 = k,cardXo+~~~+caran,2 < kmaxXa,g

We can consider the product of all those colorings f’ : S’ — {™a-1 for S’ an arbitrary
combinatorial X,_i-space. By (z — %" )-sparsity of X,

max Xo_ o .
et < gk “C < min X, 4
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And since X,_; is w™-large(d), by Lemma 15.2.6, there is some y,—1 € X4_1
and an f’-homogeneous combinatorial {y,_1}-subspace of S’. By definition of f’, for
every combinatorial X, _j-subspace of S, there is an f-homogeneous combinatorial
{ya—1}-subspace of it.

Consider S,_1 an arbitrary combinatorial (Xo U -+ U X,_2)-subspace of S (for
example, by fixing an arbitrary value for the variables of X,_1). There is a one-to-one
correspondence between the elements of S,_; and the combinatorial X,_;-subspaces
of S: every element of S, 1 corresponds to a possible value for the variables of
Xou---uUX,_2 and therefore belongs to only one X,_;-subspace of S and vice versa,
every X,_i-subspace of S contains only one element of S,_1. So consider f,_1 :
Sa—1 — £ a coloring that takes any element of S,_; to the color of the f-homogeneous
combinatorial {y,_1}-subspace of the corresponding combinatorial X, _;-subspace.

We can then repeat the same argument and find some y, o € X, o
such that, for every combinatorial X, o-subspace of S,_; there is an f,_1-
homogeneous combinatorial {y,_2}-subspace of it. Therefore, for every combinatorial
(Xa—2 U X,_1)-subspace of S, there is an f-homogeneous combinatorial {y,—2, Ya—1}-
subspace of it.

Iterate the construction to find a sequence yg € Xg,...,%q—1 € Xq—1 such that,
by letting Y = {yo,...,Ya—1}, there is an f-homogeneous combinatorial Y -subspace
of S. And Y is wP-large() since Y € [],_, X;. O

15.3 Ordered variable word theorem

We now turn to the quantitative analysis of the target theorem of this chapter, namely,
the ordered variable word theorem. The main result of this section is Corollary 15.3.9,
which is then used to prove our conservation theorem.

Definition 15.3.1 (Ordered variable word Y-tree). For Y a set, an OVW Y -tree
over an alphabet A is a set of the form T' = {w[u] : u € ASY} for some ordered
Y -variable word w over A. We call w its generating variable word. The dimension
of an OVW Y-tree T over A is cardY and an OVW Y -line is an OVW Y-tree of
dimension 1.

Definition 15.3.2. For T an OVW X-tree, an OVW subtree T of T is an OVW
Y -tree included in T for some set Y.

A consequence of the definition is that if 77 is an OVW Y-subtree of an OVW
X-tree T, then Y € X and the generating word w’ of T” is equal to w[u] for w
the generating word of T' and u some I-variable word, where X = {xq,...,z,} and
Y = {x; : i e I}. We shall mainly consider two kinds of Y-subtrees: subtrees obtained
by instantiating some variables of the generating word, which doesn’t change its
length, and subtrees obtained by truncating the generating word.

The following theorem is a finitary version of an infinitary theorem due to
Carlson and Simpson [13]. The finitary version follows from its infinite version by
compactness (by an argument similar to that in the proof of the finite Ramsey
theorem (Theorem 6.0.3)). Dodos et al. [35, Theorem 4.1] gave an elementary proof
of a higher order variant of its finitary version, with a primitive recursive bound.
The finitary version of the ordered variable word follows easily from the Graham-
Rothschild theorem, and thus can almost be considered as folklore. The proof below
appears in Dodos and Kanellopoulos [34, Proposition 4.10].

Theorem 15.3.3 (Carlson and Simpson [13], Dodos and Kanellopoulos. [34]). %9
proves that there exists a primitive recursive bound CS(k,d,t) such that for every

X Ctin N with card X = CS(k,d, 0), every OVW X-tree T over an alphabet A of size
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k and every coloring f : T — { there exists some subset Y € X with cardY = d and
an f-homogeneous OVW Y -subtree of T.

Proof. Let CS(k,d,£) := GR(k,d+1,1,¢) and fix a set X with card X > CS(k,d,?).
Fix an OVW X-tree T over an alphabet A of size k and a coloring f : T — /.
Let w be the generating variable word of T and consider the combinatorial X-space
S corresponding to the set of leaves of the tree T. A 1-dimensional subspace of S
corresponds to an instantiation of all the kinds of variables in w except one, so define
a coloring ¢ that takes any 1-dimensional subspace of S to the color (by f) of its
generating variable word cut before the first appearance of its only kind of variables.
By definition of GR(k,d + 1, 1,¢), there is a (d + 1)-dimensional subspace S’ of S, all
of whose 1-dimensional subspaces are of the same color for g. Let w’ be the generating
word of S/, and let w” be w’ cut before the first occurrence of its last variable: x4, let
Y be such that w” is a Y-variable word (cardY = d). Then {w”[u] : u e AScardY} ig
an f-homogeneous OVW Y-subtree of T' (The f-color of w”[u] is the g-color of any
1-dimensional subspace of S” whose non-instantiated variable is the |u|-th one). O

Note that in the previous proof, we used the Graham-Rothschild theorem with
colorings of 1-dimensional spaces to prove the Carlson-Simpson theorem which is
about colorings of 0-dimensional OVW trees, that is, colorings of words. This can
be generalized to prove a higher order version of the finite Carlson-Simpson theorem
with primitive recursive bounds (see Dodos and Kanellopoulos [34, Theorem 4.21]).
However, only the 0-dimensional version will be used in this chapter.

Definition 15.3.4. Let 6(x,y,2) be a ¥J-formula, a set X Sy, N is said to be
OVW-a-large(0) if for every ¢,k < min X, every OVW X-tree T over an alphabet A
of size k and every coloring f : T — ¢, there is an a-large(d) subset Y € X and an
f-homogeneous OVW Y -subtree of T.

Note that by definition of an ordered Y-variable word w, |w| = maxY.

Lemma 15.3.5. There exists some ny € w such that IZ(l) proves that if X is w™ -
large(9) then X is OVW-w? - (min X — 1)-large(6).

Proof. For X to be OVW-w° - (min X — 1)-large(), it is sufficient to have card X >
CS(min X —1, min X, min X —1) and have X > b for b the largest first-order constant
appearing in 6. By Theorem 15.3.3, the function z — CS(z,z + 1,z) is primitive
recursive, so by Theorem 13.2.5 (and by regularity of a-largeness), there exists some nq
such that if X is w™-large(#), then card X > C'S(min X —1, min X, min X —1). Thus,
every w"-large(f) set is OVW-w” - (min X — 1)-large(6). O

Lemma 15.3.6. 129 proves that for every b,r € N, if the following statement holds:
o “Buery w’-large(9) (x — x")-sparse set is OVW-w"-large(6) ”
then the following statement holds:

o “Buery w23 large() (x — % )-sparse set X is OVW-" - (min X — 1)-
large(0)”.

Proof. Fix r,b € N such that the first statement holds. Let X be w?**0+3 large(6)
and (z — 2" )-sparse. Let us prove that X is OVW-w" - (min X — 1)-large(f):

Consider ¢,k < min X, an OVW X-tree T over an alphabet A of size k and a
coloring f : T — £. The set X\{min X} is w?**"0+2.]large(), so there exist pairwise
-apart w2+ large(f) subsets of X\(min X U min(X\{min X})), Xo < --- < X,
with @ = £ x (min X — 2) < (min X)? < min(X\{min X}) (by (z — 2" )-sparsity).
For simplicity, we will assume that T is an OVW (X U --- U X,)-tree (this can
always be done by taking a subtree of the original tree).
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Above every o € A™"Xe AT is an OVW X,-subtree of T. The number n, of such
subtrees satisfies n, = k¥ Xo+-+card Xa—1 (there is one subtree for each instantiation
of the variables of X U -+ U X, 1), 80 n, < kmaxXa—1,

The coloring f induces a coloring on each of those trees, and since all these trees
are isomorphic (not only isomorphic as trees, but they share the same structure as
OVW trees: their generating words only differ for indexes less than |o|), consider
the product coloring f' : T" — ™ of all those colorings (for 77 an arbitrary such
X,-subtree). By (z +— 27" )-sparsity of X, f™e < (¥ ¥el — min X,.

Since X, is w?**™0* 1 large(d) and (z — 2" )-sparse, then it is OVW-w'-large(f),
so there exists some w"-large(d) subset Y, < X, and some f’-homogeneous OVW
Y,-subtree S’ € T’. Therefore, by definition of f’, there exists an instantiation of the
variables in X,\Y, making f-homogeneous the corresponding OVW Y, -subtrees of T
above each o € AP Xe AT Let T be the corresponding OVW (Xou-- U X, 1UY,)-
subtree of T. T! has the property that above every o € T/ n A™inXa  there is
a color ¢ € ¢ such that all the 7 in the OVW Y, -tree above o have that same color cJ.

Let T, = T n AS™inXa Note that T, is an OVW (Xg U --- U X,_1)-subtree of T
Let S, be the corresponding combinatorial (X u - -+ U X,_1)-space, every element of
S, corresponds to one instantiation of the variables of Xgu -+ U X,_1 and therefore
to exactly one of the OVW X,-subtrees considered before. So, consider the coloring
fa © Sa — ¢ sending any element of S, to the color ¢ of its corresponding OVW
X, -subtree.

There are at most kcrd(Xov~wXa2) < fpmaxXa—2 combinatorial X,_1-subspaces
of S, (one for each instantiation of the variables in Xg U --- U X,_2) and f, induces
a coloring on each of them. So, by using the same trick of considering the product
coloring, we can apply Lemma 15.2.7 to get an w’-large(f) subset Z, 1 S X, 1
such that there exists an instantiation of the variables in X, 1\Z,—1 making fg,-
homogeneous the corresponding combinatorial Z,_1-subspaces of each combinatorial
X,_1-subspace of S,.

Since Z,_1 is w-large(d), then it is OVW-w"-large(#), so there exists some w'-
large(#) subset Y,_1 € Z,_1 and some instantiation of the variables in Z,_1\Y,_1
making f-homogeneous the corresponding OVW Y, _;-subtrees of T, above each o €
AminXa—1 ~ T (again by considering a product coloring).

Let T),_, be the corresponding OVW (Xgu -+ U X2 0 Y,_1 UY,)-subtree of T
T! | has the property that for every o € T/ | n A™"Xa—1 there is a tuple of colors
(€7_4,¢7) such that all the 7 in the OVW (Y,_; u Y, )-tree above o have color ¢J_; if
|7] € Ya—1 (by construction of Y,_1) and color ¢ if |7| € Y, (by construction of Z,_1).

We can then iterate the construction and obtain a sequence of w”-large(é) subsets
Y € X; and of OVW (Xpu -+ uX;—1uY;u---UY,)-subtrees T} of T, where each T/
has the property that for every o € T/ n A™n i there is a (a — i + 1)-tuple of colors
(c¢7,...,cq) such that all the 7 in the OVW (Y; U - - UY,)-tree above o have color ¢ if
|7| € Y;. At each step of the construction, we consider the tree T; = T'n ASminXi “the
corresponding combinatorial subspace S;, a coloring f; : S; — £**1=% (The coloring
fi gives the tuple of colors corresponding to the OVW (Y41 U - - - U Y, )-subtree above
every element of S;), an f;-homogeneous combinatorial Z;-subspace of S; for some
Z; € X; wl-large(f), and finally an w"-large(f) subset Y; € Z; satisfying the desired
properties and 77, the corresponding OVW (Xgu- - -uX;_1UY;u- - -UY,)-subtree of T'.

Therefore, the color of every T € T} is determined by the index j < a such that
|7| € Y;. By the finite pigeonhole principle, there is one color that appears at least
(min X — 1) times, since a +1=/¢ x (min X —2) + 1. Let ip < -+ < imin x—2 < a be
indices witnessing the pigeonhole principle, and let Y =Y;, u--- 0 Y; . . ,. The set
Y is 0" - (min X — 1)-large(d) and any OVW Y-subtree of Tj) is f-homogeneous. [
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Lemma 15.3.7. 12 proves that for every b,r € N, if the following statement holds:
o “Buery w’-large(9) (x > x")-sparse set X is OVW-w" - (min X — 1)-large(0)”
then the following statement holds:
o “Buery w202 large(9) (x — 2" )-sparse set is OVW-w"-large() ”

Proof. Fix r,b € N such that the first statement holds. Let X be w?’Tm0+2 Jarge(6)
and (z — 27" )-sparse. Let us prove that X is OVW-e"*+!-large(6):

Consider £,k < min X, an OVW X-tree T over an alphabet A of size k and a
coloring f: T — £.

Let Xg < --- < X, be w?**™0* 1 large(f) subsets of X. By the same construction
as in the proof of Lemma 15.3.6, but replacing OVW-w"-largeness(6) by OVW-w" -
(min X; — 1)-largeness(#), we obtain for each ¢ < £ an w" - (min X; — 1)-large(6) subset
Y; € X;, and an OVW (Yy U - -+ U Yp)-tree T} such that the color of every p € T} is
determined by the index j < £ such that |p| € ¥j. Since £ + 1 > ¢, there are indices
i < j such that all the p € T with |p| € Y; U Y; have the same color. Take some
y €Y, sincey < minY; — 1 and Y is w” - (min X; — 1)-large(), then {y} v Y; is
w"1-large(d) and any OVW ({y} U Y;)-subtree of T} is f-homogeneous. O

Lemma 15.3.8. 1XY proves that for every b,r € N, if the following statement holds:
o “Bvery w’-large(f) (z — x*")-sparse set is OVW-w"-large(6) ”

then the following statement holds:
o “Bvery o' t370+8 Jarge(0) (z — x*")-sparse set is OVW-w" 1 -large(6)”

Proof. Immediate by Lemma 15.3.6 and Lemma 15.3.7. O

Corollary 15.3.9. 1XY proves that for every b € N, every wo(4b)—large(9) (x — 2*7)-
sparse set is OVW-w’-large(6).

Proof. The O(4%) notation can actually be replaced by a complicated explicit bound
p(b), computed from the bounds in Lemma 15.3.5, Lemma 15.3.7, and Lemma 15.3.8.
One can prove the explicit bound version of the statement by a simple IT}-induction
over b, using Lemma 15.3.5 and Lemma 15.3.7 for the base case, and Lemma 15.3.8
for the induction step. The inductive formula is of the form “for every finite set F'
which is wP®)-large(d) and (x — 2% )-sparse, F is OVW-w’-large(f)”. Since being
wP®)-large(), (z — x" )-sparse and OVW-wP-large(f) are £ properties, the overall
formula is I19.

O
Theorem 15.1.3. WKLy + OVW is VII}-conservative over RCAq + BXS.

Proof. As stated in the introduction of this chapter, OVW is not an RT-like statement,
and we cannot apply Theorem 12.3.7 with the bounds obtained in Corollary 15.3.9.
Nevertheless, a similar argument can be applied in our case, as it was done in [87,
Theorem 1.4]. O

In particular, OVW is finitistically reducible.

Corollary 15.3.10. WKLy+OVW is VHg—conservative over RCA( and Ils-conservative
over PRA.

And we obtain the following separation result.

Corollary 15.3.11. WKLy + OVW does not imply ACA,.
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