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Abstract en français

Cette thèse a pour objectif d’étudier le théorème de Ramsey et
plusieurs de ses variantes sous un angle métamathématique. On y met
principalement en évidence la nature chaotique de la théorie de Ramsey
en prouvant des résultats de séparation, à travers un large éventail de
techniques provenant principalement de la calculabilité et de la théorie de
la preuve.

Du point de vue de la calculabilité, la force et la faiblesse calculatoire
de certains de ces théorèmes sont étudiées, qu’il s’agisse de leur incapacité
à coder le problème de l’arrêt ou de l’existence de solutions probabilistes.

Du point de vue de la théorie de la preuve, de nouveaux encadrements
des conséquences au premier ordre du théorème de Ramsey pour les paires
sont obtenus, notamment à travers l’étude de modèles non standards
de l’arithmétique du second ordre ainsi que des liens entre les versions
finitaires et infinitaires du théorème.

On y prouve en particulier plusieurs résultats de conservation, et
l’on caractérise les motifs dont l’évitement est équivalent au théorème
de Ramsey.

Abstract in English

This thesis aims to study Ramsey’s theorem and several of its variants
from a metamathematical perspective. It primarily highlights the chaotic
nature of Ramsey theory by proving separation results, using a wide range
of techniques drawn mainly from computability theory and proof theory.

From the standpoint of computability theory, the computational
strength and weakness of some of these theorems are investigated, whether
in terms of their inability to encode the halting problem or the existence
of probabilistic solutions.

From the standpoint of proof theory, new bounds on the first-order
consequences of Ramsey’s theorem for pairs are obtained, notably through
the study of nonstandard models of second-order arithmetic as well as the
connections between the finitary and infinitary versions of the theorem.

In particular, several conservation results are proved, and the patterns
whose avoidance is equivalent to Ramsey’s theorem are characterized.
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Chapter 1

Introduction

1.1 Introduction en français
De nombreux théorèmes mathématiques peuvent être vus comme des problèmes,
affirmant que toute instance admet une solution (tout corps possède une clôture
algébrique, toute suite bornée de réels admet une sous-suite convergente, etc.). La
difficulté à décrire explicitement cette solution à partir de l’instance peut alors être
vue comme une mesure de la puissance du théorème.

Lorsque le théorème concerne des objets finis, cette question relève de la théorie
de la complexité : pour une instance de taille n, combien d’étapes de calcul sont
nécessaires pour produire une solution ?

Lorsqu’il s’agit, en revanche, d’objets qui ne peuvent pas nécessairement être
décrits par un nombre fini de symboles (nombres réels, espaces topologiques, etc.), on
peut alors souvent se restreindre au cas dénombrable (où ils peuvent alors être décrits
par une suite infinie de zéros et de uns, ou, de manière équivalente, par un ensemble
d’entiers). On entre ainsi dans le domaine de la calculabilité.

Tous les ensembles d’entiers ne sont pas aussi complexes. Il y a les ensembles
finis et plus généralement les ensembles dits calculables, qui, même s’ils peuvent être
infinis, sont néanmoins descriptibles par un algorithme, donc par une suite finie de
symboles. C’est le cas de la plupart des ensembles rencontrés en mathématiques,
comme l’ensemble des nombres premiers ou encore la suite des décimales de π.
Toutefois, il existe aussi des ensembles non calculables, qui constituent en réalité
l’immense majorité des ensembles d’entiers.

Une tentation possible est alors de restreindre sa pratique mathématique
uniquement aux objets calculables, pour des raisons philosophiques ou pratiques.
Une telle approche reviendrait cependant à se priver d’une grande partie des
mathématiques modernes, puisque de nombreux théorèmes impliquent nécessairement
l’existence d’objets non calculables. Par exemple, il existe une suite calculable de réels
dans r0, 1s telle qu’aucune de ses sous-suites convergentes ne soit calculable, donc le
théorème de Bolzano–Weierstrass requiert l’existence de tels objets pour être vrai.

Il est possible, grâce aux outils de la calculabilité, de hiérarchiser ces ensembles
non calculables (certains ensembles peuvent être vus comme plus incalculables
que d’autres) et, par là même, de classifier les théorèmes mathématiques selon la
complexité calculatoire des objets qu’ils mettent en jeu.

La question de la puissance calculatoire des théorèmes mathématiques est
étroitement liée à celle de leur puissance axiomatique. Les mathématiques à rebours
(en anglais reverse mathematics) constituent une branche de la logique mathématique,
initiée par Harvey Friedman, dont l’objectif est de déterminer les axiomes minimaux
nécessaires pour démontrer un théorème donné.

L’idée des mathématiques à rebours consiste à se placer dans un système
axiomatique volontairement restreint, dans lequel seule l’existence des ensembles
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10 CHAPTER 1. INTRODUCTION

calculables peut être démontrée. Dans un tel cadre, les théorèmes faisant intervenir
des ensembles non calculables ne sont plus démontrables (sans pour autant être
réfutables, puisque l’on ne suppose pas l’inexistence des ensembles non calculables).

On peut ensuite étudier quelles hypothèses supplémentaires sont nécessaires pour
établir ces théorèmes. La méthode consiste alors, après avoir démontré un théorème
à partir d’axiomes plus forts, à inverser le raisonnement : on cherche à montrer que
le théorème lui-même permet de retrouver ces axiomes, montrant par là qu’ils étaient
nécessaires à la preuve originale.

Émerge alors un étonnant phénomène de structure : la quasi-totalité des
théorèmes classiques se répartissent en cinq grandes classes d’équivalence modulo
ces mathématiques calculables. La puissance axiomatique de chacune de ces classes
correspond à une certaine conception philosophique des mathématiques et à un niveau
de puissance calculatoire.

Le théorème de Ramsey pour les paires (dans sa version infinie) constitue l’un des
premiers contre-exemples naturels à ce phénomène de structuration. Se pose alors la
question du positionnement des autres résultats de la théorie de Ramsey, notamment
en ce qui concerne les généralisations, les affaiblissements ou les variations du théorème
de Ramsey.

Plutôt que de s’organiser en une sixième grande classe d’équivalence, ces différents
énoncés forment au contraire une sorte de « zoo » de classes nouvelles : certaines plus
fortes, d’autres plus faibles, et d’autres encore incomparables entre elles.

L’un des objectifs de cette thèse est l’étude de ces énoncés (notamment du point
de vue calculatoire ou des mathématiques à rebours), en particulier en ce qui concerne
les méthodes permettant de séparer deux théorèmes, c’est-à-dire de montrer que l’un
ne découle pas de l’autre. S’il est souvent « facile » de montrer qu’un résultat est
conséquence d’un autre en donnant une preuve, démontrer l’absence de preuve est en
revanche généralement bien plus délicat.

L’un des principaux outils mobilisés pour obtenir ce type de résultats repose sur
l’utilisation de modèles non standards de l’arithmétique. Il s’agit de structures qui
ressemblent, à bien des égards, aux entiers naturels standards t0, 1, 2, . . . u, tout en
s’en écartant sur certains points spécifiques. On peut les rapprocher, par analogie, des
modèles de géométries non euclidiennes, qui ont permis de montrer que le postulat
des parallèles ne découle pas des autres axiomes de la géométrie euclidienne, ou encore
de l’exemple du coq déplumé, utilisé par Diogène pour mettre en évidence les limites
de la définition par Platon de l’Homme comme « bipède sans plumes ».

1.1.1 Structure de la thèse et contributions
Cette thèse se divise en quatre parties.

Partie I : Cette partie est un état de l’art. Sous le fil directeur du programme de
Hilbert introduit au Chapitre 2, y sont présentés divers fragments de l’arithmétique
du premier ordre (au Chapitre 3) ainsi que des théories de l’arithmétique du second
ordre et les mathématiques à rebours (au Chapitre 5). Le Chapitre 4 introduit
diverses notions de calculabilité ainsi que leurs liens avec la définissabilité en
arithmétique. Enfin, le théorème de Ramsey, ses propriétés calculatoires et vis-à-vis
des mathématiques à rebours sont introduits au Chapitre 6.

Partie II : Cette partie porte sur l’étude de théorèmes d’un point de vue
calculatoire. Le Chapitre 7 introduit de nouveaux outils en théorie algorithmique de
l’aléatoire et s’intéresse à la caractérisation d’une classe particulière de permutations,
les permutations séparables, comme motifs les plus difficiles à éviter dans certaines
variantes du théorème de Ramsey. Les résultats présentés sont issus de l’article :

Q. Le Houérou and L. Patey “Ramsey-like theorems for separable
permutations.” preprint (2025).
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Le Chapitre 8 étudie la généralisation à des coloriages de tuples de taille non
bornée de trois variantes du théorème de Ramsey possédant une forme de faiblesse
combinatoire. Il y est montré que cette faiblesse ne subsiste que pour l’une d’entre
elles, le théorème de Ramsey arc-en-ciel. Les résultats présentés sont issus de l’article :

L. Carlucci, O. Gjetaj, Q. Le Houérou, and L. Levy Patey “Ramsey-like
theorems for the Schreier barrier.” The Journal of Symbolic Logic, page
1–29, 2025.

Partie III : Cette partie regroupe divers résultats obtenus par construction de
nouveaux modèles par la méthode des ω-extensions. Le Chapitre 9 propose un état de
l’art de l’utilisation d’outils issus de la théorie de la calculabilité au sein de modèles
non standards de l’arithmétique. On y présente le schéma général de construction de
nouveaux modèles par ω-extension, ainsi que son utilisation pour établir des résultats
de conservation pour les formules du premier ordre.

Le Chapitre 10 fournit une nouvelle borne supérieure à l’ensemble des conséquences
au premier ordre du théorème de Ramsey pour les paires. Les résultats présentés sont
issus de l’article :

Q. Le Houérou, L. Levy Patey, and K. Yokoyama “Conservation of
Ramsey’s theorem for pairs and well-foundedness.” Trans. Amer. Math.
Soc., 378(3):2157–2186, 2025.

Le Chapitre 11 étudie une version déséquilibrée du théorème de Ramsey, dans
laquelle les cliques monochromatiques d’une certaine couleur sont de taille bornée.
Les résultats présentés sont issus de l’article :

Q. Le Houérou and L. Patey. “The reverse mathematics of bounded
Ramsey’s theorem for pairs.” The Journal of Symbolic Logic, pages 1–
26, 2026.

Partie IV : Cette dernière partie explore les liens entre des versions finitaires
et infinitaires de théorèmes de la théorie de Ramsey, en particulier en vue de
l’obtention de résultats de conservation partiels. Le Chapitre 12 présente la notion
d’ensemble α-large due à Ketonen et Solovay [72], et présente de nouvelles techniques
de construction de modèles non standard par coupure basées sur ces ensembles. Ces
techniques sont issues de l’article :

Q. Le Houérou, L. Levy Patey, and K. Yokoyama “Π0
4 conservation of

Ramsey’s theorem for pairs.” J. London Math. Soc., 113: e70419. (2026)

Le Chapitre 13 présente des résultats d’intérêt essentiellement combinatoires en
donnant des bornes optimales à des versions finitaires du théorème de Ramsey et du
principe des tiroirs portant sur les ensembles α-larges. Les résultats présentés sont
principalement issus de l’article :

Q. Le Houérou and L. Patey “Partition theorems for Ketonen-Solovay
largeness.” preprint (2026).

Le Chapitre 14 exploite ce formalisme de construction de coupures, ainsi que
les bornes obtenues au chapitre précédent, afin d’établir la caractérisation des
conséquences au premier ordre du théorème de Ramsey pour les paires, pour une large
classe de formules, obtenue dans l’article « Π0

4 conservation of Ramsey’s theorem for
pairs ». La construction présentée y simplifie celle de l’article original.

Le Chapitre 15 applique ce même formalisme à des théorèmes portant sur des
coloriages d’arbres afin d’en obtenir des résultats de conservation partiels. Les
résultats présentés sont issus de l’article :
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Q. Le Houérou and L. Levy Patey “Π0
4 conservation of the Ordered

Variable Word theorem.” The Journal of Symbolic Logic 2025:1–16.

Par souci de brièveté, ainsi que dans la volonté de proposer un document formant
un ensemble cohérent, certains résultats obtenus au cours de ces trois années n’ont
pu être mentionnés que très brièvement, voire ne figurent pas dans cette thèse. C’est
notamment le cas de résultats portant sur la comparaison de la taille des preuves
entre diverses théories, obtenus dans l’article :

Q. Le Houérou and L. Patey. “Largeness notions and polytime translation
for @Σ0

3-consequences of RT2
2.” preprint (2026).

Le formalisme des interprétations de forcing introduit par Avigad [4] et tel
qu’utilisé par Kołodziejczyk et al. [78], de même que la combinatoire mobilisée dans
cet article, étaient trop lourds à introduire dans le cadre de cette thèse et le résultat
y est simplement mentionné.

Il en va également ainsi de la comparaison des différentes versions du principe des
tiroirs le long de la hiérarchie arithmétique obtenue dans :

Q. Le Houérou, A. Mimouni and L. Levy Patey. “The reverse mathematics
of the pigeonhole hierarchy.” preprint (2024).

Ces résultats ne s’inséraient pas naturellement au sein des parties de cette thèse
et reposaient aussi sur un formalisme lourd.

1.2 Introduction in English
Many mathematical theorems can be viewed as problems asserting that every instance
admits a solution (every field has an algebraic closure, every bounded sequence of real
numbers has a convergent subsequence, etc.). The difficulty of explicitly describing
such a solution from the instance may then be regarded as a measure of the strength
of the theorem.

When the theorem concerns finite objects, this question belongs to complexity
theory: for an instance of size n, how many computational steps are required to
produce a solution?

When dealing instead with objects that cannot necessarily be described by a finite
number of symbols (real numbers, topological spaces, etc.), it is often possible to
restrict our attention to the countable case (where such objects can then be described
by an infinite sequence of zeros and ones, or equivalently by a set of integers). This
leads into the realm of computability theory.

Not all sets of integers are equally complex. There are finite sets and, more
generally, the so-called computable sets, which, although they may be infinite, can
nevertheless be described by an algorithm, and hence by a finite string of symbols.
This is the case for most sets encountered in mathematics, such as the set of prime
numbers or the sequence of decimal digits of π. However, there also exist non-
computable sets, which in fact constitute the overwhelming majority of sets of integers.

One possible temptation is therefore to restrict mathematical practice solely to
computable objects, for philosophical or practical reasons. Such an approach would,
however, amount to giving up a large part of modern mathematics, since many
theorems necessarily imply the existence of non-computable objects. For example,
there exists a computable sequence of reals in r0, 1s such that none of its convergent
subsequences is computable, and therefore the Bolzano-Weierstrass theorem requires
the existence of such objects in order to hold.
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Using the tools of computability theory, it is possible to organize these
non-computable sets into a hierarchy (some sets may be regarded as more non-
computable than others) and thereby classify mathematical theorems according to
the computational complexity of the objects they involve.

The question of the computational strength of mathematical theorems is closely
related to that of their axiomatic strength. Reverse mathematics (les mathématiques
à rebours in French) is a branch of mathematical logic, initiated by Harvey Friedman,
whose aim is to determine the minimal axioms required to prove a given theorem.

The idea behind reverse mathematics is to work within a deliberately restricted
axiomatic system, in which only the existence of computable sets can be proved. In
such a framework, theorems involving non-computable sets are no longer provable
(without, however, becoming refutable, since one does not assume the nonexistence
of non-computable sets).

One may then investigate which additional assumptions are required to establish
these theorems. The method consists, after proving a theorem from stronger axioms,
in reversing the argument: one seeks to show that the theorem itself suffices to recover
those axioms, thereby demonstrating that they were necessary for the original proof.

A surprising structural phenomenon then emerges: the overwhelming majority
of classical theorems fall into five major equivalence classes modulo computable
mathematics. The axiomatic strength of each of these classes corresponds to
a particular philosophical conception of mathematics and to a certain level of
computational power.

Ramsey’s theorem for pairs (in its infinite form) constitutes one of the first natural
counterexamples to this structuring phenomenon. This raises the question of the
position of other results from Ramsey theory, especially regarding generalizations,
weakenings, or variations of Ramsey’s theorem.

Rather than organizing themselves into a sixth major equivalence class, these
various statements instead form a kind of “zoo” of new classes: some stronger, some
weaker, and others incomparable with one another.

One of the aims of this thesis is the study of these statements (notably from the
viewpoint of computability theory and reverse mathematics), in particular concerning
methods for separating two theorems, that is, for showing that one does not follow
from the other. While it is often “easy” to show that one result is a consequence of
another by giving a proof, demonstrating the absence of such a proof is generally far
more delicate.

One of the main tools used to obtain such results relies on the use of nonstandard
models of arithmetic. These are structures that resemble the standard natural
numbers t0, 1, 2, . . . u in many respects, while differing from them at certain specific
points. By analogy, they may be compared to models of non-Euclidean geometry,
which made it possible to show that the parallel postulate does not follow from the
other axioms of Euclidean geometry, or to the example of the plucked chicken used
by Diogenes to expose the limitations of Plato’s definition of Man as a “featherless
biped”.

1.2.1 Structure of the thesis and contributions
This thesis is divided into four parts.

Part I: This part is a survey of the state of the art. Following the guiding thread of
Hilbert’s program introduced in Chapter 2, it presents various fragments of first-order
arithmetic (in Chapter 3), as well as theories of second-order arithmetic and reverse
mathematics (in Chapter 5). Chapter 4 introduces computability-theoretic notions
and their connections with arithmetical definability. Finally, Ramsey’s theorem,
together with its computability-theoretic and reverse-mathematical properties, is
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introduced in Chapter 6.

Part II: This part focuses on the study of theorems from a computability-theoretic
perspective. Chapter 7 introduces new tools from algorithmic randomness theory and
studies the characterization of a particular class of permutations, namely separable
permutations, as the hardest patterns to avoid in certain variants of Ramsey’s
theorem. The results presented come from the article:

Q. Le Houérou and L. Patey, “Ramsey-like theorems for separable
permutations.” Preprint (2025).

Chapter 8 studies the generalization to colorings of tuples of unbounded size of
three variants of Ramsey’s theorem exhibiting a form of combinatorial weakness. It is
shown that this weakness persists for only one of them, namely the rainbow Ramsey
theorem. The results presented come from the article:

L. Carlucci, O. Gjetaj, Q. Le Houérou, and L. Levy Patey, “Ramsey-like
theorems for the Schreier barrier.” The Journal of Symbolic Logic, pages
1–29, 2025.

Part III: This part gathers several results obtained through the construction of
new models by the method of ω-extensions. Chapter 9 provides a survey of the use
of computability-theoretic tools within nonstandard models of arithmetic. It presents
the general scheme for constructing new models via ω-extensions, together with its
use in establishing conservation results for first-order formulas.

Chapter 10 provides a new upper bound on the set of first-order consequences of
Ramsey’s theorem for pairs. The results presented come from the article:

Q. Le Houérou, L. Levy Patey, and K. Yokoyama, “Conservation of
Ramsey’s theorem for pairs and well-foundedness.” Transactions of the
American Mathematical Society, 378(3):2157–2186, 2025.

Chapter 11 studies an unbalanced version of Ramsey’s theorem in which
monochromatic cliques of a given color are required to have bounded size. The results
presented come from the article:

Q. Le Houérou and L. Patey. “The reverse mathematics of bounded
Ramsey’s theorem for pairs.” The Journal of Symbolic Logic, pages 1–
26, 2026.

Part IV: This final part explores the connections between finitary and infinitary
versions of theorems from Ramsey theory, in particular with a view toward obtaining
partial conservation results. Chapter 12 introduces the notion of α-large sets due to
Ketonen and Solovay [72], and presents new techniques for constructing nonstandard
models by cuts based on such sets. These techniques arise from the article:

Q. Le Houérou, L. Levy Patey, and K. Yokoyama, “Π0
4 conservation of

Ramsey’s theorem for pairs.” Journal of the London Mathematical Society,
113:e70419 (2026).

Chapter 13 presents results of primarily combinatorial interest by giving optimal
bounds for finitary versions of Ramsey’s theorem and the pigeonhole principle over
α-large sets. The results presented mainly come from the article:

Q. Le Houérou and L. Patey, “Partition theorems for Ketonen–Solovay
largeness.” Preprint (2026).
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Chapter 14 exploits this formalism for constructing cuts, together with the bounds
obtained in the previous chapter, in order to establish the characterization of the
first-order consequences of Ramsey’s theorem for pairs for a broad class of formulas,
obtained in the article “Π0

4 conservation of Ramsey’s theorem for pairs.” The
construction presented there simplifies that of the original article.

Chapter 15 applies the same formalism to theorems concerning colorings of trees
in order to obtain partial conservation results. The results presented come from the
article:

Q. Le Houérou and L. Levy Patey, “Π0
4 conservation of the Ordered

Variable Word theorem.” The Journal of Symbolic Logic 2025:1–16.

For the sake of brevity, and in the interest of providing a document forming
a coherent whole, some results obtained during these three years could only be
mentioned very briefly, or do not appear in this thesis at all. This is notably the
case for results concerning comparisons of proof lengths between various theories,
obtained in the article:

Q. Le Houérou and L. Patey, “Largeness notions and polytime translation
for @Σ0

3-consequences of RT2
2.” Preprint (2026).

The formalism of forcing interpretations introduced by Avigad [4] and used by
Kołodziejczyk et al. [78], together with the combinatorics involved in this article, was
too heavy to introduce within the framework of this thesis, and the result is therefore
only mentioned.

The same applies to the comparison of the different versions of the pigeonhole
principle along the arithmetical hierarchy obtained in:

Q. Le Houérou, A. Mimouni, and L. Levy Patey, “The reverse mathematics
of the pigeonhole hierarchy.” Preprint (2024).

These results did not fit naturally within the different parts of this thesis and also
relied on a rather heavy formalism.
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Part I

State of the art
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Chapter 2

Hilbert’s program

2.1 Historical background
The motivation behind this thesis can be traced back to a program initiated by
David Hilbert at the beginning of the 20th century, aimed at establishing a solid
foundation for all mathematics. At that time, the discipline was facing a profound
crisis. For centuries, the concept of infinity used by mathematicians was only infinite
in potential: a line could always be extended further, and there was always a larger
integer. The idea of treating these potential infinities as completed or actual objects
that can be manipulated was dismissed, on the grounds that it was both unnecessary
for mathematical practice and logically problematic. Such objections could be found
in writings by Aristotle,

Our account does not rob the mathematicians of their science, by disproving the
actual existence of the infinite in the direction of increase, in the sense of the
untraversable. In point of fact, they do not need the infinite and do not use it.
They postulate only that the finite straight line may be produced as far as they
wish.
(Aristotle. (circa 360 B.C), Physics, Book III, Part 7 (R. P. Hardie & R. K.
Gaye, Trans.))

and Thomas Aquinas,

The same applies to a mathematical body. For if we imagine a mathematical
body actually existing, we must imagine it under some form, because nothing is
actual except by its form; hence, since the form of quantity as such is figure,
such a body must have some figure, and so would be finite; for figure is confined
by a term or boundary.
(Aquinas, T. (circa 1270), Summa Theologica I, q. 7, A3.C5 (C. Decaen,
Trans.))

Nevertheless, this did not stop Georg Cantor from making use of the actual infinity
in his development of set theory. His work sparked further philosophical objections,
with the examples of L. E. J. Brouwer’s intuitionism, or the finitism of Leopold
Kronecker or Ludwig Wittgenstein.

Let’s imagine a man whose life goes back for an infinite time and who says to
us: ‘I’m just writing down the last digit to Pi and it’s 2’. Every day of his life
he has written down a digit, without ever having begun; he has just finished.
This seems utter nonsense, and a reductio ad absurdum of the concept of infinite
totality.
(Wittgenstein, L. (1975), Philosophical Remarks, p. 166)

His theory was also under attack mathematically, for the many paradoxes
appearing from the careless manipulation of sets, such as the Russell and Burali-Forti
paradoxes.

19
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Seeing the potential of set theory as a unifying theory for all mathematics, and
not wanting to give up on the powerful proof techniques resulting from it, Hilbert
proposed a program that, if successful, would address those philosophical objections
and provide a strong guarantee that no new contradictions would arise.

It is not easy to provide a precise formulation of what the goals of this program
were, as it was formulated over a span of 30 years through a series of articles,
conferences, and books, each emphasizing different aspects. Nevertheless, a general
formulation of it can be stated as follows:

The first step of the program was to give a precise formalization of all the
mathematics developed up to that point:

Everything that previously made up mathematics is to be rigorously formalized,
so that mathematics proper or mathematics in the strict sense becomes a stock
of formulae.
(Hilbert, D. (1923), Die logischen Grundlagen der Mathematik. (Ewald, Trans.))

This would make it possible to see mathematical propositions and proofs as
finite sequences of symbols obeying some syntactic rules. With that, verifying the
correctness of a proof became a mechanical process, independent of the intended
meaning of the symbols involved. This part of the program has been rather successful,
with the examples of Zermelo-Fraenkel set theory (ZFC), or second-order arithmetic
(Z2) which can both be used to formalize a large part of mathematics, in particular
these infinitary arguments. For practical reasons, which will be made clear later, we
will work in the framework of second-order arithmetic, which we define in Chapter 5.

The next step is to isolate a fragment of mathematics corresponding to the
uncontroversial “finitary reasoning” that operates only with finite objects in finite
ways. Several possible candidates for such a theory have been proposed. Here we will
follow Tait [137] which identified the system PRA of Primitive Recursive Arithmetic
as a good formalization of finitary mathematics. The system PRA will be described
in detail in Section 2.2.

Finally, now that all mathematical reasoning has been reduced to a finite
manipulation of symbols, it is possible to discuss these strong theories dealing with
infinite totalities from a finitist viewpoint. The final step is then to prove, using only
finitary reasoning, that those strong theories are consistent, that is, that they do not
prove any contradiction and can therefore be safely used in the development of new
branches of mathematics. Thus, a proof in PRA of the consistency of Z2 (which we
write PRA $ ConpZ2q) would be seen as a realization of Hilbert’s program.

Several other goals in Hilbert’s program can be identified:
Independence: Before adding a new statement as an axiom to a theory, we

must ensure not only that the resulting theory remains consistent, but also that the
statement is independent of the theory, meaning it cannot be derived from the other
axioms, and thus its addition does not introduce any redundancy.

Completeness: A theory is said to be complete if it is consistent and if, for
every statement expressible in its language, the theory can either prove the statement
or prove its negation. Or, to put it another way, that no new axiom can be added
without either introducing a contradiction, or being redundant.

Decidability: Another desirable property of a theory would be its decidability,
that is, the existence of an algorithmic procedure that can determine whether any
given statement is provable within the theory. If a theory is complete, then we
can consider the algorithm that, given a statement, systematically lists all possible
proofs in that theory until it finds either a proof of the statement or of its negation.
This algorithm will always provide an answer, thereby proving the decidability of the
theory. This will not be the last link between the theory of proofs and the theory of
computability, as we will see in Chapter 4.
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Conservativity: An even stronger justification for the use of the actual infinity
in mathematical practice would be to establish the conservativity of the stronger
infinitary theory over the weak finitary one, that is, to show that every proof of
a finitary statement made using infinitary methods could also be obtained without
them. In this way, the use of actual infinity becomes merely a convenient shortcut,
one that can always be avoided if desired. Hilbert did not explicitly set conservativity
as a goal, but it emerged as a byproduct of several consistency proofs developed by
Hilbert, Bernays, Ackermann, and others. Conservation proofs will also play a key
role in this thesis.

Once it has been established that one theory is conservative over another, a
natural question arises: does the stronger theory allow for shorter proofs than the
weaker one? These kinds of questions were first investigated in 1936 by Kurt Gödel
in a short paper [52], and has since gained increasing importance, particularly due to
its connections with complexity theory.

One way to establish the consistency of a given theory is to assign meanings to the
symbols in its language and construct a model for it; that is, to exhibit a structure
that satisfies all the axioms of the theory. We will refer to arguments of this kind
as semantic proofs. Such proofs indeed demonstrate the theory’s consistency, since if
the theory were to prove a contradiction, then every model of the theory would also
satisfy that contradiction, which is impossible once we have constructed even a single
model. More generally, to show that a theory does not prove a particular statement,
it is sufficient to build a model of that theory in which the statement is false. One
famous example of this method is the models of non-Euclidean geometries, such as
the Poincaré disk model. These models satisfy the first four axioms of Euclidean
geometry but not the parallel postulate, thereby showing that it cannot be derived
from the other axioms.

Unfortunately, except in a few very simple cases such as the consistency proof for
propositional logic, where the intended model is the finite set ttrue,falseu, proofs of
this kind are generally not finitist, since the theories in question usually admit only
infinite models, and constructing such models requires some form of set-existence
axioms:

Das Problem der Erfüllbarkeit eines Axiomensystems (bzw. einer logischen
Formel), welches im Falle endlicher Individuenbereiche positiv durch Aufweisung
gelöst werden kann, ist im Falle, wo zur Erfüllung der Axiome nur ein
unendlicher Individuenbereich in Betracht kommt, nicht nach dieser Methode
lösbar, weil die Existenz unendlicher Individuenbereiche nicht als ausgemacht
gelten kann.1

(Hilbert, D., Bernays, P. (1934), Grundlagen der Mathematik.)

Another way to establish the consistency of a theory is through syntactic
manipulations. There are several possible approaches to such proofs, but the general
strategy is to assume the existence of a proof of a contradiction within the theory
and then transform that proof into a simpler one, using techniques such as cut
elimination. This transformation may eliminate certain axioms, thereby reducing the
consistency of the theory to that of a weaker one, or it may simplify proofs to a form
where an induction on their structure shows that no proof of a contradiction can exist.

Unfortunately, Hilbert’s program came crashing down due to Gödel’s
incompleteness theorems. By the first theorem, no complete theory of even

1There is currently no official translation of this passage, so here is the author’s own version: “The
problem of the satisfiability of an axiom system (or a logical formula), which can be solved positively
by demonstration in the case of finite individual domains, cannot be solved using this method in
cases where only an infinite individual domain can be considered for the satisfaction of the axioms,
because the existence of infinite individual domains cannot be taken for granted.”
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basic arithmetic can be given2, and, even more damning, the second theorem showed
that all the theories in question cannot prove their own consistency, let alone that of
any stronger theory.

Nevertheless, although the program in its full generality has failed, certain partial
results remain possible. For example, rather than directly proving the consistency
of a theory using finitary means, one may instead show that its consistency can be
reduced to that of a weaker theory. A notable example of such a result is due to
Cohen [28], who, through his method of forcing, showed that the consistency of ZF
is equivalent to the consistency of ZF plus the negation of the continuum hypothesis.
Moreover, his proof could be reformulated to be finitistically acceptable, that is,
PRA $ ConpZFq Ñ ConpZF ` ␣CHq (see, for instance, Weaver [141] for a discussion
on how set-theoretic forcing can be formalized within weak theories such as Peano
arithmetic).

We will say that a theory T is finitistically reducible if it can be shown, using
finitary methods, that the consistency of T can be reduced to that of finitary
mathematics (formalized here by PRA), that is, if PRA $ ConpPRAq Ñ ConpT q
(rather than a direct proof PRA $ ConpT q). Such a result may be regarded as a
partial realization of Hilbert’s program, since the consistency of finitary mathematics
itself was never in question. And, as noted by Simpson [127], a large part of modern
mathematical practice is finitistically reducible.

The first part of the thesis presents the foundational material necessary to
understand the contributions outlined in the other three. This exposition proceeds
gradually, beginning with the introduction of the weak finitistic theory PRA and
progressively introducing stronger theories, while also introducing the necessary
background material. Along the way, we examine the extent to which each of these
theories is finitistically reducible.

In this first part, all the statements of relative consistency between theories have
been proven by syntactic proofs: they proceed by showing that a contradiction derived
in a stronger theory can be transformed into a contradiction in a weaker one (such
as PRA in the case of proofs of finitistic reducibility). Moreover, such proofs often
yield a stronger result: not only can proofs of contradictions be transformed, but also
proofs of a broader class of statements, thereby proving the conservation of the strong
theory over the weak one for these statements.

The culminating result of this first part is the fact that a rather strong theory
of second-order arithmetic, called WKL0, is finitistically reducible. This theory
corresponds exactly to the strength needed to do most semantic proofs of relative
consistency: if a weak theory is consistent, then it has a model (by Gödel’s
completeness theorem, provable in WKL0), and we can then transform this model into
one of a stronger theory, thereby proving its consistency. Similarly, such semantic
proofs can also yield partial conservation results, when some properties of the old
model are preserved in the new one.

For that reason, in the remaining parts of this thesis, all the proofs of relative
consistency, partial conservation, and non-implications will be done using semantic
proof techniques, which explains why we will not go into the details of the syntactic
proofs of the first part.

2.2 Primitive recursive arithmetic
Hilbert drew the line between finitary and infinitary mathematics at the use of
quantifiers on an unrestricted domain:

2More precisely, no such computable theory exists. This computability requirement is typically
implicit when seeking a workable formal theory; examples of non-computable theories will appear in
Chapter 4.
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Now, where do we first depart from the concrete intuitive and from the finite?
Obviously, already with the application of the concepts ’all’ and ’there exists’.
(Hilbert, D. (1923), Die logischen Grundlagen der Mathematik. (Ewald, Trans.))

This restriction may seem too harsh, but, surprisingly, Skolem’s theory of Primitive
Recursive Arithmetic (PRA) [131] demonstrated that a significant portion of what is
known about the natural numbers can be formalized without the use of the existential
and universal quantifiers.

To still be able to make non-trivial statements about the integers (i.e., statements
whose truth cannot just be checked by a computation, unlike simple identities such
as 2 ` 3 “ 3 ` 2), PRA treats formulas like x ` y “ y ` x as implicitly universally
quantified. Philosophically, the formula x ` y “ y ` x can be seen as a statement
about two arbitrary numbers x and y, whereas the universally quantified formula
@x@ypx ` y “ y ` xq is seen as an infinite conjunction over all possible values of x
and y. This distinction makes the former acceptable within a finitistic framework,
but not necessarily the latter. However, in first-order logic, due to the rules of
universal generalization and instantiation, both formulas effectively express the same
proposition (in an empty context where nothing is assumed about x and y, which
makes them truly arbitrary).

2.2.1 Primitive recursive functions
The theory PRA is based on a subclass of computable functions known as the primitive
recursive functions. These are the functions whose inductive definitions make them
obviously computable and total (roughly speaking, another way to view them is as
functions computed by programs that use only “for” loops for iteration). For a detailed
explanation of why these functions are considered the “finitistic” ones, see Tait [137].

Definition 2.2.1 (Primitive recursive function). A primitive recursive function is a
function from Nk to N for some k P N that belongs to the class defined inductively as
follows:

• The constant 0 is primitive recursive.

• The successor function, succ : NÑ N, is primitive recursive.

• The projections pni : Nn Ñ N, px0, . . . , xn´1q ÞÑ xi are primitive recursive for
every i, n P N with i ă n.

• If f is an n-ary primitive recursive function and g0, . . . , gn´1 are m-ary primitive
recursive functions, then x⃗ ÞÑ fpg0px⃗q, . . . , gn´1px⃗qq is an m-ary primitive
recursive function.

• If f and g are respectively n-ary and n ` 2-ary primitive recursive functions,
then h : Nn`1 Ñ N, defined by:

– hp0, x0, . . . , xn´1q “ fpx0, . . . , xn´1q

– hpy ` 1, x0, . . . , xn´1q “ gpy, hpy, x0, . . . , xn´1q, x0, . . . , xn´1q

is primitive recursive.

Definition 2.2.2. A relation on Nn is said to be primitive recursive, if the function
Nn Ñ t0, 1u corresponding to its graph is primitive recursive. Similarly, a subset of N
is primitive recursive if its characteristic function is primitive recursive.

Proposition 2.2.3. The following functions are primitive recursive:

• addition, multiplication, exponentiation, tetration, . . . .

• The function that, given an index e of a program in some formalism (such as
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Turing machine) and an integer s, outputs 1 if the program halts within s steps
of computation and 0 otherwise.

One way to obtain a computable total function that is not primitive recursive is by
diagonalization: we can computably obtain a list of all primitive recursive functions
pe : N Ñ N and consider a function f by letting fpeq “ maxe1ďe pe1peq ` 1. By
definition, f eventually outgrows every primitive recursive function and thus cannot
be itself primitive recursive. This diagonalization method is essentially the way
the Ackermann function is defined, so that it outgrows additions, multiplications,
exponentiations, tetrations, . . . .

Why are the functions obtained by this diagonalization method not considered
“finitistic” ? After all, if the primitive recursive functions are obviously total and
computable, then diagonalizing over them should also yield a function that is again
obviously total and computable. Tait addresses this issue by observing that “the
notion of a finitist function is not finitist”, since the notion of a function is itself
not finitist (a finitist cannot talk about functions, he can only manipulate some
expressions involving some unbound parameters that we view as functions from a
nonfinitist viewpoint). Rather, what Tait is trying to accomplish is to “characterize
the finitist functions and finitist proofs from a nonfinitist standpoint”: while a
finitist may accept any given inductive definition of a primitive recursive function
as meaningful, the collection of all such functions (or an effective enumeration of
them) is not something the finitist can meaningfully grasp, hence a function whose
definition uses this collection is not considered “finitistic”.

2.2.2 PRA

Similarly, the theory PRA described below is a formalization of finitary mathematics,
but it should be noted that this formalization is not itself carried out from a finitistic
perspective: a finitist would accept every proof made within PRA, yet they would
not view the theory PRA itself as something finitistically meaningful. This justifies
why the theory PRA is allowed to have a language with infinitely many symbols (one
for every primitive recursive function) and to have infinitely many axioms: all that
matters is that every proof made in PRA uses finitely many of them.
Definition 2.2.4 ((quantifier-free) PRA (see Avigad [5, Chapter 9])). The language
of PRA includes one function symbol for every description of a primitive recursive
function (there may be several ways to define the same primitive recursive function
starting from the basic functions and using composition and primitive recursion;
we pick a symbol for every such way), the propositional connectives (^,_,␣,Ñ),
infinitely many variables, and the equality symbol “. We will use symbols like `
and ˆ to denote the function symbols corresponding to their standard descriptions as
primitive recursive functions.
The terms are obtained inductively using the variables and function symbols (e.g., x,
succp0q, p32px, y, 0q, x ` y, . . . ). For every n P N, we write n as a shorthand for the
term succpsuccp. . . succp0q . . . qq with n iterations of succ.
The axioms of PRA are given by:

1. ␣psuccpxq “ 0q

2. pni px0, . . . , xn´1q “ xi for every n and every i ă n

3. hpx0, . . . , xm´1q “ fpg0px0, . . . , xm´1q, . . . , gn´1px0, . . . , xm´1qq if h was defined
as the composition of f and the gi.

4. hp0, x0, . . . , xn´1q “ fpx0, . . . , xn´1q and hpsuccpyq, x0, . . . , xn´1q “

gpy, hpy, x0, . . . , xn´1q, x0, . . . , xn´1q if h was defined from f and g by
primitive recursion.

5. The tautologies of intuitionistic propositional calculus.
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We assume that the axioms are closed under substitution, i.e., that the free variables
in their formulation can be replaced by any terms.
Finally, we also add the quantifier-free induction rule stating that, from Ap0q and
Apxq Ñ Apsuccpxqq we can deduce Aptq for any term t. Using a small trick, this
deduction rule can in fact be replaced by axioms expressing the fact that we have
induction in a quantifier-free way (see, e.g., Avigad [5, Section 9.4]).

The theory PRA is sufficiently strong to formalize all the basic syntactic
proof-theoretic arguments. Indeed, all the standard encodings of propositions
and proofs (e.g., Gödel numbering x ¨ y), and the various operations on them
(renaming of variables, composition of proofs…) are given by primitive recursive
functions. Thus, PRA is able to formulate statements about itself. For example,
there exists a primitive recursive function PrPRApx, yq that is equal to 1 when x is
the encoding of a proof of the formula encoded by y in PRA and 0 otherwise. The
consistency of PRA can then be expressed by the formula (with one free parameter
x) ConpPRAq :“ PrPRApx, x0 “ 1yq “ 0. By Gödel’s second incompleteness theorem,
it follows that PRA does not prove its own consistency: PRA & ConpPRAq.

Whether PRA is based on classical or intuitionistic propositional calculus is
inconsequential, since the resulting theories coincide, as demonstrated by the following
result:

Proposition 2.2.5 (see, e.g., Avigad [5, Proposition 9.1.4]). For every formula A in
the language of PRA, PRA $ A_␣A.

Therefore, from this point onward, we will freely use the excluded middle in our
proofs. Including it as axioms allows for shorter proofs. Indeed, A _ ␣A can then
be derived in a single line for every formula A, whereas without it, several steps are
required. That said, the gap between those two systems is not that significant: by
analyzing the proof of the preceding proposition, we obtain proofs in PRA of A_␣A
whose size (i.e., total number of symbols used) is bounded by a polynomial in the size
of A.

Now that we have identified a theory corresponding to finitary mathematics, we
can begin to compare its strength with more powerful infinitary theories. As a first
step, we can extend the language of PRA by introducing quantifiers, thereby crossing
into the realm of infinitary mathematics. This will be done in the next chapter, which
introduces first-order arithmetic and examines the relative strength of several of its
theories, both among themselves and in comparison to PRA.
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Chapter 3

First-order arithmetic and
fragments

Bounded quantifiers are quantifiers of the form @x ă b φpxq or Dx ă b φpxq where
b is a term not containing the variable x. These are often defined using unbounded
quantifiers by letting @x ă b φpxq be shorthand for @xpx ă bÑ φpxqq and Dx ă b φpxq
be shorthand for Dxpx ă b^φpxqq. Despite this, their use was not seen by Hilbert as
problematic from a finitistic viewpoint, as they can be seen as finite conjunctions or
disjunctions:

The assertion that all the objects of a finite existing surveyable totality possess a
particular property is logically equivalent to a conjunction of several individual
assertions,
Hilbert, D. (1923), Die logischen Grundlagen der Mathematik. (Ewald, Trans.)

And indeed, PRA can simulate the use of bounded quantifiers: if φpx, y⃗q defines
a primitive recursive relation and if b is a term not containing the variable x, then
Dx ă b φpx, y⃗q and @x ă b φpx, y⃗q are primitive recursive relations, and there exist
formulas in the language of PRA that serve the same purpose. Thus, from now on,
we allow the use of bounded quantifiers in PRA proofs. A formula where all the
quantifiers are bounded is said to be a bounded formula.

For unbounded quantifiers, we have to extend the language of PRA. The resulting
theory, which we will call first-order PRA, has the same axioms as the quantifier-free
version of PRA (except that we can now take their universal closure: @x ␣psuccpxq “
0q instead of ␣psuccpxq “ 0q…, which dispenses with the need to close them under
substitution) but in an extended language with quantifiers (and the corresponding
rules of first-order logic to handle them).

First-order PRA is still a weak theory, as even in this extended language, we
only have induction for quantifier-free formulas (or bounded formulas, by our above
remark). The theory of Peano arithmetic (PA) can be seen as the extension of first-
order PRA obtained by adding the induction scheme for all first-order formulas (also
called arithmetical formulas). Below PA, we can consider several subtheories, called
fragments, forming hierarchies measuring the amount of induction at our disposal.

3.1 Arithmetical hierarchy
The standard way to measure the complexity of a formula in first-order arithmetic is
via the arithmetical hierarchy. At its base are the simplest formulas, which contain
only bounded quantifiers. Then, the more we alternate between existential and
universal quantifiers to express the formula, the more complicated it is. In Chapter 4,
we will see how the arithmetical hierarchy is closely connected to concepts from
computability theory.

27
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Definition 3.1.1 (Σn- and Πn-formulas). We define inductively the classes Σn and
Πn of formulas for n an integer:

• The classes Σ0 and Π0 are equal and correspond to first-order formulas where
all the quantifiers are bounded (e.g., @x ă 7 Dy ă x 2ˆ y “ x_ 2ˆ y ` 1 “ x)

• If φ is Σn, then @x0@x1 . . .@xk´1φpx⃗q is a Πn`1-formula for every k P N. If ψ is
Πn, then Dx0Dx1 . . . Dxk´1ψpx⃗q is a Σn`1-formula for every k P N.

Example 3.1.2. • The property of being a prime number is expressible by a
Σ0-formula: primepxq :“ x ą 1^ p@y ă x@z ă x py ` 2qpz ` 2q ‰ xq

• The primitive recursive relations are exactly those definable by a Σ0-formula.

• The Goldbach conjecture is a Π1-statement: @xDy ď 2x`4 primepyq^primep2x`
4´ yq.

• The twin prime conjecture is a Π2-statement: @xDy y ą x^primepyq^primepy`
2q.

• For every formula φ, the statement that there exists a proof of φ in PRA, PA,
ZFC…, is Σ1.

With this definition, not every first-order formula falls into the Σn or Πn classes
for some n, as only the formulas in prenex normal form (with the quantifiers moved
to the front) are classified. Nevertheless, classical first-order logic is sufficient to show
that any formula is equivalent to one in prenex normal form. For convenience, we will
sometimes abuse notation and refer to a formula as being Σn or Πn when it is clear
how to rewrite it in prenex normal form (e.g., given a Σn-formula φ, we may refer
to ␣φ as being Πn, as it is clear how to push the negation inside the quantifiers).
Note that we do not close the classes under logical equivalence, as is sometimes done.
In doing so, we would sacrifice the desirable feature of these classes having a purely
syntactic (and decidable) definition.

Using the existence of a bijection between Nk and N for every k P N, which
we denote by xa0, . . . , ak´1y, we can group multiple quantifiers into one, writing
@xx0, . . . , xk´1yφpx0, . . . , xk´1q in place of @x0 . . .@xk´1φpx0, . . . , xk´1q (and similarly
for existential quantifiers). Therefore, without loss of generality, we will often assume
that Σn- and Πn-formulas consist of exactly n strictly alternating single quantifiers.

3.2 First-order PRA

The following proposition shows that the first-order version of PRA is conservative
over its quantifier-free counterpart. That is, adding quantifiers does not allow us to
prove any new statements in the original, quantifier-free language: every quantifier-
free statement provable in first-order PRA is already provable in quantifier-free PRA.
In particular, if quantifier-free PRA is consistent (i.e., does not prove 0 “ 1), then its
first-order extension is also consistent.

In fact, we have a stronger result: for every Π2-statement provable in first-order
PRA (e.g., of the form @xDyφpx, yq with φpx, yq a Σ0-formula), there is a statement
provable in quantifier-free PRA that implies it (of the form φpx, fpxqq for f a primitive
recursive function symbol).

Proposition 3.2.1 (see, e.g., [5, Section 9.4]). The first-order version of PRA is
Π2-conservative over the quantifier-free version of PRA in the following sense: If first-
order PRA proves a formula of the form @x⃗Dy0, . . . , yk´1φpx⃗, y0, . . . , yk´1q, with φ a
bounded formula, then there exists primitive recursive function symbols f0, . . . , fk´1

such that quantifier-free PRA proves φpx⃗, f0px⃗q, . . . , fk´1px⃗qq.
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The original techniques introduced by Hilbert to obtain such “quantifier
elimination” results were based on a formalism known as the epsilon calculus.
Today, Gentzen’s method of cut elimination is more commonly used. The preceding
proposition, for instance, can be proved using Herbrand’s theorem, which in turn
can be derived either via cut elimination or from the epsilon theorems of Hilbert
and Bernays. These proof techniques can all be formalized in quantifier-free PRA,
which gives us our first partial realization of Hilbert’s program: the addition of first-
order quantifiers has been finitistically justified, and from now on, we will freely use
first-order PRA in our finitary proofs of Π2-statements.

Nevertheless, transforming proofs via cut elimination and Herbrand’s theorem can
lead to a substantial increase in proof size (up to a tower of exponentials in the size of
the original proof, as shown by Statman [136]). And it was conjectured by Ignjatovic
[66] that the first-order version of PRA yields a non-elementary speedup over the
quantifier-free version, where a function is said to have elementary growth if it can
be bounded by a tower of exponentials of fixed height.

3.3 Induction
Having infinitely many function symbols in a theory of arithmetic is not something
usual and is often cumbersome to work with. Instead, when defining a theory such
as PA, one typically works in a more restricted language, with only 0, succ,` and ˆ
as function symbols (and sometimes ă as a relation symbol). Other functions are
then handled by defining relations that represent their graphs in terms of these basic
symbols.

Adopting this restricted language leads to a revised presentation of the
arithmetical hierarchy, in which the base class Σ0 “ Π0 now consists of bounded
formulas using only these function symbols. The relations definable by such formulas
are known as the rudimentary relations and are strictly included in the primitive
recursive relations (see e.g., Salehi [121] for an example of a primitive recursive relation
that is not rudimentary). This modification, however, does not affect the higher
levels of the hierarchy. Indeed, every primitive recursive relation (and even every
computable relation) can be defined by both a Σ1- and a Π1-formula in that restricted
language (as we will see in Chapter 4). Consequently, for all n ě 1, the classes of
relations definable by Σn- or Πn-formulas remain unchanged. For the remainder of
this thesis, we shall work in this language and with the new definition for the base
class Σ0 “ Π0.

Once the graph of a computable function has been defined by both a Σ1- and a
Π1-formula, its basic computational properties can be established using only those
of succ,` and ˆ, as provided by the theory of Robinson arithmetic (Q) introduced
below. For instance, the graph of the function px, yq ÞÑ xy can be defined by a Σ0-
formula powpx, y, zq (see [57, Theorem V.3.15]), and hence also both by a Σ1- and a
Π1-formula. Then, for every n,m, k P N, one can derive either Q $ powpn,m, kq or
Q $ ␣powpn,m, kq, depending on whether nm is equal to k (where n, m, and k are
shorthand for iterated applications of succ to 0).

Definition 3.3.1 (Robinson arithmetic). The theory of Robinson arithmetic (Q) is
given by the universal closure of

• succpxq ‰ 0

• succpxq “ succpyq Ñ x “ y

• x “ 0_ pDyqsuccpyq “ x

• x` 0 “ x

• x` succpyq “ succpx` yq

• xˆ 0 “ 0

• xˆ succpyq “ pxˆ yq ` x

The ability of Q (and of stronger theories) to prove the outcome of any computation
is captured by the notion of Σ1-completeness:
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Definition 3.3.2 (Σ1-complete). A theory T is said to be Σ1-complete if for any
Σ1-statement φ, T $ φ if and only if φ is true in N.

The theory Q contains no induction axiom and is too weak to establish even basic
Π1 properties of ` and ˆ (such as their commutativity and associativity). Hence,
although Q suffices to prove the outcome of any given computation, we will always
extend it with additional axioms to make it a workable theory.

When considering theories without induction, a more natural standalone theory
is the theory PA´, which includes the axioms of Q, as well as the basic algebraic
properties of `,ˆ and ă (commutativity and associativity of ` and ˆ, distributivity
of ˆ over `, compatibility of ` and ˆ with ă, and the fact that no element lies strictly
between a number and its successor). Another description of PA´, emphasizing
its purely algebraic content, is its characterization as the axiomatization of the
nonnegative part of discretely ordered rings, where an ordered ring is a commutative
ring together with a linear order compatible with its two operations (a ă b and c ă d
implies a ` c ă b ` d and 0 ď a, b implies 0 ď a ˆ b), discrete means that there is
no element between 0 and 1 and the nonnegative part are the elements of the ring
greater than 0.

We can now consider the following hierarchy of induction schemes. The inclusion
of PA´ (or other weak base theories) in the definition of IΓ and of the other schemes
considered in this chapter is purely a matter of notational convenience, as it makes it
possible to work with them as self-contained theories, and not have to write PA´

` IΓ
every time.

Definition 3.3.3 (IΓ). For φpxq a formula (with possibly other free variables), the
induction axiom associated to it is the universal closure of the formula:

pφp0q ^ @xpφpxq Ñ φpx` 1qqq Ñ @xφpxq

For Γ a class of formulas, we let IΓ be the axiom scheme comprised of the induction
axiom for every formula in Γ together with the axioms of PA´.

Proposition 3.3.4 (Paris and Kirby [107]). For every n P N, IΣn is logically
equivalent to IΠn (and we will mostly talk about IΣn from now on).

The theory IΣ0 is strong enough to prove many properties of powpx, y, zq, such as
the fact that @x, y0, y1, z0, z1 powpx, y0, z0q^powpx, y1, z1q Ñ powpx, y0`y1, z0ˆz1q.
However, defining a function via its graph is different from including a corresponding
function symbol. When a function symbol is part of the language, the totality of
the corresponding function is guaranteed by definition. In contrast, if a function
is defined through its graph, its totality must be proved, and this is not always
achievable within weak theories. For example, IΣ0 does not prove the Π2-statement
exp :“ @x@yDzpowpx, y, zq expressing the totality of the function px, yq ÞÑ xy.

Fortunately, in stronger theories like PA (which we can now define as
Ť

nPN IΣn),
the induction at our disposal is sufficient to prove the totality of many functions,
which makes it possible to work with them as if they are part of the language from
the start, and justify the use of a restricted language. In fact, for every primitive
recursive function, IΣ1 is sufficient to prove the totality of the standard algorithm
computing it. As a result, IΣ1 can be viewed as including first-order PRA.

In fact, by the following statement, IΣ1 is finitistically reducible (and, similarly to
Proposition 3.2.1, this statement can be proven in PRA itself). Thus, from now on,
we will freely use Σ1-induction when proving Π2-statements in PRA, and will assume,
when convenient, that we work in a theory using only 0, succ,`,ˆ and ă as function
and relation symbols.

Proposition 3.3.5 (see, e.g., Avigad [5, Theorem 10.6.1]). IΣ1 is Π2-conservative
over PRA.
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IΣ1 admits a non-elementary speedup over PRA, even for Π1-formulas. This was
shown by Ignjatović in his dissertation [66, Theorem 2.9], with a later published
account given by Caldon and Ignjatović [12]. This further justifies the use of IΣ1.

As we will see in Proposition 3.6.5, IΣ2 is already a theory that is not finitistically
reducible (as IΣ2 proves the consistency of PRA, which is a Π1-statement that PRA
does not prove).

In Chapter 4, we will introduce the notion of a ∆n set as one that is definable by
both a Σn- and a Πn-formula. This is purely a semantic notion, as such equivalences
are undecidable in general, hence we will not speak of ∆n-formulas. Nevertheless, we
will sometimes say that a given property or a given set is provably ∆n in a theory
T when T is able to prove the equivalence: for instance, in IΣ1 the provably ∆1 sets
coincide exactly with the primitive recursive sets by Proposition 3.3.5. This is also
not to be confused with the notion of a ∆n set inside a specific structure, which we
will introduce in Chapter 9.

Definition 3.3.6 (I∆n). For n P N, the ∆n-induction scheme (I∆n) is the theory
comprised of PA´ together with, for every Σn- and Πn-formulas φpxq and ψpxq (with
possibly other free variables), the universal closure of the following axiom:

p@xφpxq Ø ψpxqq Ñ φp0q ^ p@xφpxq Ñ φpx` 1qq Ñ @xφpxq

3.4 Collection
Other natural classes of first-order statements to consider are the collection schemes.
They correspond to the axiomatic power needed to uniformly bound a finite number
of existential witnesses.

Definition 3.4.1. For φpx, yq a formula (with possibly other free variables), the
collection axiom associated to it is the universal closure of the formula:

@nrp@x ă nDyφpx, yqq Ñ Db@x ă nDy ă bφpx, yqs

For Γ a class of formulas, we let BΓ be the axiom scheme comprised of the collection
axiom for every formula in Γ together with the axioms of IΣ0.

A conjunction or disjunction of Σn- (resp. Πn-) formulas is logically equivalent
to a Σn- (resp. Πn-) formula. The following result shows that, assuming BΣn, we
can add bounded quantifications in front of a Σn- (resp. Πn-) formula and obtain a
formula that is still equivalent to a Σn- (resp. Πn-) formula.

Proposition 3.4.2 (Parsons [109]). Let φ be Σn and ψ be Πn, then BΣn proves that
@x ă yφ and Dx ă yψ are equivalent to a Σn- and a Πn-formula, respectively.

Proposition 3.4.3 (Kirby and Paris [107]). For every n P N,

• BΣn`1 and BΠn are logically equivalent. In particular BΣ1 is equivalent to
BΠ0 “ BΣ0.

• IΣn`1 implies BΣn`1, which itself implies IΣn and the converse implications do
not hold.

The following result relates the collection and induction schemes. The assumption
that the exponential function is total (which was denoted by exp) is only relevant in
the case n “ 1 as both BΣn and I∆n prove it when n ě 2. It remains open, however,
whether this assumption can be removed entirely.

Proposition 3.4.4 (Slaman [132]). For every n ą 0, BΣn is equivalent to I∆n under
the assumption that the exponential function is total.
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The case n “ 1 of the following statement yields another conservation result: BΣ2

is Π3-conservative over IΣ1, hence, by Proposition 3.3.5, it is Π2-conservative over
PRA.

Proposition 3.4.5 (Paris [106] see, e.g., [57, Theorem IV.1.59]). For every n P N,
BΣn`1 is Πn`2-conservative over IΣn.

By Kołodziejczyk, Wong, and Yokoyama [78, Theorem 4.9], for every n ě 1, every
proof of a Πn`2-statement in BΣn`1 can be translated to a proof in IΣn with at most
a polynomial increase in size. A similar result also holds for n “ 0 but requires the
inclusion of exp in the theories.

These results were independently discovered by Fedor Pakhomov (personal
communication from Kołodziejczyk), with an argument that appears to remove the
need for the inclusion of exp in the case n “ 0.

3.5 Bounded comprehension
The theory PRA is strong enough to handle encodings of finite sets via integers.
For instance, the relation x Pack y, which holds precisely when the x-th bit in the
binary expansion of y is 1, is a primitive recursive relation and can even be defined
by a Σ0-formula, using the Σ0-formula powpx, y, zq. One can then define the usual
operations on such encodings, such as taking unions, computing cardinalities, or
removing elements. Moreover, PRA proves the basic properties of these finite sets,
such as the finite pigeonhole principle.

However, PRA does not in general prove the existence of a finite set defined by
an arbitrary arithmetical formula. This motivates the consideration of the following
hierarchies of statements:

Definition 3.5.1 (BCΓ). For φpxq a formula (with possibly other free variables), the
bounded comprehension axiom associated to it is the universal closure of the formula:

@tDn@ypy Pack nØ py ă t^ φpyqqq

For Γ a class of formulas, we let BCΓ be the axiom scheme comprised of the bounded
comprehension axiom for every formula in Γ together with the axioms of PA´.

For n P N, the ∆n bounded comprehension scheme (BC∆n) is the theory comprised
of PA´ together with, for every Σn- and Πn-formulas φpxq and ψpxq (with possibly
other free variables), the universal closure of the following axiom:

p@xφpxq Ø ψpxqq Ñ @tDn@ypy Pack nØ py ă t^ φpyqqq

This leads to the following equivalences between bounded comprehension schemes
and the various levels of the induction hierarchy.

Proposition 3.5.2 (See e.g., Hájek and Pudlák [57]). For every n P N,

• IΣ0 ` exp $ BCΣn Ø BCΠn Ø IΣn

• IΣ0 ` exp $ I∆n Ø BC∆n

3.6 Well-foundedness
Another important hierarchy of statements that will feature prominently in this
thesis concerns the well-foundedness of certain ordinals. Developing a general theory
of ordinals requires strong set-theoretic axioms that are not finitistically available.
Even when restricted to countable ordinals, substantial axiomatic strength is needed:
as Simpson [128] observed, “ATR0 is the weakest set of axioms which permits the
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development of a decent theory of countable ordinals”, where ATR0 is a strong theory
of second-order arithmetic (see Chapter 5). Fortunately, for our purposes, developing
a general theory of countable ordinals is not required.

A linear order is said to be well-founded (or well-ordered) if it contains no
infinite decreasing sequences (or, equivalently, if every non-empty subset has a least
element). The general theory of ordinals investigates such orders through order-
preserving functions, aiming to classify and compare them. Ordinals are usually
defined either as equivalence classes under order-preserving bijections, or by picking
some representative of these classes, where the set membership relation P is the order
relation. The ordinals themselves can then be linearly ordered, depending on whether
they can be embedded into each other by an order-preserving function.

Here, as we do not have at our disposal the tools to prove the basic properties
of this equivalence relation, or to define those sets, we will go in a different direction
with the use of ordinal notations.

An ordinal notation is a way to encode a set of ordinals with natural numbers, so
that the set of codes and the induced order relation between them are computable
(and even primitive recursive in our case). Here, we will only consider a notation for
ordinals below the ordinal ε0 (where ε0 is defined as the first solution to the equation
ωα “ α or, equivalently, as the supremum of the sequence pωnqnPN, where ωn :“ ω1

n

and the ωα
n are defined inductively by letting ωα

0 :“ α and ωα
n`1 :“ ωωα

n for α ă ε0).
Our notation will be based on the Cantor normal form theorem, which can be used to
represent ordinals below ε0 as trees. Another desirable feature of this notation is the
fact that the basic ordinal operations on the codes, such as addition, multiplication,
exponentiation will be computable (and even primitive recursive).

We will then study the logical strength of the statement asserting the well-
foundedness of the induced ordering.

Theorem 3.6.1 (Cantor normal form). For every ordinal α, there exists a finite
sequence β0 ă ¨ ¨ ¨ ă βk´1 of ordinals and a finite sequence n0, . . . , nk´1 P Nzt0u of
integers such that:

α “ ωβk´1 ˆ nk´1 ` ¨ ¨ ¨ ` ω
β0 ˆ n0

This expression is called the Cantor normal form of α, and it is unique.

For an ordinal α smaller than ε0, the coefficients βi in its Cantor normal form are
strictly smaller than α, and we can inductively replace them by their own Cantor
normal form to express α using only integers, ω, ordinal addition, multiplication, and
exponentiation (e.g., ωωωˆ5`ω2ˆ3`ω ˆ 4 ` ωω2ˆ8`1 ˆ 6 ` 17). Thus, every ordinal
below ε0 can be written this way using a finite number of symbols, hence can be
encoded by some integer.

The statement asserting the well-foundedness of a countable order is a second-
order statement, as it quantifies over all the possible sequences of elements of that
order. Here, we consider a restricted version of that statement, which quantifies only
over sequences that are Σ1. More precisely, a Σ1 sequence refers to a total function
f : N Ñ N whose graph tpx, fpxqq : x P Nu is encoded by a Σ1-formula Dsφpx, y, sq
which holds exactly when y “ fpxq. Since f is total, its graph can equivalently
be given by a Π1-formula, namely @s@x1, x1 ‰ x Ñ ␣φpx1, y, sq. As we will see in
Chapter 5, the second-order version will be of similar strength.

Definition 3.6.2 (WFpαq). For every α ď ε0, let WFpαq be the statement that there
is no infinite decreasing Σ1 sequence of ordinals smaller than α

The statement WFpαq is a Π3-statement for every ordinal α ă ε0. It is clear that
if α ą β, then PRA $WFpαq ÑWFpβq.

The following result, due to Gentzen, may be viewed as a partial realization of
Hilbert’s program and is the foundational result of ordinal analysis, a field of logic that
assigns to every theory an ordinal measuring its proof-theoretic strength. Although
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Gödel’s incompleteness theorem shows that PA cannot prove its own consistency (and
in particular that PRA & ConpPAq), the system PRA`WFpε0q is able to prove ConpPAq.
Consequently, PA itself cannot prove WFpε0q.

Theorem 3.6.3 (Gentzen [49]). PRA`WFpε0q $ ConpPAq.
More generally, an analysis of Gentzen’s proof yields PRA`WFpωn`1q $ ConpIΣnq.

In particular, PRA`WFpωωq $ ConpIΣ1q, which is a Π1-statement not provable in
IΣ1 by Gödel’s incompleteness theorem, hence PRA`WFpωωq is not Π1-conservative
over PRA and is not finitistically reducible.

The following result, due to Kreuzer and Yokoyama, shows that WFpωωq is
equivalent to several other well-studied fragments of first-order arithmetic.

Proposition 3.6.4 (Kreuzer and Yokoyama [84, Theorem 5]). Over IΣ1, the following
are equivalent,

• WFpωωq

• The totality of all the functions defined by the same scheme as the Ackermann
function (from a total function f : NÑ N, we define Af : N2 Ñ N by Af p0, nq “
fpnq, Af pm ` 1, 0q “ Af pm, 1q and Af pm ` 1, n ` 1q “ Af pm,Af pm ` 1, nqq.
The Ackermann function is simply the case where f is the successor operation).

• BME‹ (which will be introduced in a second-order form in Chapter 10)

• PΣ1, which is the scheme comprised of PA´, together with, for every Σ1-formula
φpx, yq (with possibly other free variables), the universal closure of the axioms
stating that: if φpx, yq encodes a partial function, then for every k P N, there
exists a sequence psiqiďk of integers, such that, for every i ă k, if φpx, yq holds
for some x ď si, then necessarily y ď si`1.

However, these equivalences do not generalize well to other ordinals of the form
ωn for n ą 2. The scheme PΣn, which generalizes PΣ1 to all Σn-formulas φpx, yq,
lies strictly between IΣn`1 and IΣn, while being incomparable with BΣn`1, and, by
the following proposition, even PRA`WFpε0q is not strong enough to prove IΣ2 (and
hence PΣ2). Thus, the theories PRA`WFpαq are of peculiar strength: they are able
to prove the consistency of certain strong theories of arithmetic, yet are not able to
establish the truth of their axioms.

Proposition 3.6.5 (See e.g., [57, Theorem II.3.18 and Theorem IV.1.33]).

• For every n, k P N, IΣn $ WFpωk
nq, in particular, IΣ2 $ WFpωωq and the IΣn

are not finitistically reducible for n ą 1.

• If φ is a Π3-formula consistent with BΣ2, then BΣ2 ` φ & IΣ2. In particular,
PRA`WFpε0q & IΣ2.

Now that we have defined several hierarchies of fragments of first-order arithmetic,
we will see in the next chapter various connections between the arithmetical hierarchy
and computability-theoretic notions. These connections make it easier to work
with arithmetical formulas by relating them to more intuitive concepts, such as the
termination of an algorithm. They also provide a general form for Σn- and Πn-
formulas, which allows us to establish the existence of universal Σn- and Πn-formulas,
respectively, and deduce that the theories IΣn,BΣn`1, and IΣ1 `WFpωnq are in fact
finitely axiomatizable for n ą 0.



Chapter 4

Computability

Among the infinite objects studied by mathematicians, not all are equally problematic.
Even setting aside the very large sizes of infinity studied by set theorists, there is
already a distinction to be made between the different subsets of N. Indeed, some
of these subsets can be completely described as consisting of the integers satisfying
a simple property expressible with a finite number of symbols. In such cases, it is
not entirely clear what is gained by treating them as completed entities, rather than
simply replacing their use by their finite definition (i.e., saying “let n be such that
φpnq” instead of saying “let n P X”). In contrast, other subsets cannot be defined by
a finite number of symbols, and the question of what it means for such sets to “exist”
raises deep philosophical concerns.

In the next chapter, we will see that some set existence axioms are indeed
finitistically reducible. This chapter introduces the tools and definitions from
computability theory which will be used to establish those results, by classifying
sets based on their computability-theoretic content.

We will not go into detail on how to formalize what is an algorithm. In line
with the Church-Turing thesis, we assume that our intuitive notion of what can be
computed can be formalized, and that all algorithmic procedures described using
natural language in this thesis could also be expressed using Turing machines,
lambda calculus, or any other Turing-complete formalism.

The following facts and notations will be useful in our subsequent descriptions of
algorithms:

• We regard all computable functions as being partial functions from N to N, or
equivalently as partial functions from t0, 1uăN to t0, 1uăN, where AăN denotes
the set of finite sequences of elements of A (we also introduce the notation Aăn

and Aďn for sequences of elements of A of length ă n and ď n, respectively).
For functions taking more than one parameter as input, or a different type of
data, we rely on the fact that such inputs can be computably encoded as a
single natural number. On a given input, an algorithm either halts and returns
an integer, or never halts and the corresponding function is undefined for that
input.

• There exists an enumeration pΦeqePN containing all the computable functions
and such that this enumeration is effective, in the sense that there exists some
computable function Φ (hence belonging to the list) such that Φpxe, xyq is equal
to Φepxq (and is undefined if Φepxq is). The index e is said to be the Turing
index of Φe.

• We write ΦepxqÓ to specify that Φe halts on input x, and we write ΦepxqÓ “
v to specify that it halts and returns v. Conversely, we write ΦepxqÒ if the
computation never halts.

35
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• We assume that our formal model allows a computation to be broken down
into a sequence of discrete steps, and we write Φepxqrss for the result of the
computation after s steps (we write ΦepxqrssÓ or ΦepxqrssÒ to specify whether
the computation has already halted after those s steps).

• The function defined by pe, x, sq ÞÑ 0 if ΦepxqrssÒ and pe, x, sq ÞÑ v ` 1 if
ΦepxqrssÓ “ v can be assumed to be primitive recursive.

Definition 4.0.1 (computable set). A set X is said to be computable if its
characteristic function is computable.
A set X is said to be computably enumerable (or c.e.) if X “ We, for some Turing
index e, where We is the domain of Φe.

Thus, a set X is computable if there exists an algorithm that takes an integer n
as input, and answers whether n is in X or not. A set X is computably enumerable
if there is an algorithm that takes an integer n as input, and only halts if n is in X.

Proposition 4.0.2. A set X Ď N is computable if and only if X and its complement
NzX are computably enumerable.

Contrary to what its name suggests, computability theory is mainly concerned
with what is not computable. The field examines mathematical objects and theorems
through the lens of their computational content, and from this point of view, the
computable cases are seen as trivial. In the next section, we will see how to compare
the computational content of subsets of N.

4.1 Relativized computability and arithmetical sets
The notion of a computable function can be relativized to define computation relative
to a given set A, called the oracle. In this context, it is assumed that the computation
has access to all the bits of A (for example, by adding another tape to a Turing
machine with A written on it, or in lambda calculus by including the characteristic
function of A as a primitive in the language). We can then talk about A-computable
functions, consider ΦA

e , the e-th such function and define WA
e as the A-c.e. sets….

More generally, this relativization can be done in a uniform manner, and there exists
a computable list pΦX

e qePN of the so-called Turing functionals, where the oracle X is
seen as a parameter. For example, we can consider the code e of the functional ΦX

e

that searches the first element of a given set X and outputs it if there is one.
Since every computation that halts does so in a finite number of steps, the result

of it only depends on a finite number of bits in the set A. We can also assume that in
s steps of computation, we only have access to the first s elements of A. This gives
Proposition 4.1.1, which can be seen as stating the continuity of the total functionals
on the Cantor space t0, 1uN (for the product topology). We first introduce notation
for working with finite sets and finite binary sequences.

By abuse of notation, we identify subsets of N, infinite binary sequences, and
functions from N to t0, 1u. We will also make use of set-theoretic notations, writing k
for the set t0, . . . , k´ 1u. Thus, 2N denotes the Cantor space and 2n the set of binary
sequences of length n. For finite subsets E Ď N (which we denote E Ďfin N), the
link with finite binary sequences is less direct, since two sequences that differ only by
trailing zeros represent the same set.

We will often view finite sets and finite binary sequences as approximations of
infinite sets. For this reason, both notations have their own purpose: finite subsets
contain only positive information about which elements belong to the infinite set,
whereas finite binary sequences contain both positive and negative information about
which elements do or do not belong to the set.

We write σ ĺ τ for the prefix relation between two binary sequences (finite or
infinite). |σ| will denote the length of a sequence σ and cardE will denote the
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cardinality of the set E. For k P N, we write σæk for the sequence σ restricted
to the domain t0, . . . , k´1u. We will abuse notation and often write σ Ď E (meaning
that σpiq “ 1 implies i P E for every i ă |σ|), Eæk (for E X t0, . . . , k ´ 1u) and Epiq
(equal to 1 if i P E and 0 otherwise).

Proposition 4.1.1 (use property). Let A Ď N and x, e, v P N. If ΦA
e pxqrssÓ “ v,

then for every B Ď N with Aæs “ Bæs, ΦB
e pxqÓ “ v.

Another consequence is that it is not necessary to specify all the bits of the oracle.
For a finite binary sequence σ, we define Φσ

e to be the computation that behaves like
ΦA

e for any set A Ď N extending σ (i.e., with σ ă A) up to the |σ|-th step, and if the
computation has not halted at the |σ|-th step, Φσ

e enters an infinite loop.

This relativization of the notion of computability allows us to compare sets by the
amount of information they contain.

Definition 4.1.2 (Turing reducibility). For A,B Ď N, we say that A is Turing-
reducible to B and we write A ďT B if A is B-computable.

The structure pPpNq,ďT q is a preorder. One may then define the equivalence
relation ”T (Turing equivalence) by letting A ”T B if A ďT B and B ďT A. An
equivalence class for ”T is called a Turing degree and we let D be the set of all Turing
degrees. By construction, ďT is compatible with the quotient by ”T . The resulting
order pD,ďT q is a join-semilattice, with minimal element 0, the degree of H, i.e., the
class containing exactly the computable sets, and with join ‘ induced by the following
operation on sets (which is compatible with ”T ).

Definition 4.1.3 (join). For A,B Ď N, we define A‘B, the join of A and B, to be
the set 2AY p2B ` 1q “ t2n : n P Au Y t2n` 1 : n P Bu.

The join operator as defined here is not associative, but we can easily compute
pA‘Bq ‘C from A‘ pB ‘Cq and vice versa, thus we will abuse notation and write
A0 ‘ ¨ ¨ ¨ ‘An´1 for the join of n sets.

Proposition 4.1.4. For A,B,C,D Ď N, if A ”T B and C ”T D, then A ‘ C ”T

B ‘D, thus ‘ can be defined for degrees.

We will also talk of the join of A0, A1, ¨ ¨ ¨ Ď N, an infinite countable family of
sets and define it to be the set

À

nPNAn :“ txk, ny : k P Anu. However, it should be
noted that this definition cannot be applied to degrees: if B0, B1, ¨ ¨ ¨ Ď N is another
infinite family with An ”T Bn for every n P N, then

À

nPNAn is not necessarily
Turing equivalent to

À

nPNBn. In fact, pD,ďT q is not complete in a strong sense:
by Spector [135], every countable increasing sequence of degrees has no least upper
bound.

Definition 4.1.5 (Turing jump). For A Ď N, let A1 “ te : ΦA
e peqÓu be its Turing

jump (also called the halting set relativized to A).

A1 is an A-c.e. set, and we define, for each s P N, A1rss “ te : ΦA
e peqrssÓu, its A-c.e.

approximation. We have A1r0s Ď A1r1s Ď . . . , and A1 “
Ť

sPNA
1rss. The modulus of

A1 is the function µ : N Ñ N which sends x P N to the first integer s P N such that
A1rssæx “ A1æx.

Proposition 4.1.6. For every set A,B Ď N:

• A ďT A1 in a uniform manner: there exists some index e such that for every set
C, ΦC1

e is the characteristic function of C.

• A1 ęT A (undecidability of the halting problem, relativized to any set A)

• Let µ : NÑ N be the modulus of A1, and let f : NÑ N be such that µpnq ď fpnq
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for every n P N (that is, f dominates µ). Then A‘ f ěT A1.

• If A ďT B, then A1 ďT B1, hence we can define the jump d1 of a degree d to be
the degree of the jump of any of its elements.

• A1 “WA
e , for some Turing index e (which does not depend on A).

We write Apnq for the iterated Turing jumps of a set A (i.e., Ap0q “ A and
Apn`1q “ Apnq1), and similarly for degrees. We can continue iterating the jump
operator into the transfinite by letting Apωq :“

À

nPNA
pnq. It should be noted that

the degree of Apωq is not the least upper bound of the degrees of the Apnq for n P N
(A set can compute Apnq for every n P N, but may not compute Apωq if the Apnq are
not computed in a uniform manner).

Let A,B Ď N be such that B is A1-computable. Then there exists an index e P N
such that ΦA1

e pxqÓ “ Bpxq for every x P N. For every s P N, define Bs “ tx ă

s : Φ
A1rss
e pxqrssÓ “ 1u. The sequence pBsqsPN is A-computable and satisfies that

limsÑ8 Bspxq exists and is equal to Bpxq for every x P N.
Indeed, let µ be the modulus of A1 and fix x P N. Since ΦA1

e pxqÓ, there exists
y P N such that ΦA1æy

e pxqÓ and, since A1rssæy “ A1æy for every s ě µpyq, we have
Φ

A1rss
e pxqrssÓ “ Bpxq for every sufficiently large s. From this, we obtain the following

result, which connects computations relative to the jump of a set with computations
in the limit.
Proposition 4.1.7 (Shoenfield’s limit Lemma). Let A Ď N. A set B is A1-
computable if and only if there exists an A-computable function g : N2 Ñ N such
that limnÑ8 gpn, xq exists for every x P N and is equal to Bpxq.

We now have sufficient background to classify the sets defined by arithmetical
formulas in terms of computable sets and repeated applications of the jump operator.

To the syntactical notion of a Σn- or Πn-formula, we associate the semantical
notion of a Σn or Πn set.

Definition 4.1.8 (arithmetical,Σn,Πn and ∆n sets). Let φpxq be an arithmetical
formula with x its only free variable, and let X “ tn : φpnqu. The set X is said to be
arithmetical.
If φ is a Σn- (resp. Πn-) formula, then X is also said to be Σn (resp. Πn).
A set X Ď N is said to be ∆n if it is both Σn and Πn.

The notion of a ∆n set has no syntactical equivalent, as the equivalence between a
Σn- and a Πn-formula is not a syntactic property (and in fact not even decidable). The
following central theorem of computability theory relates the levels of the arithmetical
hierarchy to iterations of the Turing jump. The level n “ 1 is due to Kleene [76]
building on the work of Gödel [51].

Theorem 4.1.9 (Post’s theorem [116]). Let A Ď N and n ą 0. Then, the following
hold:

• A is ∆n if and only if A ďT H
pn´1q

• A is Σn if and only if A is Hpn´1q-c.e.

One consequence of this theorem and the existence of a computable list of all the
computable functions, is the existence, for every n ě 1, of a universal Σn-formula
(here the word universal does not refer to universal quantifiers, but rather to the fact
that the formula is universal among the other Σn-formulas), i.e., a Σn-formula φpxq
such that PRA proves that for every other Σn-formula ψpyq there exists an index
e P N such that ψpyq is equivalent to φpxe, yyq. Similarly, by taking its negation, we
also obtain a universal Πn-formula. See Hájek and Pudlák [57, I.1] for an explicit
construction of such formulas.
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Using this universal Σn-formula, we obtain that the theories
IΣn, IΠn, I∆n`1,BΣn`1,BΠn and IΣ1 ` WFpαq are all finitely axiomatizable for
n ą 0 (as they all contain PRA and thus prove the existence of this universal
formula). More precisely, for every n ą 0, IΣn and I∆n can be axiomatized by a
single Πn`2-formula and BΣn`1 by a single Πn`3-formula.

A general phenomenon in computability theory is the ability to relativize a given
result. For a fixed set A, almost all results remain valid when every occurrence of
“computable” is replaced by “computable with oracle A”. In Chapter 5, we will
likewise relativize the arithmetical hierarchy by allowing set parameters to appear in
formulas. The relativization of Post’s theorem will give us a characterization of the
Xpn´1q-computable sets and the Xpn´1q-c.e. sets in terms of formulas with X as a
parameter.

4.2 PA degrees
By Gödel’s first incompleteness theorem, no complete extension (or completion) of
PA´ is computable. The canonical example of such a theory is the theory of true
arithmetic, that is, the set of all first-order sentences satisfied by the structure
pN, 0, succ,`,ˆ,ăq. This theory is far from being computable, as it is Turing
equivalent to Hpωq. Nevertheless, there exist completions that are computationally
less complex. In this section, we investigate the exact computable strength needed
to produce a complete extension of PA´ and of other stronger systems such as PA or
ZFC.
Definition 4.2.1 (PA degree). A degree d is a PA degree if it computes a complete
extension of PA.

We can represent all the possible completions of a computable theory T as the
infinite paths of some computable infinite binary tree T . The idea is to make every
level n of our tree represent a choice: do we take the n-th formula φn or its negation
in our theory, and if our choices lead to a contradiction, then we simply cut the
corresponding branch. Thus defined, this tree is not computable, as we cannot decide
whether a given theory is consistent or not. Nevertheless, if a theory is inconsistent,
then a proof of a contradiction will eventually be found, and we can rather define T
as follows: a given binary sequence σ P 2s belongs to T if and only if there is no proof
of size ď s of a contradiction using the formulas encoded by the bits of σ together
with the axioms of T of size ď s. This property is indeed computable, and the infinite
paths of T are exactly those encoding completions of T (as we have made a choice
between φ or ␣φ for every formula φ).

If the theory T is consistent and contains PA´, then this construction defines
an infinite binary computable tree with no infinite computable path (by Gödel’s first
incompleteness theorem). The statement that every infinite binary tree has an infinite
path is known as weak Kőnig’s lemma (or WKL), and our construction shows that it
is not constructively valid (to believe in the truth of that statement requires believing
in the existence of some non-computable sets). Nevertheless, as we will see in the
next chapter, the statement WKL is finitistically reducible.

WKL will play an important role in this thesis, in part due to the following
equivalence, which gives several characterizations of the sets of paths through a
computable tree. WKL also plays an important role in reverse mathematics, as we
will see in Chapter 5.

Proposition 4.2.2. Let P Ď 2N, the following are equivalent:

• There exists a computable tree T such that P is the set of all infinite paths in T
(denoted rT s).

• There exists a computable set I of binary sequences, such that 2NzP “
Ť

σPI rσs,
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where rσs denotes the basic open set tX P 2N : σ ă Xu (i.e., P is effectively
closed in the product space 2N)

• There exists a Turing functional ΦX that takes no input, and such that P “ tA :
ΦAÒu

A class P satisfying those properties is said to be a Π0
1 class.

The standard proof of WKL proceeds as follows. Let T be an infinite binary tree.
We define an infinite path X through T as X “

Ť

nPN σn where pσnqnPN is a sequence
of elements of T satisfying σ0 ă σ1 ă . . . , such that for every n P N, |σn| “ n and
there are infinitely many elements of T extending σn. Such a sequence is defined
inductively as follows: let σ0 be the root of T . Since T is infinite, there are infinitely
many elements of T extending σ0. Now assume σn has been defined for some n P N.
For i ă 2, let Ai “ tσ P T : σ ľ σn ¨ iu, then, as tσ P T : σ ľ σnu “ tσnuYA0YA1 is
infinite, at least one of the Ai is infinite and let σn`1 “ σn ¨i for such an i. Continuing
this process inductively yields an infinite path through T .

The set X defined above is not computable, since we cannot effectively find an
i ă 2 for which Ai is infinite. In general, deciding whether a computable set X Ď N is
infinite requires H2, as the formula @xDy y ą x^y P X is equivalent to a Π2-formula.
However, due to the specific form of the sets Ai, namely, their closure under prefixes
for elements extending σn ¨ i, this could be reduced to a Π1-formula: Ai is infinite if
and only if for every level ℓ ą |σn| of the tree, we have Ai X 2ℓ ‰ H. This allows the
infiniteness of Ai to be decided using only H1. We can go beyond that by noticing
that the construction does not require deciding, for each i ă 2, whether Ai is finite
or not, but only to find one index i ă 2 such that Ai is infinite. As we will see, this
can be done without having to compute H1.

Definition 4.2.3 (DNC2 degree). A degree d is a DNC2 degree (for diagonally non-
computable) if it computes a total function f : NÑ t0, 1u such that fpnq ‰ Φnpnq for
every n P N. Any such function is referred to as a DNC2 function.

Consider the program Φe that performs a breadth-first search on the trees A0 and
A1 in parallel, and outputs i ă 2 if it discovers that Ai is finite, while never halting
if both A0 and A1 are infinite. Then, for any DNC2 function f , the value of fpeq
indicates which branch to follow in order to continue the construction of our path. As
this could be done in a uniform manner, any DNC2 degree computes a path through
any infinite computable subtree of 2N.

Conversely, given a complete theory T extending PA (in fact, PRA suffices), we
can compute a DNC2 function f as follows. For each e P N, search for a proof in
T of a statement of the form ␣pΦepeqÓ “ iq for some i ă 2, and define fpeq “ i.
This function is well-defined. Indeed, PRA proves that Φepeq cannot take two distinct
values, so T cannot prove ΦepeqÓ “ i for both i ă 2. By completeness of T , it
must therefore prove ␣pΦepeqÓ “ iq for at least one i ă 2, ensuring that the search
eventually succeeds. Finally, by the Σ1-completeness of PRA, the function f is indeed
DNC2: if ΦepeqÓ “ i, then this fact is provable in PRA, and hence cannot be refuted
in T , so fpeq ‰ i.

Thus, we have the following characterization of PA degrees:

Proposition 4.2.4. A degree d is PA if and only if it is DNC2 if and only if it
computes an element of any non-empty Π0

1 class.

As stated before, we don’t need to go as high as Hpωq or H1 to find sets of PA
degree.

Theorem 4.2.5 (Jockusch and Soare [71] (cone avoidance basis theorem)). For every
non-computable degree d, there exists a PA degree a such that d ęT a.
In particular, there exists some PA degree a such that a ğT 01.
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The jump operator is not injective on Turing degrees: there exist multiple degrees
whose jump is equal to 01. Such degrees are called low, and they will play an important
role in this thesis. Indeed, by the relativization of Post’s theorem, if X is a low set,
then every Σ2- and Π2-formula in which we allow X to appear as a parameter (which
will be referred to as Σ2pXq- and Π2pXq-formulas in the next chapter) is equivalent
to a Σ2- and a Π2-formula respectively, and we will use this fact to show that, from
a proof-theoretic viewpoint, assuming the existence of some low sets is often no more
problematic than working with computable sets.

Definition 4.2.6 (low degrees). A degree d is low if d1 ”T 01.
For n ą 0, we say that d is lown if dpnq ”T 0pnq.

Theorem 4.2.7 (low basis theorem (see e.g., [57, I.3.8])). There exist PA degrees that
are low.

Again, all the results in this section relativize. For example, Proposition 4.2.2
remains true when considering A-computable trees T , A-computable sets I of binary
sequences and Turing functionals ΦX‘A, resulting in the definition of a Π0

1pAq class.
Similarly, we can say that a set B is of PA degree relative to A (which we write A ! B)
or PA over A, and say that a degree d is low relative to a if pa‘ dq1 ”T a1.
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Chapter 5

Second-order arithmetic

We have seen in Chapter 3 several first-order theories extending PRA, and we have
compared their strength as well as whether they are finitistically reducible. In this
chapter, we will extend PRA in another direction, by adding the possibility to talk
and quantify not only over integers, but also on sets of integers.

Contrary to Zermelo-Fraenkel set theory (ZFC) where everything is a set, the
language of second-order arithmetic LZ2 is two-sorted, meaning that the universe of
discourse comprises two distinct kinds of objects (i.e., the integers and sets of integers).

The language of second-order arithmetic extends the one of first-order arithmetic
with the addition of set variables (written in uppercase A,B,X, Y, . . . ), set quantifiers
(written @X and DX) and of one binary relation: the membership relation P between
one integer and a set of integers.

We can now extend the arithmetical hierarchy to include statements involving set
variables and quantifiers.

5.1 Relativized arithmetical and analytical
hierarchies

Before classifying second-order formulas by their number of alternations of second-
order quantifiers, we can consider second-order formulas with no second-order
quantifiers (i.e., where the set variables are not quantified over and appear free).
Those formulas can be seen as almost first-order, but relative to a collection of set
parameters.

For a (possibly infinite) collection of set variables X0, X1, . . . , the ΣnpX0, . . . q-
and ΠnpX0, . . . q-formulas are defined in the same way as the Σn- and Πn-formulas,
except that atomic formulas of the form x P Xi are allowed in the base case (e.g.,
φpXq :“ @xDy y ą x^ y P X is a Π2pXq-formula asserting that the set X is infinite).

In the absence of second-order quantification, it is often helpful to view set
variables not as second-order objects, but rather as unary relations on N without
any additional assumptions.

More generally, we will often not specify the set parameters and simply say that
a formula is Σ0

n (respectively Π0
n) if there exist some set variables X⃗ such that the

formula is ΣnpX⃗q (respectively ΠnpX⃗q).

For n ą 0 and C0, C1, ¨ ¨ ¨ Ď N a (possibly infinite) sequence of sets, we define
similarly the ΣnpC0, C1, . . . q,ΠnpC0, C1, . . . q and ∆npC0, C1, . . . q sets. The link
between computability and the arithmetical hierarchy can also be relativized: a set A
is ∆npC0, C1, . . . q if and only if it is pCi0‘¨ ¨ ¨‘Cik´1

qpn´1q-computable for some indices
i0 ă ¨ ¨ ¨ ă ik´1 and A is ΣnpC0, C1, . . . q if and only if it is pCi0‘¨ ¨ ¨‘Cik´1

qpn´1q-c.e.
for some indices i0 ă ¨ ¨ ¨ ă ik´1.
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Definition 5.1.1 (Σ1
n- and Π1

n-formulas). We define inductively the classes Σ1
n and

Π1
n of formulas for an integer n:

• The classes Σ1
0 and Π1

0 are equal and correspond to formulas with no
set quantifiers, or equivalently to the arithmetic formulas with second-order
parameters.

• If φ is Σ1
n, then @X0@X1 . . .@Xk´1φpX⃗q is Π1

n`1 for every k P N.

If ψ is Π1
n, then DX0DX1 . . . DXk´1ψpX⃗q is Σ1

n`1 for every k P N.

As with first-order quantifiers, we will work in theories strong enough to combine
several second-order universal (resp. existential) quantifiers into one. To do so, it
is sufficient to be able to prove the existence of the join A0 ‘ ¨ ¨ ¨ ‘ Ak´1, from the
existence of A0, . . . , Ak´1. We can then write @X0 ‘ ¨ ¨ ¨ ‘ Xk´1φpX⃗q in place of
@X0 . . .@Xk´1φpX⃗q.

The existence of universal formulas also relativizes and there exists a universal
ΣnpXq- (resp. ΠnpXq-) formula for every n P N. That is, a formula φpx, y, Y q such
that, for every formula ψpy, Y q in the corresponding class, there exists some e P N
such that IΣ0

1 $ @Y @ypφpe, y, Y q Ø ψpy, Y qq.
Another consequence of the link between computability-theoretic notions and the

arithmetical hierarchy is the following result, due to Kleene. It can be seen as relying
on the use property (see Proposition 4.1.1) to show that the truth of a Σ0

1-formula
depends only on a finite portion of its set parameters. This observation then allows
us to rewrite such formulas in a simpler form in which this finite dependence is made
explicit.

Proposition 5.1.2 (Kleene normal form for Σ0
1-formulas (Kleene [77], see also

Simpson [128, Theorem II.2.7])). IΣ0
1 proves that for every Σ0

1-formula φpY, y⃗q, there
exists a Σ0

0-formula ψpx, Y, y⃗q such that

@Y @y⃗pφpY, y⃗q Ø Dxψpx, Y æx, y⃗qq

and such that, if ψpx, Y æx, y⃗q holds for some x, Y, y⃗, then ψpx, Y æx1, y⃗q also holds for
every x1 ě x.

By taking negations of the formulas under consideration, one can also
speak of Kleene normal form for Π0

1-formulas. More generally, let φpY q :“
@x0Dx1 . . . Qxn´1θpx0, . . . , xn´1, Y q a Σ0

n-formula (resp. a Π0
n-formula), where Q P

tD,@u is determined by the parity of n. Then, the subformulaQxn´1θpx0, . . . , xn´1, Y q
can be replaced by its Kleene normal form Qxn´1θ

1px0, . . . , xn´1, Y æxn´1q yielding a
new formula ψpY q :“ @x0Dx1 . . . Qxn´1θ

1px0, . . . , xn´1, Y æxn´1q equivalent to φpY q
which will be referred to as its Kleene normal form.

In this thesis, we will primarily be concerned with statements of the following
form: a Π1

2 problem P is a formula

@XDY rφpXq Ñ ψpX,Y qs

where both φ and ψ are arithmetic formulas. Such a statement can be interpreted as
claiming that for any set X such that φpXq holds (called a P-instance), there is a set
Y such that ψpX,Y q holds (called a P-solution to X).

For example, the Bolzano–Weierstrass theorem is a Π1
2 problem, where the

instances are bounded sequences of reals and the solutions are convergent
subsequences.

A major problem in the computable analysis of theorems is to relate the
complexity of an instance of a problem to the complexity of its solutions (given a
computable instance X, does there exist a computable solution, a 01-computable one,
or at least an arithmetically definable one?). These kinds of questions are related to
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the study of the proof-theoretic strength of Π1
2-statements.

Following Hilbert’s program, the infinite sets of integers added to our theories can
be seen as ideal elements: useful in proving statements about the integers, but whose
existence requires justification through consistency proofs. To this end, we study
the first-order part of second-order theories, namely the set of first-order statements
provable within them.

Given a computable second-order theory T , one can consider the computably
enumerable set consisting of all first-order statements proved by T . Using Craig’s
trick [31], it is then possible to obtain a computable (and even primitive recursive)
axiomatization of this set. However, this approach is unsatisfactory, as it is a mere
tautology that provides no meaningful insight into the first-order consequences of
T . A more interesting answer is to search for a “natural” first-order theory T 1

axiomatizing those first-order consequences (or, equivalently said, proving that T
is conservative over T 1 for all first-order sentences).

For example, consider the second-order counterparts of the theories introduced
in Chapter 3: IΣ0

n, IΠ
0
n, I∆

0
n,BΣ

0
n,BΠ

0
n…. For all those theories, the relativization of

formulas to include set parameters does not give new proofs of first-order statements,
as shown by the result below.

Theorem 5.1.3 (See Clote et al. [27]). For every n ě 1, the first-order parts of
IΣ0

n, IΠ
0
n, I∆

0
n,BΣ

0
n,BΠ

0
n…are IΣn, IΠn, I∆n,BΣn,BΠn…respectively.

The search for the first-order part of a theory T becomes more interesting when
the theory T contains some set existence axioms, as those sets can sometimes be
used (in an essential way) in the proof of some first-order statement. An important
part of this thesis will focus on determining the first-order part of many statements,
primarily coming from Ramsey theory.

For the statement WFpαq, we can define its second-order counterpart WF0
pαq

asserting the non-existence of a set encoding an infinite decreasing sequence of ordinals
below α. For WF0

pαq to imply WFpαq, we need to be able to prove the existence of
a set encoding every Σ1 decreasing sequence of ordinals. This will be the case in the
finitistically reducible theory RCA0, which will be introduced in Section 5.3.

5.2 Henkin models
Just as the independence of the fifth postulate of Euclidean geometry was proven by
studying structures different from the Euclidean plane, the same thing can be done
with arithmetic, by studying models different from the intended one N.

Definition 5.2.1 (first-order structure). A first-order structure is a 6-tuple
pM, 0M , succM ,`M ,ˆM ,ăM q where M is a set, 0M P M , succM : M Ñ M is a
unary function, `M and ˆM are binary functions on M , and ăM is a binary relation
on M . When the interpretations of these symbols are clear from context, we simply
denote the structure by M .
Given a first-order sentence φ, we say that M is a model of φ (denoted M ( φ) if φ
holds true when interpreted in M . For example, M ( @x@ypx ` y “ y ` xq means
that for all x, y PM we have x`M y “ y `M x.
More generally, if T is a theory of first-order arithmetic, we say that M is a model of
T (denoted M ( T ) if M ( φ for every axiom φ P T .

All the first-order structures M we will consider will at least be models of PA´.
In that case, the axioms of PA´ guarantee that 0M is the smallest element for ăM ,
that succM p0M q is the next smallest, followed by succM psuccM p0M qq and so on.
Thus, every model of PA´ has an initial segment that is isomorphic to the standard
integers, and we can show that `M and ˆM do coincide with the standard addition
and multiplication on this set.
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But, as shown by the following example, there can be elements in M that do not
belong to that copy of N, and are thus bigger than all the standard integers. Such
elements are said to be non-standard, and, accordingly, a model with non-standard
elements is also said to be non-standard.

Example 5.2.2. Consider the order ă defined on ZrXs by P ă Q if the leading
coefficient of P ´Q is positive. Then, pZrXs, 0, 1,`,ˆ,ăq forms a discretely ordered
ring. Let M be its nonnegative part (i.e., the polynomials with positive leading
coefficient or 0), then, pM, 0, succ,`,ˆ,ăq forms a model of PA´ where succ is the
function sending a polynomial P to P ` 1.

In this model, we have 0 ă 1 ă 2 ă ¨ ¨ ¨ ă X ´ 1 ă X ă X ` 1 ă ¨ ¨ ¨ ă 2X ă

¨ ¨ ¨ ă X2 ´ 1 ă X2 ă ¨ ¨ ¨ ă X3 ă . . . . Thus, the non-constant polynomials form
non-standard integers.

The existence of non-standard models can be used to prove non-implication results.
For example, in the above model, there is no polynomial Y PM such that 2Y “ X or
such that 2Y ` 1 “ X, thus, the first-order sentence φ :“ @xDy, x “ 2y _ x “ 2y ` 1
claiming that every integer is odd or even is not provable in PA´. By contrapositive,
they can be used to prove the consistency of a given theory (here, we have a proof
that PA´

`␣φ is a consistent theory).

There are several possible ways to define second-order structures. The most
natural approach is given by full semantics, where a second-order structure M is just
a first-order structure, and set quantifiers are interpreted as ranging over all subsets of
M . However, this choice leads to significant drawbacks: most of the major theorems
of model theory now fail, such as completeness, compactness, and the Löwenheim-
Skolem theorems. Moreover, the truth of a formula in a given model may depend
on set-theoretic assumptions about the powerset of M like the continuum hypothesis
(which led Quine to refer to second-order logic as “set theory in sheep’s clothing”).

For these reasons, we instead adopt Henkin semantics where not every subset of a
first-order structure M needs to be in the model. This allows us to obtain counterparts
of the main model-theoretic tools from first-order logic.

Definition 5.2.3 (Henkin Structure). A Henkin structure M is a 7-tuple
pM,S, 0M, succM ,`M,ˆM,ăM q (often shortened to pM,Sq) where:

• pM, 0M, succM,`M,ˆM,ăMq is a first-order structure (called the first-order
part of M).

• S Ď PpMq (called the second-order part of M)

For φ a second-order sentence and T a second-order theory, we define similarly M “

pM,Sq ( φ and M “ pM,Sq ( T by interpreting second-order quantifiers as ranging
over the elements of S, and by interpreting the symbol P as the membership relation
between elements of M and elements of S.

A special kind of model that will be of particular interest in this thesis is the
ω-model, which allows for the direct application of computability-theoretic methods
in their construction and study.

Definition 5.2.4 (ω-models). An ω-model is a second-order structure of the form
pN, S, 0, succ,`,ˆ,ăq for S Ď PpNq where pN, 0, succ,`,ˆ,ăq are the standard
integers.

Thus, an ω-model is fully specified by its second-order part.

The following two theorems justify the use of model-theoretic arguments in proof
theory, by showing a correspondence between syntax (proofs) and semantics (models).
If a theory T proves something, then it holds for every model of T (soundness), and
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reciprocally, if something holds for every model of a theory, then the theory proves it
(completeness).

Theorem 5.2.5 (Soundness). Let T be a theory of first-order (resp. second-order)
arithmetic and φ be a first-order (resp. second-order) statement. If T $ φ, then for
every model M (resp. M) of T , we have M ( φ (resp. M ( φ).
In particular, if T is not consistent, then T has no model.

Theorem 5.2.6 (Completeness (Gödel [50] and Henkin [60])). Let T be a theory of
first-order (resp. second-order) arithmetic and φ be a first-order (resp. second-order)
statement. If T & φ, then there exists a model M ( ␣φ (resp. M ( ␣φ).
In particular, if T is consistent, then T has a model.

Even in theories T containing infinitely many axioms, a proof T $ φ of a statement
uses only finitely many of them. Combined with the completeness theorem, this
observation gives us the following compactness result:

Theorem 5.2.7 (Compactness). Let T be a theory of first-order (resp. second-order)
arithmetic. T has a model if and only if every finite subset of T has a model.

Although the intended model of second-order arithmetic pN,PpNq, 0, succ,`,ˆ,ăq
is uncountable, the following theorem shows that it is possible to work with only
countable structures. This makes it possible to encode entire models of second-order
arithmetic using a single set, hence making it possible to talk about some models of
second-order arithmetic in the language of second-order arithmetic itself.

Theorem 5.2.8 ((downward) Löwenheim-Skolem). Let T be a theory of first-order
(resp. second-order) arithmetic. If T has a model, then T has a countable model.

Those model-theoretic statements, as stated here, are in the language of set theory
and not second-order arithmetic. Since we will only work with countable models and
countable theories, we only need a version of the completeness theorem stating the
existence of a countable model for every countable consistent theory (this version
of the completeness theorem also encapsulates one use of the Löwenheim-Skolem
theorem). This version is formalizable in the language of second-order arithmetic.

Non-standard models of arithmetic are not finitist objects. However, in the next
section we introduce the theory WKL0, which captures precisely the strength required
to establish the model-theoretic results discussed above. WKL0 is a finitistically
reducible theory, thereby allowing us to use model-theoretic tools for the remainder
of this thesis.

5.3 Reverse mathematics
The field of reverse mathematics attempts to find the optimal axioms required to
prove various theorems of second-order arithmetic. To ensure that a given axiom
was necessary to prove a theorem, it is sufficient to go in the opposite direction
and prove the axiom from the theorem. Of course, a theorem is rarely sufficient
to prove anything on its own, and we need to work modulo a weak base theory.
For example, in the context of set theory, we can prove modulo ZF that the axiom
of choice is equivalent to Zorn’s lemma, and is thus necessary for its proof (in a
theory weaker than ZF the equivalence doesn’t necessarily hold, and working modulo
ZFC makes this equivalence uninteresting, as all true propositions are equivalent). In
reverse mathematics, the choice fell on a theory called RCA0 encapsulating computable
mathematics. Theorem 5.3.5 shows us that this choice is also justified from the point
of view of Hilbert’s program, as RCA0 is finitistically reducible.
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Definition 5.3.1 (Comprehension scheme). For φpxq a formula (possibly with
additional free first- or second-order variables), the comprehension axiom associated
to it is the universal closure of the formula:

DX@xpx P X Ø φpxqq

This defines the corresponding axiom scheme for every class of formulas.
We use the same trick as with I∆n and define the ∆0

1-comprehension scheme to include,
for every Σ0

1- and Π0
1-formulas φpxq and ψpxq (with possibly other free variables), the

universal closure of the following axiom:

p@x φpxq Ø ψpxqq Ñ DX@ypy P X Ø φpyqq

Definition 5.3.2 (RCA0). RCA0 (stands for recursive comprehension axiom) is
the theory of second-order arithmetic composed of IΣ0

1 together with the ∆0
1-

comprehension scheme.

From the existence of a universal Σ0
1-formula, it follows that the theory RCA0 is

finitely axiomatizable.

The following definition gives a useful characterization of the ω-models of RCA0

in terms of computably-theoretic notions.

Definition 5.3.3 (Turing ideal). A Turing ideal I is a subset of PpNq which is:

• non-empty.

• stable under Turing reducibility (if A P I and B ďT A, then B P I)

• stable under (finite) join (if A,B P I, then A‘B P I)

Proposition 5.3.4. The ω-models of RCA0 are exactly those whose second-order part
is a Turing ideal. Hence, there exists a minimal ω-model of RCA0: the model COMP
whose second-order part consists of the computable sets.

The following theorem confirms our intuition about the harmlessness of
computable sets. The original proof given by Friedman [48] is not syntactic but
model-theoretic, see Sieg [126] for one formalizable in PRA.

Theorem 5.3.5 (Friedman [48]). RCA0 is Π1
1-conservative over IΣ0

1 (and hence Π2-
conservative over PRA).

In particular, the first-order part of RCA0 is IΣ1 and, by Ignjatovic [66, Theorem
3.5], RCA0 has at most a polynomial speedup over IΣ1.

In second-order arithmetic, there are two ways to formalize the notion of a finite
set. One approach is to use sets coded by integers, as introduced in Section 3.5.
Alternatively, one may consider second-order objects X that are bounded by some
first-order object b, in the sense that every x P X satisfies x ă b.

In RCA0, these two notions coincide. In particular, if M “ pM,Sq ( RCA0,
then the sets X P S that are bounded by some element of M do not depend on the
second-order part S of the model. We will refer to such sets as M -finite sets.

Note, however, that not every bounded subset of M is M -finite. For instance, if
M “ pM,Sq ( RCA0 and M is non-standard, then the set ω of standard integers
is bounded in M but not M -finite. We will refer to arbitrary subsets of M (not
necessarily elements of S) as being either M -bounded or M -unbounded. An M -
unbounded set that belongs to S will be called M-infinite.
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5.3.1 The Big Five
We can then begin comparing the strength of various theorems from across different
areas of mathematics by examining the implications between them over RCA0,
and studying the resulting lattice structure. In doing so, an interesting empirical
phenomenon emerges: most theorems fall into one of five large equivalence classes
(see Simpson [128] for examples of such equivalences). These classes are known as
the “Big Five” (see Montálban [104]).

The first of those classes consists of statements already provable in the base theory
RCA0. The subsequent four classes can be axiomatized by the following theories,
listed in order of increasing strength. Although some of these systems, such as ACA0

or Π1
1-CA0 are canonically defined with axiom schemes, each of them can be finitely

axiomatized by a theory of the form RCA0 ` φ where φ is any theorem belonging to
the class.

WKL0: The theory WKL0 is RCA0 together with weak Kőnig’s lemma (WKL).
It corresponds to the power needed for compactness arguments. Examples of
statements equivalent to WKL0 modulo RCA0 are: the Brouwer fixed point theorem,
the compactness of closed intervals of R and many others. More interestingly for
our purposes, the countable version of the completeness theorem is also equivalent to
WKL0 modulo RCA0 (the soundness theorem is already provable in RCA0).

ACA0: The theory ACA0 is RCA0 together with the comprehension scheme for
arithmetical formulas. Examples of statements equivalent to ACA0 modulo RCA0 are
the Bolzano-Weierstrass theorem and the Arzelà–Ascoli theorem.

ATR0: The theory ATR0 is RCA0 together with the axiom of arithmetic transfinite
recursion.

Π1
1-CA0: The theory Π1

1-CA0 is RCA0 together with the comprehension scheme
for Π1

1-formulas.

We will not use the theories ATR0 and Π1
1-CA0 in this thesis and mostly consider

statements provable in ACA0.
We also have a characterization of the ω-models of WKL0 and ACA0 in terms of

computability-theoretic notions:

Definition 5.3.6 (Scott ideal). A Scott ideal I is a Turing ideal that additionally
satisfies the condition that for every X P I, there is a set Y P I that is of PA degree
relative to X.

Proposition 5.3.7. The ω-models of WKL0 are exactly those whose second-order part
is a Scott ideal.
By iterating and relativizing Theorem 4.2.5, we can construct a Scott ideal that does
not contain any given non-computable set. In particular, there is no minimal Scott
ideal.

Proposition 5.3.8. The ω-models of ACA0 are exactly those whose second-order
part is a Turing ideal that is closed under Turing jump, such ideals are called jump
ideals. Hence, there exists a minimal ω-model of ACA0: the model ARITH whose
second-order part consists of the arithmetical sets.

In the same way that the Von Neumann–Bernays–Gödel set theory (NBG) is
conservative over ZF, ACA0 is conservative over Peano arithmetic.

Theorem 5.3.9 (See e.g., [128, Corollary IX.1.6]). The first-order part of ACA0 is
PA.

And, as in the case of NBG and ZF, Solovay, Pudlák, and Friedman (see e.g.,
[117]) showed that ACA0 has a non-elementary speedup over PA.
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For WKL0, the following proposition, combined with Theorem 5.3.5 yields the
Π2-conservation of WKL0 over PRA. The original proof from Harrington was not
syntactic as it uses model-theoretic arguments. A direct syntactic proof (formalizable
in PRA) of the Π2-conservation of WKL0 over PRA was later given by Sieg [126], and
more recently, a syntactical proof of Harrington’s result by Ferreira and Ferreira [45].

Theorem 5.3.10 (Harrington (see Simpson [128, Corollary IX.2.6])). WKL0 is Π1
1-

conservative over RCA0.

By Avigad [4, Theorem 10.1], every proof of a Π1
1-statement in WKL0 can be

transformed into a proof of the same statement in RCA0 with at most a polynomial
increase in size.

Thus, WKL0 is finitistically reducible. In view of this result, and since WKL0
is sufficiently strong to formalize most model-theoretic constructions, the use of
model-theoretic arguments to derive conservation and non-implication results is
finitistically justified. And we will primarily rely on this kind of argument throughout
the remainder of this thesis instead of resorting to syntactical proofs.

One important point to keep in mind when working with conservation results is
that, even after the conservation of a statement φ over a theory T has been established
for a class Γ of formulas, there is no guarantee that this will remain true when replacing
T with a stronger theory T 1. Indeed, a procedure that transforms a proof in T ` φ
into a proof in T , does not necessarily yield a corresponding transformation from
proofs in T 1`φ to proofs in T 1. Fortunately for us, this seems to be the case for most
“natural” examples of theories and statements, and the first-order parts of theories
such as RCA0` IΣ0

n, RCA0`BΣ0
n, WKL0` IΣ0

n and WKL0`BΣ0
n are respectively IΣn,

BΣn, IΣn and BΣn, as shown by Clote et al. [27].
For WF0

pαq, we can see that it implies WFpαq modulo RCA0. Indeed, as discussed
in Chapter 3, any Σ1-definable decreasing sequence of ordinals below α can also be
defined by a Π1-formula and thus forms a computable set. By similar arguments, we
get that the first-order part of RCA0 `WF0

pαq is IΣ1 `WFpαq.

5.4 Semantic proofs
There are several ways to compare the strength of two second-order statements P and
Q:

First, one may compare their first-order strength by identifying first-order
sentences that are provable in RCA0 ` P but not in RCA0 ` Q. Similarly, their
consistency strength can be compared by determining whether RCA0 $ ConpRCA0 `

Pq Ñ ConpRCA0 ` Qq.
One can also compare their second-order strength by checking whether every ω-

model of RCA0 ` P is again a model of Q.
Finally, one may ask whether RCA0 $ P Ñ Q, which reflects both the first-order

and second-order strength of P relative to Q.

Two theories may share the same first-order consequences, while differing in
second-order strength. For instance, WKL0 and RCA0 prove the same arithmetical
statements, yet COMP , the ω-model whose second-order part consists of the
computable sets, is not a model of WKL0.

Conversely, two theories may have the same ω-models but differ in their first-order
consequences. For example, RCA0` IΣ0

n and RCA0` IΣ0
m for n ‰ m ą 0 have distinct

first-order parts (IΣn and IΣm), but both hold in every ω-model of RCA0.
If RCA0 $ PÑ Q, then, in particular, the first-order part of RCA0`Q is included

in that of RCA0 ` P, and every ω-model of RCA0 ` P is an ω-model of Q (since this
holds for every model).
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Semantic proofs showing that a theory T1 is Γ-conservative over a theory T0 for Γ a
class of formulas typically proceed as follows. Arguing by contrapositive, suppose that
T0 & φ for some φ P Γ. Then, by Gödel’s completeness theorem, there exists a model
M of T0 ` ␣φ. From this model, we construct a new model M1 that is sufficiently
similar to M to still satisfy ␣φ, while also ensuring that M1 ( T1, thereby showing
that T1 & φ.

As mentioned earlier, our main focus will be on comparing the strength of Π1
2-

statements, particularly those arising from Ramsey theory. The remaining three
parts of this thesis are organized according to the different kinds of model-theoretic
arguments used to build models.

In Part II we will only consider ω-models. In Chapter 7, we compare Ramsey’s
theorem for pairs and two colors (RT2

2) to several of its restrictions by proving that
they hold in the same ω-models. In Chapter 8, we prove that a statement called
the rainbow Ramsey theorem for exactly ω-large sets (RRT!ω) does not imply ACA0

over ω-models, by constructing an ω-model of RRT!ω that does not contain H1 and
is therefore not a model of ACA0. This is achieved by proving that RRT!ω admits a
property called cone avoidance, as is the case for WKL0 by Theorem 4.2.5.

In Part III, we consider models M “ pM,Sq of RCA0 and see ways to expand
them into new models M1 “ pM,S1q by adding second-order elements. These models
may have a non-standard first-order part M and we will provide a general overview
of them in Chapter 9. Since M and M1 share the same first-order part M , any
Σ1

1-formula that holds in M also holds in M1. This fact will be used in Chapter 10
to prove the Π1

1-conservativity of RT2
2 over the theory RCA0 ` BΣ0

2 `WF0
pε0q. In

Chapter 11 we construct a model of the ascending/descending sequence principle
(ADS) that is not a model of the bounded Ramsey theorem (BRT2

2), thereby showing
that RCA0 & ADS Ñ BRT2

2. Such a construction could not have been carried out in
an ω-model as every such model satisfies BRT2

2.
Finally, in Part IV, we consider models M “ pM,Sq and see ways to define initial

segments I Ď M called cuts, in order to build new models whose first-order part is
I. In Chapter 12 we introduce the general framework for constructing such I so that
any Π4-formula true in M remains true in I. In Chapter 13 we prove some additional
combinatorial properties related to this framework. Then, we apply it in Chapter 14
and Chapter 15 to prove the @Π0

4-conservativity of RT2
2 and of the ordered variable

word theorem (OVW) over RCA0 ` BΣ0
2. Here, a @Π0

4-formula is any formula of the
form @XφpXq where φ is Π0

4.

The next chapter will introduce several statements from Ramsey theory that will
be used all along this thesis and compare their first-order, computability-theoretic
and reverse-mathematical strength.
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Chapter 6

Ramsey’s theorem

Introduced by Frank Ramsey in 1930 [119], Ramsey’s theorem was originally conceived
as a tool in formal logic for deciding the truth of certain formulas. It has since evolved
well beyond its original purpose, giving rise to Ramsey theory, which studies related
results. Broadly speaking, Ramsey theory investigates the extent to which particular
substructures must necessarily appear within sufficiently large structures.

Definition 6.0.1. For A Ď N a set, and n P N an integer, we write rAsn for the set
of subsets of A of cardinality n.
For b P N, we will also write rbsn for rt0, . . . , b´ 1usn.

For a function f with domain rAsn, we will write fpx0, . . . , xn´1q as shorthand for
fptx0, . . . , xn´1uq whenever x0 ă ¨ ¨ ¨ ă xn´1.

Statement 6.0.2 ((infinite) Ramsey’s theorem). For n, k P N, RTn
k is the statement

that: “For every coloring f : rNsn Ñ k, there exists some infinite subset X Ď N such
that f is constant on rXsn.”
Equivalently, we say that the set X is f -homogeneous.

RTn is the statement @kRTn
k , and RT is the statement @n@kRTn

k .

RT1 corresponds to the infinite pigeonhole principle, which states that, for any
partition of N into finitely many parts, one of the parts must be infinite.

Ramsey’s original paper also features a finitary version of this theorem, focusing
on colorings of rAsn for a finite set A.

Theorem 6.0.3 ((finite) Ramsey’s theorem). For every n, k, d P N, there exists a
bound b :“ bpn, k, dq P N such that, for every coloring f : rbsn Ñ k, there exists some
f -homogeneous subset B Ď t0, . . . , b´ 1u with cardB ě d.

The finite version is provable in RCA0 by a proof giving explicit bounds bpn, k, dq
from the parameters n, k and d. For instance, in the case of colorings of pairs, let
Rkpdq be the optimal bound bp2, k, dq. The standard upper bound for the finite
Ramsey theorem for pairs and two colors, obtained by Erdős and Szekeres in [42],
states that R2pdq ď

`

2d´1
d´1

˘

ď 4d. This upper bound generalizes to Rkpdq ď kkd (see
Graham, Rothschild, and Spencer [53, Section 1.1]).

The following proof shows that the finite Ramsey theorem follows from the infinite
by a compactness argument (i.e., is provable in WKL0 ` RT). It is a far less optimal
proof than the one in RCA0, but is a good example of the kind of compactness
argument that will be used all along this thesis to obtain finite bounds from results
holding for every infinite set. It is also a good example of a proof of a finitary result
using infinitary means, and the last part of this thesis, Part IV, will study in more
detail the relation between finitary and infinitary versions of Ramsey’s theorem. In

53
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fact, we will see in Proposition 12.0.3 how a slight modification of that proof yields,
in WKL0`RT, a proof of a variant of the finite Ramsey theorem for pairs that is not
provable in ACA0 (and hence not in PA either).

Proof. Fix n, k P N and consider the set Tn
k of all colorings f : rasn Ñ k for some

a P N. This set naturally forms a tree under inclusion: a coloring f : rasn Ñ k is a
predecessor of g : rcsn Ñ k if a ď c and gærasn “ f . The tree is finitely branching,
since for each a there are only finitely many colorings g : ra ` 1sn Ñ k, and hence
only finitely many immediate extensions of a given coloring f : rasn Ñ k. The set of
infinite paths rTn

k s corresponds exactly to the set of all colorings f : rNsn Ñ k.
Now fix d P N and consider the subtree Sn

k pdq Ď Tn
k consisting of those colorings

f : rasn Ñ k for which no f -homogeneous subset of cardinality d can be found.
This tree has no infinite path: indeed, any infinite path through Sn

k pdq would yield
a coloring f : rNsn Ñ k that admits no f -homogeneous subset of cardinality d,
contradicting RTn

k which proves the existence of an infinite f -homogeneous set.
Since the statement WKL is stated in terms of binary trees, we cannot apply its

contrapositive to Sn
k pdq directly, as its branching may exceed 2. However, since we

can computably find the code of the finite set of immediate extensions of any given
node in Sn

k pdq, one can computably replace each branching of Sn
k pdq by a bounded

number of successive binary branchings, yielding a binary tree with no infinite path
either, and which is finite iff Sn

k pdq is. Therefore, by the contrapositive of WKL, the
tree Sn

k pdq is finite. In particular, there exists b P N such that Sn
k pdq has no node of

height b P N, that is, for every coloring f : rbsn Ñ k, there exists an f -homogeneous
subset of cardinality d.

A lot is already known concerning the reverse mathematical strength of the
RTn

k (see Hirschfeldt [61] for a gentle introduction to the reverse mathematics of
Ramsey-like theorems).

For every n, k P N, the statements RTn
0 and RT0

k are vacuously true and RTn
1 is

trivial, so we only consider statements RTn
k for k ě 2 and n ě 1.

The infinite pigeonhole principle is computably true, in the sense that for every
instance f : rNs1 Ñ k of RT1

k (i.e., every partition of N into k sets) there exists a
∆1pfq infinite f -homogeneous set. In particular, RT1

k is provable in RCA0 for every
fixed k P N.

Proposition 6.0.4. For every k P N, RCA0 $ RT1
k.

Nevertheless, proving that @kRT1
k holds requires more inductive power than is

available in RCA0.

Theorem 6.0.5 (Hirst [64]). RCA0 $ RT1
Ø BΣ0

2, hence RCA0 & RT1.

The RTn
k form a hierarchy of statements with the following implications between

them:
Proposition 6.0.6.

• RCA0 $ @n@k ě 2@m ă n RTn
k Ñ RTm

• RCA0 $ @n@k@ℓ ď k RTn
k Ñ RTn

ℓ

• RCA0 $ @n@k ě 2 RTn
k Ñ RTn

k`1

But the hierarchy collapses after n “ 3 and everything is then equivalent to ACA0.
This is due to the existence of a computable instance of RT3

2, every solution of which
computes the halting set H1.

Theorem 6.0.7 (Jockusch [70] and Simpson [128, Theorem III.7.6]). For n ě 3 and
k ě 2, RCA0 $ RTn

k Ø ACA0 Ø RTn.
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Thus, there remains the question of the reverse mathematical strength of Ramsey’s
theorem for pairs. As RCA0 $ RT2

2 Ñ RT2
k for every k P N, we will only focus

on Ramsey’s theorem for pairs and two colors. RT2
2 has been shown to escape the

structural phenomenon of the Big Five by being strictly between RCA0 and ACA0 but
incomparable with WKL0.

Theorem 6.0.8 (Jockusch [70] and Liu [95]).

• WKL0 & RT2
2

• RCA0 ` RT2
2 &WKL

The unprovability of RT2
2 in WKL0 follows from the following proposition.

Proposition 6.0.9 (Jockusch [70]). There exists a computable instance of RT2
2 for

which no Σ2 infinite set is homogeneous.

Indeed, from the low basis theorem (Theorem 4.2.7), every computable instance
of WKL admits a solution that is low (and in particular ∆2). This result can then
be used (in a relativized form) to build an ω-model of WKL0 in which every set is
∆2 (see Proposition 8.1.5 for a similar construction but for the cone avoidance basis
theorem). By Proposition 6.0.9, this model is not a model of RT2

2 (as it contains an
instance of RT2

2 but no solution for it).
Nevertheless, Jockusch [70] showed that every computable instance of RT2

2 admits
a Π2 solution. Moreover, even though no analogue of the low basis theorem (where
H1 can compute the jump of a solution) can be proven for RT2

2, the following result
shows that solutions of weak strength still exist (where a PA degree relative to H1 can
compute the jump of a solution).

Theorem 6.0.10 (Cholak, Jockusch, and Slaman [19]). Let d be of PA degree over H1

(i.e., d computes a path in any H1-computable binary tree). Then every computable
instance of RT2

2 admits an infinite homogeneous set H such that d ěT H 1.

In particular, by the low basis theorem (Theorem 4.2.7) relativized to H1, there
exists some d of PA degree over H1 that is low over H1 (i.e., such that pd‘H1q1 ďT

H2). Thus, we obtain the following result:

Theorem 6.0.11 (Cholak, Jockusch, and Slaman [19]). Every computable instance of
RT2

2 admits an infinite homogeneous set that is low2, i.e., a set H such that H2 ďT H
2.

Ramsey’s theorem for pairs and two colors is often formulated in graph-theoretic
terms: for every 2-coloring of the edges of the infinite complete graph pN, rNs2q, there
exists an infinite monochromatic clique (where a clique is a set of vertices with edges
between each pair).

6.1 First-order part
Concerning the first-order part of RT2

2, since RCA0 $ RT2
2 Ñ RT1, we have the

following lower bound:

Proposition 6.1.1 (Hirst [64]). RT2
2 implies BΣ0

2 over RCA0.

Whether the first-order part of RT2
2 is BΣ2 or not is a major open problem in

reverse mathematics and this thesis makes several contributions to the subject.

Question 6.1.2. Is RT2
2 Π1

1-conservative over RCA0 ` BΣ0
2?

By the following result, the first-order consequences of RT2
2 are included in those

of IΣ2.
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Theorem 6.1.3 (Cholak, Jockusch and Slaman [19]). RT2
2 is Π1

1-conservative over
RCA0 ` IΣ0

2.

But, by Chong, Slaman, and Yang [23], this upper bound is strict in that RT2
2

does not imply IΣ0
2 over RCA0.

Patey and Yokoyama [115] extended this result by proving RT2
2 to be finitistically

reducible:

Theorem 6.1.4 (Patey and Yokoyama [115]). WKL0`RT2
2 is @Π0

3-conservative over
RCA0 (where a @Π0

3-formula is any formula of the form @XφpXq where φ is Π0
3).

Later, Kołodziejczyk et al. [78] were able to prove that WKL0 ` RT2
2 offers at

most a polynomial speedup over RCA0 for @Π0
3-formulas by adapting the general

scheme of forcing interpretation as introduced by Avigad [4].

Even if, for each k P N, we have RCA0 $ RT2
2 Ø RT2

k, there is not enough induction
available to derive @kRT2

k from RCA0`RT2
2. In fact, the exact first-order strength of

RT2 is known to be stronger than that of RT2
2.

Theorem 6.1.5 (Slaman and Yokoyama [133]). The first-order part of RCA0 ` RT2

is BΣ3.

6.2 Ramsey-like theorems
A common tool in the study of Ramsey’s theorem for pairs and two colors was
to decompose it into several weaker statements, each focusing on one part of the
combinatorics. One decomposition that will be used in all parts of this thesis is the
decomposition of RT2

2 into the Erdős-Moser theorem about infinite tournaments and
the ascending/descending sequence principle about linear orders. We will formulate
both these theorems in terms of coloring so that they form special cases of RT2

2 for
so-called transitive colorings.

Definition 6.2.1. Let A Ď N and let f : rAs2 Ñ 2 be a coloring. Then, f is said to
be transitive if for every x ă y ă z P A and every i ă 2, if fpx, yq “ fpy, zq “ i, then
fpx, zq “ i.
A subset H Ď A is said to be f -transitive if færHs2 is transitive.

Definition 6.2.2. A tournament on a domain D Ď N is an irreflexive binary relation
R Ď D2 such that for every a, b P D with a ‰ b, exactly one of Rpa, bq and Rpb, aq
holds. A tournament R is transitive if for every a, b, c P D, if Rpa, bq and Rpb, cq then
Rpa, cq.

A subtournament of R Ď N2 is fully characterized by its domain and the parent
tournament R. We therefore identify subtournaments with infinite sets H Ď N. The
following statement is known as the Erdős-Moser theorem, and is an infinitary version
of a theorem of Erdős and Moser [41].

Statement 6.2.3 (Erdős-Moser theorem). EM is the statement “Every infinite
tournament admits an infinite transitive subtournament”.

There exists a one-to-one correspondence between tournaments R and colorings
f : rNs2 Ñ 2, by letting fptx, yuq “ 1 if pRpx, yq Ø x ă yq. EM can be restated as
“for every coloring f : rNs2 Ñ 2, there exists an infinite f -transitive subset H Ď N”.

Statement 6.2.4 (Ascending/descending sequence principle). ADS is the statement
“Every infinite linear order admits an infinite ascending or descending subsequence”.

Here again, there is a one-to-one correspondence between linear orders L “ pN,ăLq

and transitive colorings f : rNs2 Ñ 2, by letting fptx, yuq “ 1 if px ă y Ø x ăL yq.
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Then ADS can be restated as “for every transitive coloring f : rNs2 Ñ 2, there
exists an infinite f -homogeneous set”. Using the reformulations of EM and ADS, the
following proposition is immediate:

Proposition 6.2.5 (Bovykin and Weiermann [11]). RCA0 $ RT2
2 Ø EM^ ADS.

Proof. EM and ADS are both particular cases of RT2
2 (as every f -homogeneous set is

f -transitive), hence RCA0 $ RT2
2 Ñ EM^ ADS.

On the other hand, given a coloring f : rNs2 Ñ 2, first apply EM to obtain
an infinite f -transitive subset X “ tx0 ă x1 ă . . . u. Let g : rNs2 Ñ 2 be the
transitive coloring defined by gpa, bq “ fpxa, xbq. By ADS, there exists an infinite g-
homogeneous subset H Ď N. The set txa : a P Hu is infinite and f -homogeneous.

From a combinatorial viewpoint, the decomposition of RT2
2 into EM and ADS

divides the difficulty of Ramsey’s theorem for pairs as follows: the combinatorics of
EM are very close to those of RT2

2, but without the disjunctive nature of RT2
2 (there

is no need to pick a color at one point). On the other hand, ADS has very simple
combinatorics, but is a disjunctive statement.

From a reverse mathematical viewpoint, the decomposition is non-trivial, in
that EM and ADS are both strictly weaker than RT2

2 (see Lerman, Solomon, and
Towsner [94]).

From a proof-theoretic viewpoint, both statements imply BΣ0
2 over RCA0 (see

Hirschfeldt and Shore [63, Proposition 4.5] and Kreuzer [83, Proposition 16]), and
RCA0 ` ADS is known to be Π1

1-conservative over RCA0 ` BΣ0
2 (see Chong, Slaman,

and Yang [22]). By an amalgamation theorem of Yokoyama [142], it follows that RT2
2

is Π1
1-conservative over RCA0 ` BΣ0

2 iff so is EM.

The second (and historically the first) decomposition of RT2
2 we will consider is

the decomposition by Cholak, Jockusch, and Slaman [19] in their seminal article on
Ramsey’s theorem for pairs. It decomposes RT2

2 in terms of the cohesive set principle
(COH) and the stable Ramsey theorem (SRT2

2).

Definition 6.2.6 (stable coloring). A coloring f : rNs2 Ñ k is stable if for every x P N,
there exists some color i ă k and some rank b P N such that, for every y ě b, fpx, yq “ i
(i.e., limy fpx, yq exists for every x P N).

Statement 6.2.7 (Stable Ramsey’s theorem for pairs). SRT2
k denotes the restriction

of RT2
k to stable colorings.

By Shoenfield’s limit lemma (Proposition 4.1.7), there is a correspondence between
stable colorings and ∆0

2 sets. For f : rNs2 Ñ 2 a stable coloring, we can consider the
partition N “ A0\A1 where Ai “ tx : limy fpx, yq “ iu for i ă 2. Both Ai are ∆2pfq
sets, and, if for some i ă 2 we have some infinite subset C Ď Ai, then we can compute
from C and f an infinite f -homogeneous set. Indeed, proceeding inductively, suppose
that for some n P N, some x0 ă ¨ ¨ ¨ ă xn´1 P C have been chosen so that fpxj , xkq “ i
for all j ă k ă n. Then, as C Ď Ai, we have limy fpxj , yq “ i for every j ă n and
we will eventually find some xn P C with xn ą xn´1 and such that fpxj , xnq “ i for
every j ă n.

Continuing this way yields an infinite f -homogeneous set. Notice that we don’t
need to compute the stage at which the limit stabilizes (which is not computable),
but need only to know that such a stage exists.

This proof can then be formalized in RCA0 to establish the equivalence between
SRT2

2 and the infinite pigeonhole principle for ∆0
2 sets (D2

2): for every set X and every
partition A0\A1 “ N with each Ai a ∆2pXq set, there exist i ă 2 and an infinite set
H Ď Ai.

The original proof of this equivalence, due to Cholak et al. [19, Lemma 7.10],
contained a gap: proving the existence of a uniform bound after which all the x0 ă
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¨ ¨ ¨ ă xn´1 have reached their limit behavior requires BΣ0
2. This gap was later closed

by Chong et al. [20] who showed that D2
2 implies BΣ0

2.
D2

2 is often combinatorially simpler to use than SRT2
2.

Definition 6.2.8. Given an infinite sequence of sets R⃗ “ R0, R1, . . . , an infinite set C
is R⃗-cohesive if for every s P N, C Ď˚ Rs or C Ď˚ NzRs, where Ď˚ denotes inclusion
up to finite changes.

Statement 6.2.9 (Cohesive set principle). COH is the statement “Every infinite
sequence of subsets of N has a cohesive set”.

The following equivalence is essentially due to Cholak, Jockusch, and Slaman [19],
with the proof RCA0 $ RT2

2 Ñ COH fixed by Mileti [99, Appendix A].

Proposition 6.2.10. RCA0 $ RT2
2 Ø SRT2

2 ^ COH.

Proof. We omit the proof of the forward direction. Let us prove that RCA0 $ SRT2
2^

COH Ñ RT2
2. Given a coloring f : rNs2 Ñ 2, define the sequence of sets R⃗ “

R0, R1, . . . by Rx “ ty : fpx, yq “ 1u. Given an infinite R⃗-cohesive set C “ tx0 ă
x1 ă . . . u, let g : rNs2 Ñ 2 be defined by gpta, buq “ fptxa, xbuq. By cohesiveness
of C, the coloring g is stable, so by SRT2

2, there is an infinite g-homogeneous set H.
The set txa : a P Hu is infinite and f -homogeneous.

From a reverse mathematical viewpoint, the decomposition of RT2
2 into SRT2

2

and COH is also non-trivial (see Hirschfeldt et al. [62] and Monin and Patey [103]).
The computability-theoretic content of the cohesive set principle is well-

understood: it admits a maximally complex instance, which is the sequence of all
primitive recursive sets. A cohesive set for this sequence is called p-cohesive. For
every uniformly computable sequence of sets R⃗, every p-cohesive set computes an R⃗-
cohesive set. Moreover, by Jockusch and Stephan [69], a set G computes a p-cohesive
set iff G1 is PA over 01.

From a proof-theoretic viewpoint, by Hirschfeldt and Shore [63], COH is r-Π1
2-

conservative over RCA0, where a r-Π1
2-formula (for restricted Π1

2) is a formula of
the form @XrηpXq Ñ DY ρpX,Y qs where η is arithmetic and ρ is Σ0

3, in particular
COH is Π1

1-conservative over RCA0. SRT2
2 implies BΣ0

2 over RCA0 and, again, by the
amalgamation theorem, RT2

2 is Π1
1-conservative over RCA0 ` BΣ0

2 iff so is SRT2
2.

The idea of using cohesiveness to transform a coloring into a stable one can be
applied to EM and ADS. We call SEM and SADS the restrictions of EM and ADS
to stable tournaments and linear orders, respectively. In a stable linear order, every
element is either smaller than everyone except a finite number of elements, or bigger
than everyone except a finite number of elements. Therefore, such an order can only
be of three types: ω`ω˚, ω`k˚ and k`ω˚, for some k P N (where α˚ is the opposite
order to α). The two latter cases are computably true (provable in RCA0), so the only
interesting case is when it is of order type ω`ω˚. This is why SADS is often defined
as the statement “Every linear order of type ω ` ω˚ admits an infinite ascending or
descending sequence”.

Combining the two kinds of decomposition, we shall use the following equivalence:

Proposition 6.2.11. RCA0 $ RT2
2 Ø SEM^ SADS^ COH.

We will often prove conservation, implication, and non-implication results about
COH, SEM and SADS independently, and use the previous decomposition to obtain
our main theorems.



6.2. RAMSEY-LIKE THEOREMS 59

The fact that RT2
2 escapes the Big Five phenomenon has led to the study of many

other Ramsey-like theorems, with the goal of finding other statements of unusual
strength. In this context, a phenomenon opposite to that of the Big Five emerges:
instead of a small number of equivalence classes over RCA0 corresponding to well-
studied subsystems of second-order arithmetic, one finds an entire zoo of equivalence
classes1. In this thesis, we shall study some of these Ramsey-like theorems of peculiar
strength.

1https://www.computability.org/zoo-viewer/

https://www.computability.org/zoo-viewer/


60 CHAPTER 6. RAMSEY’S THEOREM



Part II

Computational content of
theorems
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Chapter 7

Ramsey-like theorems for
separable permutations

7.1 Introduction
In this chapter, we pursue the computability-theoretic study of weakenings of
Ramsey’s theorem for pairs by considering infinite cliques avoiding some finite coloring
patterns instead of monochromatic cliques. For instance, the weakening of RT2

2 to
cliques avoiding the following two patterns yields the Erdős-Moser theorem (EM) as
they correspond to the two ways a set can be non-transitive.

a b c0 0

1

a b c1 1

0

(7.1)

We also consider dual weakenings of Ramsey’s theorem for pairs by restricting
colorings to those avoiding some pattern. For instance, RT2

2 for colorings avoiding
(7.1) yields the ascending/descending sequence principle (ADS).

We give a particular focus on transitive forbidden patterns, that is, patterns
which do not include (7.1). These patterns are in one-to-one correspondence with
permutations. Among these, the class of separable permutations introduced by
Bose, Buss, and Lubiw [10] will play an important role. Our main result is a
characterization of the patterns whose avoidance implies RT2

2 over ω-models, as the
separable permutations (Theorem 7.1.6). For this, we use an elaborate computability-
theoretic analysis of a probabilistic construction.

7.1.1 RT2
2-patterns

An RT2
2-pattern or simply pattern is a function p : rℓs2 Ñ 2. We then write |p| for

its size ℓ. Fix a function f : rAs2 Ñ 2 for some A Ď N. We say that a finite set
F “ tx0 ă ¨ ¨ ¨ ă xℓ´1u Ď A f -realizes p if for every i ă j, fpxi, xjq “ ppi, jq. We say
that H Ď A f -avoids the pattern p if no subset of H f -realizes p. When H “ A, we
simply say that the coloring f avoids p.

A pattern q : rℓ1s2 Ñ 2 is a sub-pattern of p if some subset of t0, . . . , ℓ´1u p-realizes
q. In that case, every coloring avoiding q will also avoid p.

We are primarily interested in the following two families of statements:

Statement 7.1.1 (RT2
2ppq). Given a pattern p, RT2

2ppq is the statement “For every
coloring f : rNs2 Ñ 2, there exists an infinite set f -avoiding p.”

Statement 7.1.2 (coRT2
2ppq). Given a pattern p, coRT2

2ppq is the statement “For
every coloring f : rNs2 Ñ 2 avoiding p, there exists an infinite homogeneous set.”

63



64 CHAPTER 7. SEPARABLE PERMUTATIONS

The statements RT2
2ppq and coRT2

2ppq were studied both classically and from a
reverse mathematical viewpoint for small patterns p. The Ramsey-like statements
for permutations of size 3 were studied by multiple authors, and summarized in
Cervelle, Gaudelier, and Patey [16, Section 1.2].

Note that if the pattern p is a constant function i ă 2, then the statement RT2
2ppq

is combinatorially false, as witnessed by the function f : rNs2 Ñ 2 also equal to i
on its whole domain. By Ramsey’s theorem for pairs, RT2

2ppq is true for any other
pattern p. The statements RT2

2ppq and coRT2
2ppq play a dual role with respect to RT2

2,
as RCA0 $ RT2

2 Ø RT2
2ppq ` coRT2

2ppq for any non-constant pattern p. We will also
consider stable instances of coRT2

2ppq and define coSRT2
2ppq to be coRT2

2 restricted
to stable colorings, i.e., colorings f : rNs2 Ñ 2 such that limy fpx, yq exists for every
x P N. As with the decomposition of RT2

2 into SEM ` SADS ` COH, we have the
decomposition RCA0 $ RT2

2 Ø RT2
2ppq ` coSRT2

2ppq ` COH (we will not consider a
stable variant of RT2

2ppq for our purposes).

Every pattern p : rℓs2 Ñ 2 admits a dual pattern p : rℓs2 Ñ 2 defined by p̄px, yq “
1 ´ ppx, yq. In particular, the non-transitivity patterns (7.1) are dual. Over RCA0,
RT2

2ppq and RT2
2pp̄q are equivalent, as given a coloring f : rNs2 Ñ 2, one can always

consider the dual coloring f̄ : rNs2 Ñ 2 and apply RT2
2pp̄q. Thus, over RCA0, EM is

equivalent to the statement RT2
2ppq, where p is any of (7.1).

7.1.2 Permutations
A permutation on ℓ P N is a bijection π : ℓ Ñ ℓ. A permutation π can be seen as
a linear order Lπ “ pℓ,ăπq defined for every tx, yu P rℓs2 by x ăπ y iff πpxq ăN
πpyq. There is therefore a one-to-one correspondence between permutations on ℓ and
patterns of size ℓ avoiding both non-transitivity patterns (see (7.1)).

Indeed, given a permutation π on ℓ, one can define a unique pattern pπ : rℓs2 Ñ 2
coding the graph of ăπ, that is, for x ăN y ăN ℓ, pπpx, yq “ 0 if x ăπ y and
pπpx, yq “ 1 otherwise. Thanks to this correspondence, we shall consider permutations
as particular RT2

2-patterns, and will use either representation when most convenient.
Permutations enjoy a simple notation as their range sequence. For instance, the
sequence 2031 denotes the permutation π on 4 defined by πp0q “ 2, πp1q “ 0, πp2q “ 3
and πp3q “ 1. Under the pattern representation, this corresponds to

a b c d1 0 1

0 0

1

(7.2)

Permutations enjoy two natural associative operators, namely, the skew sum a

and the direct sum ‘1, combining shorter permutations into longer ones. They are
defined as follows: for π and σ two permutations of size m and n, respectively,

pπ a σqpxq “

#

πpxq ` n for x ă m,

σpx´mq for m ď x ă m` n,

pπ ‘ σqpxq “

#

πpxq for x ă m,

σpx´mq `m for m ď x ă m` n.

These sums enable us to define the class of separable permutations, which will
play a central role in this chapter.

1We will also use the symbol ‘ to denote the join of two sets, as defined by Definition 4.1.3
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Definition 7.1.3. A permutation is separable if it can be obtained from the trivial
permutation 0 by direct sums and skew sums.

Bose, Buss, and Lubiw [10] introduced the notion of separable permutation as a
natural family for which multiple problems (sub-pattern decision, longest common
sub-pattern) admit a polynomial-time procedure. Separable permutations admit the
following historical characterization in terms of pattern avoidance:

Theorem 7.1.4 (Bose, Buss and Lubiw [10]). A permutation is separable if and only
if it does not contain the permutations 1302 and 2031 as sub-patterns.

The main interest of this characterization in this article is the existence of a finite
number of patterns (the two non-transitivity patterns and the permutations 1302
and 2031) such that every coloring avoiding all of them also avoids all non-separable
patterns.

By Lerman, Solomon, and Towsner [94, Theorem 1.15], EM does not imply RT2
2

over ω-models. Hence, RT2
2ppq does not imply RT2

2 over ω-models when p is not a
permutation.

This result was generalized by a theorem of Mimouni and Patey [102, Main
Theorem 1.8], who showed that RT2

2ppq does not imply RT2
2 over ω-models when p is

not a separable permutation. Their result was not directly expressed in the formalism
of separable permutations, but rather using another equivalent characterization of
them, more suitable for their computability-theoretic analysis (see [90, Section 2] for
details on this equivalence).

Their theorem implied that the separable permutations are exactly the patterns p
for which the statement RT2

2ppq does not admit so-called preservation of ω
hyperimmunities, where a function f : N Ñ N is (X-)hyperimmune if it is not
dominated by any (X-)computable function.

Definition 7.1.5. A problem P admits preservation of ω hyperimmunities if for every
set Z, every countable sequence f0, f1, . . . of Z-hyperimmune functions and every Z-
computable P-instance X, there is a P-solution Y to X such that f0, f1, . . . are all
Y ‘ Z-hyperimmune.

Being able to preserve ω hyperimmunities is a weakness property of problems that
RT2

2 does not enjoy (in fact RT2
2 can only preserve at most 1 hyperimmunity). This

distinction can be used to build an ω-model of RT2
2ppq that is not an ω-model of RT2

2

for every pattern p that is not a separable permutation (with a construction similar
to that of the proof of Proposition 8.1.5).

In this chapter, we prove the converse, showing that every ω-model of RT2
2ppq

where p is a separable permutation is also a model of RT2
2, thereby establishing the

following characterization.

Main Theorem 7.1.6. For every pattern p, RT2
2ppq implies RT2

2 over ω-models if
and only if p is a separable permutation.

To do so, we show that in the decomposition of RT2
2 into RT2

2ppq`COH`coSRT
2
2ppq

for non-constant separable permutations, the statements COH and coSRT2
2ppq are

already implied by RT2
2ppq over ω-models.

More precisely, for every separable permutation p, we prove that RCA0 $

RT2
2ppq Ñ ADS in Section 7.2, and thus that RCA0 $ RT2

2ppq Ñ COH as RCA0 $

ADSÑ COH (Hirschfeldt and Shore [63]).
And we prove that for every separable permutation p, every computable instance

of coSRT2
2ppq admits a probabilistic solution. To formalize this, we consider the

product topology on the space 2N, whose basic open sets are of the form rσs “ tX P

2N : σ ă Xu for each σ P 2ăN. We then equip this space with the standard measure
λ, defined by λprσsq “ 1

2|σ| and then extended to all Borel sets. We then prove that,
for every such instance, the set of oracles computing a solution has measure 1.



66 CHAPTER 7. SEPARABLE PERMUTATIONS

Most statements we consider do not admit probabilistic solutions. For example,
there are instances of EM, ADS and WKL for which the class of oracles computing
a solution has measure 0 (Astor, Bienvenu, Dzhafarov, Patey, Shafer, Solomon, and
Westrick [3]).

A central theme in the field of algorithmic randomness (see Nies [105] or Downey
and Hirschfeldt [37] for a good introduction to the topic) is to quantify how much
randomness is needed for a probabilistic statement to hold. In our case, we consider
the sets with the property (true almost everywhere) of computing a so-called H1-DNC
function, and prove that any such set computes a solution to any computable instance
of coSRT2

2ppq. This is also the case for computable instances of coRT2
2ppq, although

the proof is more involved (as done in the original article [90, Section 6]).

7.1.3 Diagonal non-computation
In Chapter 4, we introduced the X-DNC2 functions as those functions f : NÑ t0, 1u
satisfying fpeq ‰ ΦX

e peq for every e P N. If we relax the requirement that the codomain
be t0, 1u and instead allow values in N, we obtain the historical definition of the DNC
functions:

Definition 7.1.7 (X-DNC). A function f : N Ñ N is diagonally non-X-computable
or X-DNC if for every e P N, fpeq ‰ ΦX

e peq. A Turing degree is X-DNC if it computes
an X-DNC function.

Intuitively, it is easy to construct an X-DNC function. Let f : NÑ N be defined
by choosing each fpeq uniformly at random from t0, . . . , 10e`1 ´ 1u. Then, f is X-
DNC with probability at least

ś

ePNp1´
1

10e`1 q ą 0. By replacing the sequence e` 1
with e`C for C P N large enough, this probability can be made arbitrarily close to 1.
Thus, although no X-DNC function is X-computable by definition, the set of oracles
that compute one can be shown to be of measure 1, regardless of the set X.

An X-DNC function does not need to compute the set X. In fact, when X
is not computable, most X-DNC functions do not compute X, since the set of
oracles computing a non-computable set has measure 0. This contrasts with X-DNC2

functions, which always compute X. Indeed, equivalently, every set Y of PA degree
over X satisfies Y ěT X, as witnessed by the X-computable infinite tree whose only
path is X.

The diagonally non-computable degrees have many characterizations, using
various paradigms, such as fixpoint-free functions ([68]), infinite subsets of random
sequences ([74, 54], see [37, Theorem 8.10.2]), sequences of high Kolmogorov
complexity ([75]). The following characterization, in terms of uniform avoidance of
finite Σ1pZq sets with bounded size, is arguably the most useful:

Definition 7.1.8. A function g : N2 Ñ N is Z-escaping if for every e, k P N, if
cardWZ

e ď k, then gpe, kq RWZ
e where WZ

e is the e-th Z-computably enumerable set,
as defined in Chapter 4.

Lemma 7.1.9 (Folklore (see [7, Lemma 3.3])). Fix a set Z and a Turing degree d.
The following are equivalent:

(1) d computes a Z-DNC function;

(2) d computes a Z-escaping function.

Proof. p1q Ñ p2q. Given a Z-DNC function f and e, k P N, define gpe, kq as follows:
For every i ď k, let ΦZ

ai
be the function which, on every input, searches for the

i-element xi of WZ
e in order of appearance, if it exists, and interprets xi as a pk` 1q-

tuple xx0i , . . . , xki y and outputs xii. Let gpe, kq “ xfpa0q, . . . , fpakqy. Suppose for
contradiction that cardWZ

e ď k but gpe, kq “ xi P WZ
e for some i ď k. Then

ΦZ
ai
paiq “ xii “ fpaiq, contradicting the fact that f is Z-DNC.
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p2q Ñ p1q. Given a Z-escaping function g, and e P N, define fpeq as follows:
Let WZ

a be the Z-c.e. set whose unique element is ΦZ
e peq, if it exists, and WZ

a “ H

otherwise. Let fpeq “ gpa, 1q. By construction, cardWZ
a ď 1, so gpa, 1q RWZ

a , hence
fpeq “ gpa, 1q ‰ ΦZ

e peq.

One can refine the previous lemma to require the Z-escaping function to output
its value within an infinite computable set X Ď N, by transforming any Z-c.e. set
WZ

e Ď X into the set of positions of its elements in X.

By a result of Mimouni and Patey [102, Main Theorem 1.2], there exists a
computable coloring f : rNs2 Ñ 2 such that for every infinite set H f -avoiding
any pattern, H computes a H1-DNC function. Thus, by relativization, for every
set X and every pattern p, there is an X-computable instance of RT2

2ppq such that
for every solution Y , Y ‘ X-computes an X 1-DNC function. And, as we will see
in Theorem 7.5.6, if p is a separable permutation, every X-computable instance of
coSRT2

2ppq can be solved from X‘Y . Hence, together with Proposition 7.2.1 implying
that RCA0 $ RT2

2ppq Ñ COH, we get that every ω-model of RCA0`RT2
2ppq is a model

of RCA0 ` RT2
2ppq ` COH` coSRT2

2ppq or equivalently of RCA0 ` RT2
2, which is what

we wanted.

7.2 Separable permutations and ADS

The goal of this section is to prove that RCA0 $ RT2
2ppq Ñ COH for any separable

permutation p. We shall actually prove a stronger implication, namely, RCA0 $

RT2
2ppq Ñ ADS, by showing that ADS restricted to linear orders avoiding any

separable permutation is computably true.

Proposition 7.2.1. Let L “ pN,ăLq be a computable linear order avoiding a separable
permutation p. Then there is an infinite computable L-ascending or L-descending
sequence.

Proof. We show by induction on p that for every computable linear order L “ pN,ăLq

without any infinite computable L-increasing or L-decreasing sequence, the pattern
p appears. More precisely, we proceed by structural induction on the construction of
p by a series of direct and skew summations, starting from the trivial permutation
with one element. This statement holds for the trivial permutation. The direct sum
and the skew sum playing a dual role, we prove the inductive step only for the direct
sum.

Let p be the direct sum of two permutations p0 and p1 satisfying the induction
hypothesis and let L “ pN,ăLq be a computable linear order without any infinite
computable L-increasing or L-decreasing sequence, hence both of these patterns
appear in L.

If the pattern p0 appears in L at position F0 with the element x0 “ maxL F0

such that the set tx P N : x ąL x0u is infinite, then we are done, as we can consider
the induced order ptx P N : x ąL x0 ^ x ą maxF0u,ăLq and apply the induction
hypothesis on it (by first taking a computable bijection between this order and one
having N as base set), thus, the pattern p1 appears in that order at some position
F1, and by construction, F0 ă F1 and F0 ăL F1 holds (where A ă B and A ăL B
are shorthand for @x P A@y P B x ă y and @x P A@y P B x ăL y respectively), thus
F0 Y F1 L-realizes p0 ‘ p1.

If for every set F0 L-realizing p0, we have that x0 “ maxL F0 satisfies that tx P N :
x ąL x0u is finite, then we can contradict our assumption on the order by computing
an infinite L-decreasing sequence. Indeed, under our assumptions, there exists an
infinite computable sequence F 0 ă F 1 ă . . . of sets realizing p0 and such that the
sequence pxiqiPN, where xi “ maxL F

i, is infinite and L-decreasing.
Such a sequence can be defined as follows: for every i P N, assuming that Fj

has been defined for every j ă i, the set
Ť

jăitx P N : x ąL xju is finite, as it is
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equal to tx P N : x ąL xi´1u if i ą 0 and to H if i “ 0, hence its complement is
infinite and computable and we can apply the induction hypothesis on the induced
order ptx P N : @j ă i, x ăL xj ^ x ą maxF ju,ăLq and computably find an instance
of p0 at a position F i in that ordering. By construction, xi :“ maxL F

i ăL xj and
F i ą F j for every j ă i.

Proposition 7.2.2. For every separable permutation p, RCA0 $ RT2
2ppq Ñ ADS.

Proof. The proof of Proposition 7.2.1 is formalizable over RCA0, except the induction
on the structure of p which is too complex. Thus, for every separable permutation
p, we have a proof of RT2

2ppq Ñ ADS in RCA0, but this does not give us a proof of
RCA0 $ @p separablepRT2

2ppq Ñ ADSq.

In particular, for every separable permutation p, RT2
2ppq implies the cohesiveness

principle (COH) and the Σ0
2-bounding scheme (BΣ0

2) over RCA0, as ADS implies both
statements (see Hirschfeldt and Shore [63, Proposition 2.10, Proposition 4.5]).

We shall now see a direct proof of the second statement in the more general case
of all permutations.

Proposition 7.2.3. Let p be a permutation. Then RCA0 $ RT2
2ppq Ñ BΣ0

2.

Proof. As BΣ0
2 is equivalent to RT1 modulo RCA0, we consider by contrapositive some

coloring f : NÑ a for some a P N with no infinite f -homogeneous subset.
Let g : rNs2 Ñ 2 be defined by gpx, yq “ 1 if fpxq ă fpyq and gpx, yq “ 0

otherwise. We claim that for every permutation p, there is no infinite set g-avoiding
p.

Firstly, by external induction on n (see Chapter 9 for a more precise distinction
between internal induction which is the induction available within a (potentially non-
standard) model, used to prove a property for all elements of that model, and external
induction, the usual form of induction, which proves a property only for the standard
integers, but without any restriction on the complexity of the formulas involved), we
prove that for every infinite set H “ tx0, x1, . . . u there exists some xi0 ă ¨ ¨ ¨ ă xin´1

such that fpxi0q ă ¨ ¨ ¨ ă fpxin´1
q. Note that if there exists one such n-tuple, there

exists an infinite amount of them, by truncating the beginning of H.
If n “ 1 (or n “ 0), the property holds. So assume the property to be true for

some standard integer n and fix such an infinite set H “ tx0, x1, . . . u. Let H 1 Ď H
be the set of all xin´1 P H such that there exists some xi0 ă ¨ ¨ ¨ ă xin´1 P H with
fpxi0q ă ¨ ¨ ¨ ă fpxin´1q. By the inductive hypothesis, this set is infinite. If for some
xin´1

ă xjn´1
P H 1 we have fpxin´1

q ă fpxjn´1
q, then xi0 ă xi1 ă ¨ ¨ ¨ ă xin´1

ă xjn´1

is the desired sequence. Otherwise, the values taken by f on the elements of H 1 form
an infinite non-increasing sequence of integers smaller than a, which must eventually
be constant by IΣ0

1, contradicting the assumption that no infinite f -homogeneous set
exists. This proves that for every standard integer n, no infinite set can g-avoid the
homogeneous set of size n and of color 1.

Let p : n Ñ n be a permutation on n elements and let H Ď N be an infinite set.
There exists an infinite sequence of n-tuples of elements of H

px00 ă ¨ ¨ ¨ ă x0n´1q ă px
1
0 ă ¨ ¨ ¨ ă x1n´1q ă . . .

each g-homogeneous for the color 1. Notice that for a given n-tuple px0, . . . , xn´1q,
there are an possible values for pfpx0q, . . . , fpxn´1qq, so, by the finite pigeonhole
principle for an colors (provable in RCA0), there exists a sequence k0 ă ¨ ¨ ¨ ă kn´1

such that fpxkℓ
i q “ fpx

kℓ1
i q for every ℓ ă ℓ1 ă n and every i ă n. Then, the set

tx
kpp0q
0 ă x

kpp1q
1 ă ¨ ¨ ¨ ă x

kppn´1q
n´1 u g-realizes p.
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7.3 Basis for separable permutations
The separable permutations form a relatively large family. In this section, we define
canonical sub-families for separable permutations, the k-fractals for k P N, which
enjoy some universality properties: for every k ě 2, every separable permutation is a
sub-pattern of a k-fractal. These families will play an essential role in Section 7.5 to
prove our main theorem.

Definition 7.3.1. A family P of patterns is a basis for another family Q of patterns
if every pattern q P Q is a sub-pattern of some pattern p P P.

Suppose P is a basis for Q. Then the statement “For every p P P, every coloring
avoiding p satisfies a given property” implies “For every q P Q, every coloring
avoiding q satisfies the same property”. Indeed, if a coloring does not satisfy the
property, then every pattern in P appears in it, and as P is a basis for Q, every
pattern in Q also appears.

Definition 7.3.2. The family Fk of k-fractals is defined inductively as follows:

• The k-fractal of dimension 0 is the trivial permutation p : r1s2 Ñ 2.

• Let pn be the k-fractal of dimension n. The k-fractal of dimension n` 1 is the
permutation pn`1 defined as the direct sum pn ‘ ¨ ¨ ¨ ‘ pn of k copies of pn if n
is even, and as the skew sum pn a ¨ ¨ ¨ a pn of k copies of pn if n is odd.

Note that since the skew sum and the direct sum are associative, the previous
definition is well-defined.

Remark 7.3.3. For a fixed coloring f : rNs2 Ñ 2, by a small abuse of notation, we
shall simply call k-fractal of dimension n any finite set f -realizing the k-fractal of
dimension n.

Example 7.3.4. Let f : rNs2 Ñ 2 be a coloring. The sets f -realizing the k-fractal of
dimension 0 are the singletons. The sets f -realizing the k-fractals of dimension 1 are
the f -homogeneous sets for color 0 of cardinality k. The sets f -realizing the k-fractals
of dimension 2 are the finite sets of cardinality k2 which can be partitioned into k
blocks F0 ă F1 ă ¨ ¨ ¨ ă Fk´1, such that each Fi is f -homogeneous for color 0, and
the pairs between any two blocks have color 1.

Proposition 7.3.5. For every k ě 2, the family Fk is a basis for the family of
separable permutations.

Proof. Inductively on the structure of a separable permutation p, obtained as a
series of direct and skew sums, we can show that there exists some n such that p is a
sub-pattern of the k-fractal of dimension n.

This is the case for the trivial permutation of a single point. It is a sub-pattern
of the k-fractal of dimension 0.

If p “ p0‘p1, with n0, n1 such that pi is a sub-pattern of the k-fractal of dimension
ni for every i ă 2. Let n be any odd number greater than maxpn0, n1q. Then p0 and p1
are sub-patterns of the k-fractal of dimension n´1, hence p “ p0‘p1 is a sub-pattern
of the k-fractal of dimension n (since k ě 2).

The case where p is a skew sum of two separable permutations p0, p1 is similar,
with n taken to be even.

7.4 The example of coSRT2
2p120q

We will prove in Proposition 7.5.5 that for all n, k P N, any stable coloring f that
avoids the k-fractal of dimension n has the property that every H1-DNC degree d
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computes an infinite f -homogeneous set. Hence, as the k-fractals of dimension n
form a basis for the separable permutations, the statement will also hold for stable
colorings avoiding some separable permutation. Our proof will proceed by induction
on the dimension n of the k-fractal. The case n “ 0 is immediate, since no coloring
avoids a k-fractal of dimension 0. The case n “ 1 is more interesting, and a more
detailed analysis of its general form, not restricted to stable colorings, will be carried
out in Chapter 11, where it will be referred to as the bounded Ramsey theorem for
pairs, denoted by BRT2

2.

Statement 7.4.1 (Bounded Ramsey theorem for pairs). BRT2
2 is the statement “For

every coloring f : rNs2 Ñ 2 and every ℓ P N such that there is no f -homogeneous set
for color 1 of size ℓ, there is an infinite f -homogeneous set for color 0.”

In contrast with the general situation, this case does not only admit a probabilistic
solution: it is in fact computably true, in the sense that every computable instance
has a computable solution.

Lemma 7.4.2. Let f : rNs2 Ñ 2 be a computable coloring and k P N such that no
clique of size k is f -homogeneous for the color 0. Then there exists some infinite
computable f -homogeneous set for the color 1.

Belanger’s proof over IΣ0
2. Let T Ď NăN be a computable tree such that

(1) every x P N appears in some node σ P T ;

(2) every σ P T is f -homogeneous for color 0;

(3) for every σ P T and every x, y P N such that σ ¨ x, σ ¨ y P T , fpx, yq “ 1.

T can be constructed via a greedy algorithm: at each stage, we insert the next
element x P N into a suitable position in the tree, ensuring that properties p1q to p3q
are preserved.

By (2) and by assumption, T has finite depth, so by (1) and BΣ0
2, there is some

level ℓ0 P N such that tσ P T : |σ| “ ℓ0u is infinite. By IΣ0
2, there is a least such level

ℓ ď ℓ0. Since T has only one node at level 0, namely xy, ℓ ą 0. By minimality of ℓ,
tσ P T : |σ| “ ℓ ´ 1u is finite, so by BΣ0

2, there is some σ P T of length ℓ ´ 1 with
infinitely many immediate children. The set tx P N : σ ¨ x P T u is therefore infinite,
and by (3), it is f -homogeneous for color 1.

In Chapter 11, we will show the statement BRT2
2 to be of peculiar strength. On

the one hand, the mere existence of a solution can be established using RT2
2, since

BRT2
2 is a special case of it, hence RCA0 ` BRT2

2 does not imply IΣ0
2 either. On the

other hand, we will show that proving the existence of a computable solution does
require IΣ2, demonstrating that the above proof is optimal in this respect. Since we
restrict attention to ω-models throughout this chapter, we will not track the amount
of induction required in our proofs, and will instead focus on the second-order content
of the statements under consideration. From this perspective, the statement BRT2

2 is
trivial, as it holds in every ω-model of RCA0.

Before proceeding with our induction and proving the general case for arbitrary
k-fractals of dimension n, we consider the case of the permutation 120 (corresponding
to the pattern below), and show that the statement coSRT2

2p120q admits probabilistic
solutions.

a b c0 1

1

(7.3)
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The statement coRT2
2p120q was already studied by various authors under the

names SHER (Dorais et al. [36]), TAC (Conidis [29]), CAC for trees, and SAC (Cervelle,
Gaudelier, and Patey [16]). In particular, Cervelle, Gaudelier, and Patey [16, Section
3] proved that every computable instance of SAC admits a probabilistic solution. We
give here the argument in the language of coSRT2

2p120q as it already contains the core
ideas of the generalization to all separable permutations.

Lemma 7.4.3 (Cervelle, Gaudelier, and Patey [16, Section 3]). coSRT2
2p120q admits

probabilistic solutions.

Proof. Let f : rNs2 Ñ 2 be a stable computable coloring avoiding the permutation 120.
Given an infinite set X Ď N, we say that an element x P N is f -bad if

limyÑ8 fpx, yq “ 1. Otherwise (i.e., if limyÑ8 fpx, yq “ 0), x is f -good.
Since f avoids 120, every finite f -homogeneous set F Ď N for color 0 contains

at most one f -bad element. Thus, if one picks an element x P F at random, the
probability that it is f -bad is at most 1

cardF . By Lemma 7.4.2, if there exists some
bound b P N and some ℓ P N such that no subset F ą b of cardinality ℓ is f -
homogeneous for color 0, then there exists an infinite computable subset of tb, b `
1, . . . u that is f -homogeneous for color 1. In that case, no probabilistic argument is
needed, so we may assume that this situation does not occur.

Consider the following probabilistic algorithm to compute an infinite f -
homogeneous set Y for color 0:

Y will be defined as
Ť

sPNEs for E0 Ď E1 Ď . . . an increasing sequence of finite
sets, satisfying the following additional constraints for every s P N:

• Es is f -homogeneous for the color 0, and hence Y is as well.

• cardEs “ s, and hence Y is infinite.

At stage 0, set E0 “ H.
At stage s, assume that Es has been defined. Search for some finite f -homogeneous

set Fs ą Es for color 0 of size 2s`2, such that fpx, yq “ 0 for every x P Es and every
y P Fs. Pick an element x P Fs uniformly at random, and let Es`1 “ Es Y txu and
go to the next step.

If every element of Es is f -good, then there exists a bound b P N such that for
all y ą b and all x P Es, we have fpx, yq “ 0. It follows, by our assumption, that a
suitable set Fs will eventually be found. Hence, as long as the property that every
element of Es is f -good is preserved, the construction can proceed.

Since every f -homogeneous set for color 0 contains at most one f -bad element,
the probability that an f -bad element is chosen at stage s is at most 1

cardFs
“ 2´s´2.

Therefore, the probability that the construction fails at some stage is bounded
by

ř

s 2
´s´2 “ 1

2 . More generally, one can parameterize the construction by a
constant k P N, and require cardFs “ 2s`1`k, in which case the probability of failure
is at most 2´k.

By encoding the choices within the blocks tFsusPN into chunks of an infinite binary
sequence, that is, decomposing any R P 2N into an infinite concatenation σR

0 ¨ σ
R
1 ¨ . . .

where σR
s is a string of length 2s`k`1 coding for the choice of an element in Fs, the

measure of oracles R P 2N such that this decomposition yields a successful construction
is at least 1´ 2´k. This tends to 1 when k tends to infinity, so the measure of oracles
computing a solution is 1.

An analysis of the complexity of the above argument using the tools of algorithmic
randomness shows that a so-called 2-random degree is sufficient to carry out the
construction. On the other hand, at first sight, the existence of an H1-DNC function
is not sufficient. Indeed, although the property of being f -bad is Σ2, or equivalently
Σ1pH

1q, an H1-DNC function is only sufficient to avoid selecting a finite number of
f -bad elements from an infinite set and doesn’t provide a way of picking an element
in Fs.
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Every 2-random degree is H1-DNC, but the converse doesn’t hold. Unfortunately,
contrary to H1-DNC degrees, there is no hope to prove the existence of a 2-random
degree from RT2

2ppq, as Liu [96] proved that every computable coloring f : rNs2 Ñ 2
admits an infinite f -homogeneous set which does not compute any 1-random, and a
fortiori any 2-random.

Thankfully, a more involved argument, based on the following lemma, allows us to
reduce the required amount of randomness to that provided by H1-DNC degrees. For
that, we will exploit the fact that, instead of picking one f -good element from a finite
f -homogeneous set Fs, we may instead consider infinitely many such f -homogeneous
sets of arbitrarily large sizes.

Lemma 7.4.4. Let B Ď N be a Σ2 set of “bad elements”, pFiqiPN be a computable
family of subsets of N and k P N such that: cardFi XB ď k and cardFi ě i for every
i. Then, every H1-DNC degree d computes an infinite subset of

Ť

i FizB.

Proof. Fix such B Ď N, pFiqiPN, k P N and d. We have two cases.
Case 1: d ěT H

1. Let ℓ ď k be the largest integer such that cardFi XB “ ℓ for
infinitely many i P N. Let t P N be such that for every i ě t, cardFi X B ď ℓ. As B
is Σ2, one can H1-computably find infinitely many i ě t such that cardFi X B ě ℓ,
hence such that cardFi XB “ ℓ, and pick an element in FizB.

Case 2: d ğT H
1. Let g ďT d be the function of Lemma 7.1.9(2). Let µs be

the standard left-c.e. approximation of the modulus µ of H1, that is, µspxq is the
least t ď s such that H1

tæx “ H
1
sæx. For every x P N, the sequence pµspxqqsPN can

only change values at most x times (every time a program with Turing index less
than x stops), and let mx

0 ă ¨ ¨ ¨ ă mx
i p“ µpxqq be those values for some i ă x. Then,

consider the H1-enumerable set WH1

epxq
containing t0, . . . , x ´ 1u and the position in

Fmx
j

of the elements of Fmx
j
XB for every j ă i.

Note that cardWH1

epxq
ď x ˆ pk ` 1q, hence, by hypothesis on g, letting px “

gpepxq, x ˆ pk ` 1qq, the sequence ppxqxPN is such that px R WH1

epxq
for every x. In

particular, px ě x for every x as t0, . . . , x´ 1u ĎWH1

epxq
. Since d ğT H

1, the sequence
ppxqxPN does not eventually dominate µ, hence, for infinitely many x, we can d-
computably find some stage s such that µspxq ě px and if s is chosen to be minimal,
this ensures that the element in position px of Fµspxq does not belong to B. Let S be
this set of elements. Then S Ď

Ť

i FizB, and since px ě x, S is infinite.

We can now obtain an effective version of Lemma 7.4.3.

Lemma 7.4.5. For every computable instance of coSRT2
2p120q, every H1-DNC degree

computes a solution.

Proof. Let f be an instance of coSRT2
2p120q. As explained in the proof of Lemma 7.4.3,

for every finite f -homogeneous set F Ď N for color 0, at most one element has limit 1.
If we let B “ tx : limy fpx, yq “ 1u and pFnqnPN be a sequence of f -homogeneous sets
for color 0 such that cardFn “ n (if no such sequence exists, then by Lemma 7.4.2
there is a computable f -homogeneous set and we are done), then by Lemma 7.4.4,
any H1-DNC degree computes an infinite subset of A “ tx : limy fpx, yq “ 0u, hence
computes an infinite f -homogeneous set (see e.g., the proof of the equivalence between
SRT2

2 and D2
2 in Chapter 6).

This yields a new proof for the following theorem.

Theorem 7.4.6 (Cervelle, Gaudelier, and Patey [16]). RCA0`RT2
2p120q implies RT2

2

over ω-models.

Proof. Let M “ pN, Sq be an ω-model of RCA0`RT2
2p120q. By Proposition 7.2.2, we

have that M ( ADS and thus M ( COH.
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Let f : rNs2 Ñ 2 be an instance of coSRT2
2p120q coded by a set in S. By a

relativization of Mimouni and Patey [102, Main theorem 1.2], there exists an f -
computable coloring g : rNs2 Ñ 2 such that for every infinite set H Ď N that g-avoids
any pattern, f ‘H computes an f 1-DNC function.

As M ( RCA0, we have that g P S, and, as M ( RT2
2p120q, there exists an infinite

set H P S that g-avoids the pattern 120. Hence, as f ‘H P S, there exists a set G of
f 1-DNC degree in S.

By a relativization of Lemma 7.4.5, G ‘ f computes an infinite f -homogeneous
set. Thus, every instance of coSRT2

2p120q in S admits a solution in S, showing that
M ( coSRT2

2p120q.
Thus, M ( RT2

2p120q ` COH` coSRT2
2p120q, and as RCA0 $ RT2

2 Ø RT2
2p120q `

COH` coSRT2
2p120q, we have M ( RT2

2 as required.

7.5 General case
We now turn to the study of coSRT2

2ppq for arbitrary separable permutations p. We
shall first prove the theorem for fractals, and deduce the general case since they form
a basis for separable permutations.

Definition 7.5.1. Fix k, n ě 1. Let f : rNs2 Ñ 2 be a coloring and F be a set f -
realizing the k-fractal of dimension n. The fractal decomposition of F is the sequence
F0 ă ¨ ¨ ¨ ă Fk´1 of subsets of F such that for every i ă k, Fi is a k-fractal of
dimension n´ 1. We shall refer to the Fi’s as blocks.
Given a k-fractal F of dimension n, and σ P Nďn, let F pσq be defined inductively
as follows: F pxyq “ F and F pw ¨ τq “ Fwpτq, where F0 ă ¨ ¨ ¨ ă Fk´1 is the fractal
decomposition of F , if w ă k. If w ě k, then F pw ¨ τq “ H. Note that if F pσq ‰ H,
then F pσq is a k-fractal of dimension n´ |σ|.

For a stable coloring f : rNs2 Ñ 2, we will often omit explicit reference to f when
it is clear from the context, and simply say that an element x P N has limit c ă 2 if
limyPN fpx, yq “ c.

The following definition generalizes the notion of f -good/f -bad from Lemma 7.4.3.
Indeed, in the case n “ 0, a finite set F f -realizing the i-fractal of dimension 0 for
some i ą 0 is a singleton, and its unique element has limit c if and only if F is
pf, kq-good for color c.

Definition 7.5.2. Fix k, i ě 1 and n P N. Let f : rNs2 Ñ 2 be a stable coloring and
c ă 2 be a color. A finite set F Ď N f -realizing the i-fractal of dimension n is pf, kq-
good for color c if there is no subset G Ď F f -realizing the k-fractal of dimension n
with all its elements having limit 1´ c. Otherwise, F is pf, kq-bad for color c.

The following lemma bounds the number of bad choices of fractals of dimension n´
1 given a good fractal of dimension n. This yields a probabilistic algorithm to find an
element which has limit c given an i-fractal F of dimension n which is pf, kq-good for
color c: pick a block F 1 at random in the fractal decomposition of F . With probability
1´ k´1

i , F 1 is an i-fractal of dimension n´ 1 which is pf, kq-good for color c. Iterate
the process until we obtain an i-fractal of dimension 0 which is pf, kq-good for color c,
in other words, a singleton element which has limit c. The probability of making a
bad choice at some point is at most pk´1qˆn

i , which can be made arbitrarily small by
considering i-fractals for very large i’s.

Lemma 7.5.3. Fix k, i, n ě 1. Let f : rNs2 Ñ 2 be a stable coloring and c ă 2
be a color. Let F Ď N be a set f -realizing the i-fractal of dimension n and let
F0 ă ¨ ¨ ¨ ă Fi´1 be its fractal decomposition. If F is pf, kq-good for color c, then there
are at most k ´ 1 many blocks which are pf, kq-bad for color c.
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Proof. Assume, by contraposition, that there exist indices ℓ0 ă ¨ ¨ ¨ ă ℓk´1 ă i such
that, for every j ă k, the block Fℓj is pf, kq-bad for color c. Since n ě 1 and by
definition of a pf, kq-bad block, for every j ă k there exists a subset Gℓj Ď Fℓj such
that Gℓj f -realizes the k-fractal of dimension n ´ 1 and all its elements have limit
1´ c.

Then, Gℓ0 Y¨ ¨ ¨YGℓk´1
f -realizes the k-fractal of dimension n and all its elements

have limit 1´ c, hence, F is pf, kq-bad for color c.

We now prove Lemma 7.5.4, which is the counterpart of Lemma 7.4.4. There
is however an additional level of difficulty: the probabilistic algorithm given before
Lemma 7.5.3 requires making n iterated queries to the H1-escaping function, asking
each time to give an answer smaller than i.

Lemma 7.5.4. Let f : rNs2 Ñ 2 be a stable coloring, c ă 2 some color and n, k P N.
Let pFiqiPN be a computable family of finite subsets of N such that, for every i P N:

• Fi f -realizes the i-fractal of dimension n.

• Fi is pf, kq-good for color c.

Then, every H1-DNC degree d computes an infinite f -homogeneous set for color c.

Proof. Case 1: d ěT H
1. Let i ě k. By Lemma 7.5.3, every set F that is pf, kq-

good for color c and f -realizes the i-fractal of dimension d for some d ą 0 contains
at least i´ k ´ 1 blocks that are pf, kq-good for color c and f -realize the i-fractal of
dimension d ´ 1. Thus, by iterating, every such set F contains at least pi ´ k ´ 1qd

disjoint subsets that f -realize the i-fractal of dimension 0 and are pf, kq-good for color
c, hence F contains at least pi´ k ´ 1qd elements having limit c.

Thus, under our assumption, there exists an infinite number of elements having
limit c. These elements areH1-computable, and from them we can compute an infinite
f -homogeneous set for color c.

Case 2: d ğT H1. Let g ďT d be the function of Lemma 7.1.9(2) and let
µs be the standard left-c.e. approximation of the modulus µ of H1, as defined in
Lemma 7.4.4. For every x P N, the sequence pµspxqqsPN can only change values at
most x times (every time a program with Turing index less than x stops), and let
mx

0 ă ¨ ¨ ¨ ă mx
i p“ µpxqq be those values for some i ă x.

For every ℓ ă n, and pw0, . . . , wℓ´1q P Nℓ, let WH1

epx,xw0,...,wℓ´1yq
be the H1-c.e.

set containing t0, . . . , x ´ 1u and the indices of the pf, kq-bad blocks in the fractal
decomposition of Fmx

j
pxw0, . . . , wℓ´1yq for every j ă x.

For every ℓ ă n, let wℓ be the g-computable function defined inductively as follows:

wℓpxq “

#

gpepx, xyq, k ˆ xq if ℓ “ 0

gpepx, xw0pxq, . . . , wℓ´1pxqyq, k ˆ xq if ℓ ą 0

Claim: For every x, j P N such that maxtwℓpxq : ℓ ă nu ă mx
j and every ℓ ď n,

(a) Fmx
j
pxw0pxq, . . . , wℓ´1pxqyq is pf, kq-good for color c;

(b) cardWH1

epx,xw0pxq,...,wℓ´1pxqyq
ď k ˆ x

We proceed by induction on ℓ. If ℓ “ 0, (a) is due to the fact that every Fi is
pf, kq-good for color c, (b) follows from Lemma 7.5.3. Then, assuming the property to
be true for some ℓ ă n, the set Fmx

j
pxw0pxq, . . . , wℓ´1pxqyq is therefore an mx

j -fractal of
dimension n´ℓ which is pf, kq-good for color c. By Lemma 7.5.3, there are at most k´1
blocks in the fractal decomposition of Fmx

j
pxw0pxq, . . . , wℓ´1pxqyq that are pf, kq-bad

for color c. The indices of these blocks are the ones output by WH1

epx,xw0pxq,...,wℓ´1pxqyq

for every j ă x such that mx
j is defined. Hence cardWH1

epx,xw0pxq,...,wℓ´1pxqyq
ď pk ´
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1q ˆ x ` x “ k ˆ x and (b) holds. Thus, by definition of g, wℓpxq does not belong
to WH1

epx,xw0pxq,...,wℓ´1pxqyq
and Fmx

j
pxw0pxq, . . . , wℓ´1pxq, wℓpxqyq is an mx

j -fractal of
dimension n ´ ℓ ´ 1 which is pf, kq-good for color c, so (a) holds. This proves our
claim.

Letting px “ maxtwℓpxq : ℓ ă nu, the sequence ppxqxPN is d-computable. Since
d ğT H

1, there is no bound b P N such that px ą µpxq for every x ą b, as otherwise
d would compute a function dominating µ and therefore compute H1.

Hence, for infinitely many x, we can d-computably find some j P N such that
wℓpxq ă mx

j for every ℓ ă n. Once such x, j are found, we get by our claim that
Fmx

j
pxw0pxq, . . . , wn´1pxqyq is an mx

j -fractal of dimension 0 that is pf, kq-good for
color c. Thus, we can d-compute an infinite set of elements having limit c, hence d
computes an infinite f -homogeneous set for color c.

We can now prove our main proposition in the case of k-fractals.

Proposition 7.5.5. Let f : rNs2 Ñ 2 be a stable computable coloring. For every
n, k P N, if f avoids the k-fractal of dimension n, then every H1-DNC degree d
computes an infinite f -homogeneous set.

Proof. Let d be an H1-DNC degree.
By induction on n, we show that for every k P N and every stable computable

coloring f : rNs2 Ñ 2 that avoids the k-fractal of dimension n, d computes an infinite
f -homogeneous set.

The case n “ 0 is vacuously true, as no set f -avoids the singleton pattern. The
case n “ 1 is true by Lemma 7.4.2.

Now assume the property holds for some n P N and fix k P N. Let f : rNs2 Ñ 2
be a stable coloring avoiding the k-fractal of dimension pn ` 1q. Let c be equal to 1
if n is even and 0 if n is odd.

Suppose first that there is some i, b P N such that no finite set F ą b f -realizes
the i-fractal of dimension n. Define g : rNs2 Ñ 2 by gpx, yq “ fpx ` b, y ` bq. Then
g is stable, computable and avoids the i-fractal of dimension n. By the inductive
hypothesis, d computes an infinite g-homogeneous set, and hence computes an infinite
f -homogeneous set.

Thus, assume that for every i, b P N, there exists some finite set F ą b that
f -realizes the i-fractal of dimension n. We distinguish two cases:

Case 1: There exists some bound b P N, such that every F ą b that f -realizes
the k-fractal of dimension n contains an element whose limit is c.

In that case, for every i P N, every F ą b that f -realizes the i-fractal of dimension n
is pf, kq-good for color c, as every subset G Ď F f -realizing the k-fractal of dimension
n contains an element whose limit is c. By our assumption, such sets F exist for every
i P N. It then follows from Lemma 7.5.4 that d computes an infinite f -homogeneous
set.

Case 2: For every bound b P N, there exists F ą b that f -realizes the k-fractal of
dimension n and whose elements all have limit 1´ c.

In that case, construct a sequence F0 Y ¨ ¨ ¨ Y Fk´1 as follows. Let F0 Ď N f -
realizing the k-fractal of dimension n, with all its elements having limit 1 ´ c, and
let b0 P N be large enough that every element of F0 has reached its limit by stage
b0. Next, let F1 ą b0 with the same properties, and let b1 ą b0 witness stabilization
for all elements of F1. Continuing this way, we obtain a sequence F0 ă ¨ ¨ ¨ ă Fk´1

such that F0 Y ¨ ¨ ¨ Y Fk´1 f -realizes the k-fractal of dimension n ` 1, contradicting
our assumption on f .

Theorem 7.5.6. For every separable permutation p and every computable instance
of coSRT2

2ppq, every H1-DNC degree computes a solution.
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Proof. Let f : rNs2 Ñ 2 be a stable computable coloring avoiding p. By
Proposition 7.3.5, there exists some k, n P N such that it avoids the k-fractal of
dimension n. Then by Proposition 7.5.5 every H1-DNC degree computes an infinite
f -homogeneous set.

Theorem 7.5.7. For every separable permutation p, RCA0`RT2
2ppq implies RT2

2 over
ω-models.

Proof. Let M “ pN, Sq be an ω-model of RT2
2ppq. By Proposition 7.2.2, M ( ADS

and thus M ( COH.
Let f : rNs2 Ñ 2 be an instance of coSRT2

2ppq in S. By a relativization of Mimouni
and Patey [102, Main theorem 1.2], there exists an f -computable coloring g : rNs2 Ñ 2
such that for every infinite set H Ď N that g-avoids any pattern, f ‘H computes an
f 1-DNC function.

As M ( RCA0 ` RT2
2ppq, there exists an infinite set H P S that g-avoids the

pattern p. Hence, there exists a set G of f 1-DNC degree in S.
By a relativization of Theorem 7.5.6, G‘ f computes an infinite f -homogeneous

set. Thus, every instance of coSRT2
2ppq in S admits a solution in S, showing that

M ( coSRT2
2ppq.

Thus, M ( RT2
2ppq ` COH` coSRT2

2ppq, and as RCA0 $ RT2
2 Ø RT2

2ppq ` COH`
coSRT2

2ppq, we have M ( RT2
2 as required.

We are now ready to prove our main theorem.

Main Theorem 7.1.6. For every pattern p, RT2
2ppq implies RT2

2 over ω-models if
and only if p is a separable permutation.

Proof. If p is a separable permutation, then RT2
2ppq implies RT2

2 over ω-models by
Theorem 7.5.7. If p is not a separable permutation, then by Mimouni and Patey [102,
Main Theorem 1.8], RT2

2ppq does not imply RT2
2 over ω-models.

Note that the bound of Theorem 7.5.6 is not optimal, as for every separable
permutation p, every computable instance of coSRT2

2ppq admits an H1-computable
solution, while there is no such H1-DNC function. Moreover, for the case p “ 120,
Cervelle, Gaudelier, and Patey [16] proved that ADS implies coRT2

2p120q over RCA0,
and by Hirschfeldt and Shore [63], ADS does not even imply the existence of a DNC
function over ω-models.

7.6 Open questions
Many questions concerning the computability-theoretic and proof-theoretic strength
of the statements RT2

2ppq and coRT2
2ppq remain open. The known relations over ω-

models of RCA0 are given in Figure 7.6.
The most fundamental question is about the general structure of this partial order.

Question 7.6.1. What is the structure of the Ramsey-like statements, ordered by
implication over RCA0? over ω-models?

Over ω-models, if RT2
2ppq is strictly weaker than RT2

2, then by Theorem 7.1.6, p is
not a separable permutation, so either it is not a permutation, in which case RT2

2ppq
follows from EM, or it is a permutation, but not separable, and by Theorem 7.1.4 it
follows from RT2

2p1302q. By Mimouni and Patey [102], RT2
2p1302q does not imply EM

over ω-models, but the other direction is unknown.

Question 7.6.2. Does EM imply RT2
2p1302q over ω-models?

The main theorem of this chapter states that RT2
2ppq implies RT2

2 over ω-models
whenever p is a separable permutation. The proof, however, seems to make a strong
use of ω-models, in particular with Lemma 7.4.2 which uses Σ2-induction.
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RCA0

RT2
2

EMADS

RT2
2ppq

RT2
2ppq

RT2
2p1302q

RT2
2ppq

RT2
2p q0 0

1

non-separable
permutations

separable permutations

non permutations

[102]

?

Thm. 7.1.6

[102]

[102]

Figure 7.1: Implications over ω-models of RCA0. A simple (double) arrow represents
a (strict) implication. A dashed arrow with a question mark denotes that the
implication is still open and a crossed arrow represents a non-implication.
Note that by [102], there exist non-permutations p such that RT2

2ppq is strictly weaker
than EM over ω-models.

Question 7.6.3. For every separable permutation p, does RCA0 $ RT2
2ppq Ñ RT2

2?
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Chapter 8

Ramsey-like theorems for the
Schreier barrier

8.1 Introduction
Among the variants of Ramsey’s theorem whose computational and proof-theoretic
power have been investigated, the free set, thin set and rainbow Ramsey theorems
have attracted significant interest in recent decades (see, e.g., [18, 140, 113, 17, 98]),
due to the peculiar behavior of these theorems when compared to Ramsey’s theorem.
For these three theorems, the instances are again colorings of the set rNsn, but this
time with infinitely many colors allowed.

The following thin set and free set theorems were introduced by Harvey Friedman
[47] and first studied in [18]. The thin set theorem is a weakening of Ramsey’s theorem,
where, instead of starting from a k-coloring of rNsn and seeking to avoid all colors
except one, one considers a coloring of rNsn with infinitely many colors and aims to
avoid just a single one.

Statement 8.1.1 (Thin set theorem). Let n ą 0, TSn is the statement “For every
coloring f : rNsn Ñ N, there exists an infinite set H Ď N such that fprHsnq ‰ N”.
Such a set H is called thin for f (or f -thin).

Statement 8.1.2 (Free set theorem). Let n ą 0, FSn is the statement “For every
coloring f : rNsn Ñ N, there exists an infinite set H Ď N such that for every s P rHsn,
if fpsq P H then fpsq P s”.
Such a set H is called free for f (or f -free).

The notion of free set might seem ad hoc at first sight, but can be better
understood in the light of the thin set theorem. Indeed, an infinite set H Ď N is
f -free if and only if, for every x P H, the set Hztxu is f -thin with witness color x (in
the sense that f never takes value x on rHztxusn). Thus, the free set theorem is a
natural generalization of the thin set theorem.

The rainbow Ramsey theorem is sometimes called an anti-Ramsey theorem as
it requires the coloring f to be injective on the resulting set rHsn instead of
monochromatic.

Statement 8.1.3 (Rainbow Ramsey theorem). Let n, k ą 0, RRTn
k is the statement

“For every coloring f : rNsn Ñ N such that every color is used at most k times, there
exists an infinite set H Ď N such that f is injective on rHsn”. We then let RRTn be
the statement @kRRTn

k .
Such a coloring f is said to be k-bounded, and such a set H is called a rainbow for f
(or f -rainbow).

79
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While the hierarchy RT1,RT2,RT3, . . . collapses at the third level, where every
RTn for n ě 3 already implies the existence of H1, and is equivalent to ACA0 modulo
RCA0, this is not the case anymore for these three principles. This surprising result
is due to Wang [140], who showed that the free set, thin set and rainbow Ramsey
theorems do not code the halting set and satisfy the cone avoidance property.

Definition 8.1.4. A problem P admits cone avoidance if for every set Z, every non-Z-
computable set C and every Z-computable P-instance X, there exists a P-solution Y
to X such that C ęT Y ‘ Z.

Proving that a problem P admits the cone avoidance property is the standard
method for showing that it does not imply ACA0 over RCA0. We will present another
method in Chapter 15, based on the study of the first-order part of problems, to show
that a statement about colorings of infinite trees, namely the ordered variable word
theorem, does not imply ACA0 over RCA0.

We already mentioned the cone avoidance basis theorem (Theorem 4.2.5) of
Jockusch and Soare [71] that demonstrates that WKL has this property. In the case
of RT2

2, the result was established by Seetapun and Slaman [124].

Proposition 8.1.5. If a Π1
2 problem P admits cone avoidance, then RCA0`P & ACA0.

In fact, this non-implication already holds over ω-models.

Proof. We aim to construct an ω-model M “ pN, Sq of RCA0 ` P ` ␣ACA0. Since
ACA0 proves the existence of all arithmetical sets, it suffices that H1 R S in order for
M not to be a model of ACA0.

For M to be a model of RCA0, we require S to be a Turing ideal, that is, closed
under Turing join ‘ and downward-closed under Turing reducibility ďT . Moreover,
for M to be a model of P, every instance of P in S must admit a solution within S.

To achieve this, we construct an infinite sequence Y0, Y1, . . . of subsets of N such
that:

• For every n P N, Y0 ‘ ¨ ¨ ¨ ‘ Yn´1 ğT H
1

• Whenever Y0 ‘ ¨ ¨ ¨ ‘ Yn´1 computes an instance of P, there exists some m P N
such that Ym is a solution to that instance.

We then define S to consist of all subsets of N that are computable from Y0‘¨ ¨ ¨‘Yn´1

for some n P N. By construction, S is a Turing ideal. Furthermore, the conditions
imposed on the sequence pYiq ensure that H1 R S and that every instance of P in S
has a solution in S.

The construction of the Yi proceeds as follows: fix n P N and assume Y0, . . . , Yn´1

have already been defined so that Y0 ‘ ¨ ¨ ¨ ‘ Yn´1 ğT H
1. Write n “ xa, by using a

coding of the pairs of integers. Since there are only countably many sets computable
from Y0 ‘ ¨ ¨ ¨ ‘ Yb, there are countably many Y0 ‘ ¨ ¨ ¨ ‘ Yb-instances of P. Let Xn

denote the a-th such instance under some fixed enumeration.
We have Y0 ‘ ¨ ¨ ¨ ‘ Yn´1 ğT H

1 and Y0 ‘ ¨ ¨ ¨ ‘ Yn´1 ěT Xn, thus, by the cone
avoidance of P, there exists a P-solution Yn to Xn such that Y0 ‘ ¨ ¨ ¨ ‘ Yn ğT H

1.
This completes the inductive step and allows the construction to proceed.

The cone avoidance property reflects the computational weakness of a problem
P, as it ensures that solving its instances does not enable one to compute any fixed
non-computable set. In fact, Wang [140] showed that FSn, TSn and RRTn satisfy
even stronger forms of computational weakness.

Definition 8.1.6. A problem P admits strong cone avoidance if for every set Z, every
non-Z-computable set C and every P-instance X, there exists a P-solution Y to X
such that C ęT Y ‘ Z.
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Theorem 8.1.7 (Wang [140]). For every n P N, FSn, TSn and RRTn admit strong
cone avoidance.

In the definition of the strong cone avoidance, no computability constraint is
given on the P-instance X which can thus be arbitrarily complex compared to Z
and in particular might compute C. Thus, the strong cone avoidance reflects the
combinatorial weakness of P, in the sense that no matter how complex the instance
is, it cannot code in its solutions an infinite binary sequence.

Neither RT2
2 nor WKL admits the strong cone avoidance property. For WKL,

consider the H1-computable tree whose only path is H1. For RT2
2, let g : N Ñ N

be a fast-growing function (such as the modulus of H1) and define f : rNs2 Ñ 2
by fpx, yq “ 0 if and only if y ă gpxq. Then, every infinite f -homogeneous set
H “ tx0 ă x1 ă . . . u must have color 1, and moreover satisfies xi`1 ą gpiq. It
follows that if g is the modulus of H1, then any solution to that H1-instance of RT2

2

computes H1.

In this chapter, we consider generalizations of the free set, thin set and rainbow
Ramsey theorems to colorings of objects of unbounded dimension. We show that,
among these, only the extension of RRTn to colorings of so-called exactly ω-large sets
still satisfies the strong cone avoidance property. By contrast, for the corresponding
generalizations of TSn and FSn, this property fails dramatically, as these principles
imply the existence of the ω-jump Hpωq.

8.2 Colorings of all finite sets
For A Ď N, we let rAsăN denote the set of all finite subsets of A. One should not
confuse this with AăN, the set of all finite sequences of elements of A.

When generalizing Ramsey-like statements to colorings of finite sets of arbitrarily
large sizes, one must proceed with caution, as these kinds of statements can easily be
false. For example, consider the statement RTăN stating that “For k P N and every
coloring f : rNsăN Ñ k of the finite subsets of N, there exists an infinite set H such
that f is monochromatic on rHsăN”. Then RTăN is false, as witnessed by the coloring
f : rNsăN Ñ 2 which maps s to the parity of card s. Indeed, every infinite set contains
finite subsets of even and odd cardinalities.

Similarly, the generalizations RRTăN
k ,TSăN and FSăN of the rainbow Ramsey

theorem, free set theorem and thin set theorem to colorings of rNsăN do not hold.

Proposition 8.2.1. There exists a coloring f : rNsăN Ñ N such that for every infinite
set X, fprXsăNq “ N (i.e., TSăN is false).

Proof. Let f : rNsăN Ñ N be defined by setting fpsq “ card s. Let X be an infinite
subset of N. Then fprXsăNq “ N.

As FSăN can be seen as a generalization of TSăN, it is also a false statement.
For RRTăN, we will make use of the following class of finite sets. These sets will

then play a central role in this chapter and later in Part IV for different reasons.

Definition 8.2.2 ((Exactly) ω-large sets). A finite s Ď N is ω-large if card s ě
1 `min s and is exactly ω-large if card s “ 1 `min s. For A Ď N, we write rAs!ω to
denote the exactly ω-large subsets of A.

Proposition 8.2.3. There is a 2-bounded coloring f : rNsăN Ñ N such that for every
infinite set H Ď N, f is not injective on rHsăN (that is, RRTăN

2 is false).

Proof. A finite set s Ď N is called quasi-exactly ω-large if there exists an exactly
ω-large set t such that s “ tztmin tu. Obviously if t is exactly ω-large, then tztmin tu
is quasi-exactly ω-large. Also, it is easy to see that if s is quasi-exactly ω-large then
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there exists a unique exactly ω-large t such that s “ tztmin tu. Let b : rNsăN Ñ N
be a bijection. We define f : rNsăN Ñ N as follows. If s is exactly ω-large then
let fpsq “ bpsztmin suq, and otherwise, let fpsq “ bpsq. Let H Ď N be infinite.
Then for any s P rHs!ω we have sztmin su P rHsăN. But for any such s we have
fpsq “ bpsztmin suq “ fpsztmin suq. Thus H is not a rainbow for f .

In every case, the failure of the generalization comes from the fact that, for every
large enough finite set F Ď N, the colors of the subsets of F make it impossible to
build a solution. For TSăN, our coloring ensures that every set F of cardinality ě x
contains a subset of cardinality x making the color x unavoidable. For RRTăN, every
exactly ω-large set contains a quasi-exactly ω-large subset whose color is the same.

To avoid this issue, we restrict ourselves to generalizations involving colorings
f : C Ñ N, where C Ď rNsăN is such that, for every F,G P C, if F Ď G, then F “ G.
In other words, C is an antichain under inclusion. This is the case for the family of
the exactly ω-large sets.

The ω-large sets are also known as relatively large sets in the literature. The family
rNs!ω coincides with the famous Schreier barrier used in better quasi ordering theory
and Banach space theory [138].

The concept of ω-large finite subset of the natural numbers is well-known in
the proof theory of arithmetic, as it is the basic ingredient for the celebrated
Paris-Harrington independence result for Peano arithmetic [108]. It is worth
noting that while Paris and Harrington characterized these sets using the condition
card s ě min s, this variation is essentially equivalent to the one considered here.

The following is the generalization of Ramsey’s theorem to colorings of exactly
ω-large sets. It appears as a special case of more general theorems by Pudlák and
Rödl [118] and by Farmaki and Negrepontis [43]. Besides, it is a particular case of
Nash-Williams’ generalization of Ramsey’s theorem to barriers, which in turn is a
consequence of the clopen Ramsey theorem (see [128]).

Statement 8.2.4 (Large Ramsey theorem). Let k ą 0. For every coloring f : rNs!ω Ñ
k, there exists an infinite set H Ď N such that f is constant on rHs!ω. Following [15],
we abbreviate this statement by RT!ω

k .

This principle is arguably the simplest example of a true version of Ramsey’s
theorem for colorings of objects of unbounded dimensions. Formulated this way, this
theorem can arguably be considered as a non-robust statement, in the sense that
even simple variations of it need not remain equivalent to it over RCA0. For example,
consider the variant in which, instead of coloring rNs!ω, one colors rXs!ω for some
infinite set X Ď N. In the case of RTn

k , we can use the canonical bijection between X
and N to transform a coloring of rXsn into one of rNsn. However, this argument no
longer applies to colorings of the exactly ω-large sets, since the image of such a set
under the canonical bijection need not itself be exactly ω-large.

A first solution, adopted by Carlucci and Zdanowski [15], consisted in directly
studying the theorem in its general formulation, where an instance is a pair pX, fq with
X an infinite subset of N and f a k-coloring of rXs!ω. However, making the domain
part of the instance raises some issues when considering strong cone avoidance as we do
in Section 8.5 for the generalization of the rainbow Ramsey theorem. Indeed, one can
for example consider an H1-computable instance pX, fq where X is sufficiently sparse
that every infinite subset of X computes H1 (for instance, by letting the principal
function pX of X dominate the modulus of H1), and where f is an arbitrary coloring.
In this case, every solution to the instance computes H1, but for reasons unrelated to
the combinatorial complexity of the problem.

A different approach was therefore considered in [14], where the strong cone
avoidance result was obtained on a generalized version formulated in the language
of barriers. This generalization can be understood by observing that the property
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card s “ 1 ` min s in the definition of an exactly ω-large set can be replaced by
card s “ hpmin sq, where h : N Ñ N is a computable increasing function, without
significantly affecting the underlying combinatorics. Crucially, this reformulation is
preserved under bijections between an infinite set X and N, at the cost of adjusting
the bound function h.

The large Ramsey theorem has been studied from the perspective of computability
theory and reverse mathematics by Carlucci and Zdanowski [15], and its
generalization to barriers in computability theory by Clote [26]. They proved
that it is computationally and proof-theoretically stronger than the usual Ramsey’s
theorem for each fixed finite dimension (RTn) and even stronger than Ramsey’s
theorem for all finite dimensions (@nRTn). From the point of view of computability,
the theorem corresponds to the ω-th Turing jump Hpωq; in reverse mathematics
terms, it is equivalent to the theory ACA`

0 over RCA0, where ACA`
0 extends RCA0 by

the axiom of closure under the ω-th Turing jump.

The following theorem summarizes the known bounds for RT!ω
k .

Theorem 8.2.5 (Carlucci and Zdanowski [15] and Clote [26]).

1. All computable finite colorings of rNs!ω admit an infinite monochromatic set
computable in Hpωq.

2. There exists a computable coloring of rNs!ω in 2 colors such that all infinite
monochromatic sets compute Hpωq.

3. RT!ω
2 is equivalent to ACA`

0 over RCA0.

As stated before, the ω-large sets will feature prominently in Part IV. Rather
than using them to measure the size of the finite subsets of N being colored, we
will use them to formulate variants of the finite Ramsey theorem where the resulting
monochromatic set is required to be ω-large.

8.3 Colorings of exactly ω-large sets
In this section, we introduce and prove the generalizations of the free set, thin set
and rainbow Ramsey theorems to colorings of exactly ω-large sets. We also establish
some basic implications and relations among those principles.

Statement 8.3.1 (Large thin set theorem). TS!ω is the statement “For every coloring
f : rNs!ω Ñ N, there exists an infinite set H Ď N such that fprHs!ωq ‰ N”.
Such a set H will be called f -thin.

Statement 8.3.2 (Large free set theorem). FS!ω is the statement “For every coloring
f : rNs!ω Ñ N, there exists an infinite set H Ď N such that for every s P rHs!ω, if
fpsq P H then fpsq P s”.
Such a set H will be called f -free.

Statement 8.3.3 (Large rainbow Ramsey theorem). Let k ą 0, RRT!ω
k is the

statement “For every coloring f : rNs!ω Ñ N such that every color is used at most k
times, there exists an infinite set H Ď N such that f is injective on rHs!ω”. We then
let RRT!ω be the statement @kRRT!ω

k .
Again, such a coloring f will be called k-bounded, and such a set H an f -rainbow.

It is quite natural to ask whether these generalizations hold. We will show that
they do, by proving that they are implied by RT!ω.

When studying the computability-theoretic strength of various statements, we
have so far restricted attention to their relative strength over ω-models of RCA0. To
show that a statement P implies a statement Q over such models, it is sufficient to
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show that a solution to any instance of Q can be given by solving a finite number of
instances of P one after the other.

However, this is not the only computability-theoretic notion of reducibility between
problems that one may consider. For example, we introduce the following notion of
reducibility whose variants became of central interest in computability theory and
reverse mathematics in recent years (see [39] for background and motivation).

Definition 8.3.4. Q is strongly Weihrauch reducible to P (denoted Q ďsW P) if there
exist Turing functionals Φ and Ψ such that for every instance X of Q we have that
ΦX is an instance of P, and if Y is a solution to P for ΦX then ΨY is a solution to Q
for X.

This form of reducibility is far more restrictive than implication over ω-models.
First, only a single instance of P can be used. Moreover, the second functional Ψ has
access only to the solution Y of the P-instance, and not to the original instance X
itself. Finally, the reduction is more uniform in the sense that the Turing functionals
Φ and Ψ are fixed in advance and cannot depend on the particular instance X or on
the solution Y . This contrasts with implication over ω-models, where some statements
like RT1

2 and BRT2
2 can be computably true, but such that no single Turing functional

is able to solve all instances.
The more restrictive the notion of reducibility, the more properties can be

transferred between the two statements. For example, we will use the fact that
TS!ω ďsW FS!ω to prove, in Section 8.4, the existence of a computable instance of
FS!ω every solution of which computes Hpωq, based on the existence of an instance
of TS!ω with similar properties. Such a deduction would not be possible from a mere
implication over ω-models.

We establish FS!ω by reduction to RT!ω. The proof combines ideas from the proof
of FSn from RTn

2n`2 (Theorem 5.2 and Corollary 5.3 in [18]) and from the proof of
Theorem 4.1 in [15].

Theorem 8.3.5. FS!ω ďsW RT!ω
2 .

Proof. For s “ ts0, . . . , ss0u an exactly ω-large set with s0 ą 0, and s0 ă ¨ ¨ ¨ ă ss0
define s a 1 to be the following exactly ω-large set: ts0 ´ 1, s1 ´ 1, . . . , ss0´1 ´ 1u.
The idea is to keep one degree of freedom: ss0 , as in the proof of Carlucci and
Zdanowski [15, Proposition 4.1].

Let f : rNs!ω Ñ N be an instance of FS!ω. Consider the following function
g : rNs!ω Ñ 2 defined by induction. Note that the function g is called recursively
on lexicographically smaller parameters, so the induction is well-defined since the
lexicographic order is a well-order. For s “ ts0, . . . , ss0u an exactly ω-large set:

gpsq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

0 if fpsa 1q “ si ´ 1 for some i ď s0

1´ gpfpsa 1q ` 1, s1, . . . , sfpsa1q`1q

if fpsa 1q ă s0 ´ 1

1´ gps0, . . . , si, fpsa 1q ` 1, si`2, . . . , ss0q

if fpsa 1q P psi ´ 1, si`1 ´ 1q for some i ă s0 ´ 1

0 if fpsa 1q P pss0´1 ´ 1, ss0 ´ 1q

1 otherwise pif fpsa 1q ě ss0q

Let H “ tx0, x1, . . . u Ď Nzt0u be an infinite g-homogeneous set as given by RT!ω
2 .

We claim that the set G “ tx0´1, x1´1, . . . u is f -free. Consider some exactly ω-large
set ts0 ´ 1, . . . , ss0´1 ´ 1u Ď G. Then ts0, . . . , ss0´1u Ď H. There are two cases:

Case 1: H is homogeneous for the color 0. Then, take ss0 to be the next element
of H after ss0´1 and write s “ ts0, . . . , ss0u, then gpsq “ 0. There are four subcases:

Subcase 1.1: fpsa 1q “ si ´ 1 for some i ď s0. In that case we are done.
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Subcase 1.2: fps a 1q P pss0´1 ´ 1, ss0 ´ 1q. In that case, by definition of ss0 ,
fpsa 1q is not in G.

Subcase 1.3: fps a 1q ă s0 ´ 1 and gpfps a 1q ` 1, s1, . . . , sfpsa1q`1q “ 1. If
fpsa 1q P G this contradicts the fact that H is g-homogeneous for the color 0.

Subcase 1.4: fpsa1q P psi´1, si`1´1q for some i ă s0´1 and gps0, . . . , si, fpsa
1q ` 1, si`2, . . . , ss0q “ 1. If fps a 1q P G this contradicts the fact that H is g-
homogeneous for the color 0.

Case 2: H is homogeneous for the color 1. Take ss0 P H bigger than ss0´1 and
write s “ ts0, . . . , ss0u, then gpsq “ 1. There are three subcases:

Subcase 2.1: fps a 1q ě ss0 . This case is impossible, indeed, as H is infinite,
there exists some element x P H such that x ą fpsa 1q ` 1 and therefore fpsa 1q P
pss0 ´ 1, x ´ 1q, which leads to gps0, . . . , ss0´1, xq “ 0 contradicting the fact that H
is g-homogeneous for the color 1.

Subcase 2.2: fps a 1q ă s0 ´ 1 and gpfps a 1q ` 1, s1, . . . , sfpsa1q`1q “ 0. If
fpsa 1q P G this contradicts the fact that H is g-homogeneous for the color 1.

Subcase 2.3: fps a 1q P psi ´ 1, si`1 ´ 1q for some i ă s0 ´ 1 and
gps0, . . . , si, fps a 1q ` 1, si`2, . . . , ss0q “ 0. If fps a 1q P G this contradicts
the fact that H is g-homogeneous for the color 1.

Notice that g is uniformly computable in f and that G is uniformly computable
in H. Therefore, FS!ω ďsW RT!ω

2 .

The above proof uses the fact that the exactly ω-large sets are well-ordered under
lexicographic ordering. Since the order type of this ordering is ωω and the statement
“ωω is well-ordered” implies the consistency of RCA0 (by Theorem 3.6.3), the above
proof is not formalizable in RCA0. Yet, since RT!ω

2 implies ACA0 and the latter proves
that ωω is well-ordered we obtain the following corollary.

Corollary 8.3.6. RCA0 $ RT!ω
2 Ñ FS!ω.

Cholak et al. [18] have proved in RCA0 that for all k ě 2, FSk implies TSk (see
Theorem 3.2 in [18]; the proof yields a strong Weihrauch reduction). A completely
analogous argument establishes that TS!ω follows from (and is strongly Weihrauch
reducible to) FS!ω.

To show that RRTn holds, Galvin gave a reduction to Ramsey’s theorem. His
argument is formalizable in RCA0 and yields that for each n, k P N, RRTn

k ďsW RTn
k

(see Csima and Mileti [32, Theorem 5.2]). Csima and Mileti also showed that for each
n, k ą 0, RRTn

k follows from RRTn`1
k over RCA0 (the proof of Theorem 5.3 in [32]

yields a strong Weihrauch reduction).
We first observe that Galvin’s argument adapts to the case of colorings of exactly

ω-large sets and establishes a strong Weihrauch reduction.

Theorem 8.3.7. For all k ą 0, RRT!ω
k ďsW RT!ω

k . Moreover RCA0 $ @kpRT!ω
k Ñ

RRT!ω
k q.

Proof. Let f : rNs!ω Ñ N be a k-bounded coloring and fix a computable bijection
bp¨q : rNs!ω Ñ N.

Define g : rNs!ω Ñ k as follows:

gpsq “ cardtt P rNs!ω : bptq ă bpsq and fpsq “ fptqu.

The fact that g is a k-coloring depends on the hypothesis that f is k-bounded. Let H
be an infinite set such that g is constant on rHs!ω, as given by RT!ω

k . Let s, t P rHs!ω.
Since gpsq “ gptq and either bpsq ă bptq or bptq ă bpsq we have that fpsq ‰ fptq. Thus
H is a rainbow for f .

The following is an adaptation of a result by Wang [140], who showed that for
every n, RRTn

2 ďsW FSn.
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Proposition 8.3.8. RRT!ω
2 ďsW FS!ω.

Proof. Fix a computable bijection b : rNs!ω Ñ N. Let f : rNs!ω Ñ N be 2-bounded.
Define g : rNs!ω Ñ N as follows:

gpsq “

#

minptzsq if there is a t P rNs!ω such that bptq ă bpsq and fpsq “ fptq,

0 otherwise.

Since f is 2-bounded, if t exists in the definition of g then it is unique. If t and
s are distinct exactly ω-large sets then ptzsq ‰ H, since t Ď s is impossible. Let A
be an infinite g-free set. We claim that A is a rainbow for f . Suppose otherwise, by
way of contradiction, as witnessed by s, t P rAs!ω such that fpsq “ fptq. Without loss
of generality we can assume bptq ă bpsq. Then gpsq “ minptzsq P Azs, contradicting
that A is g-free.

Wang [140] proved that the free set, thin set and rainbow Ramsey theorems for
fixed-sized sets satisfy cone avoidance. This entails that none of these principles codes
the halting set or implies ACA0. A natural question is whether the same is true of
their versions for exactly ω-large sets. We will show that FS!ω and TS!ω code Hpωq

and imply the much stronger system ACA`
0 , while RRT!ω admits cone avoidance.

Some first lower bounds on our principles can be obtained by adapting results from
the finite-dimensional case. For example, the rainbow Ramsey theorem with internal
quantification over all fixed finite dimensions @nRRTn

2 follows from the rainbow
Ramsey theorem for exactly ω-large sets.

Proposition 8.3.9. For each k, n ą 0, RRT!ω
k ěsW RRTn

k . Moreover, RCA0 $

@kpRRT!ω
k Ñ @nRRTn

k q.

Proof. Let n ą 0 and let f : rNsn Ñ N be k-bounded. Define g : rNs!ω Ñ N as follows.
For an exactly ω-large set s “ ts0, . . . , ss0u,

gpsq “

#

x0, s0, fps1, . . . , snq, sn`1, . . . , ss0y if s0 ě n,

x1, sy if s0 ă n,

where x¨y : NăN Ñ N is a fixed computable bijection.
Claim: g is k-bounded. Let s “ ts0, . . . , ss0u be exactly ω-large. If s0 ă n then

there are no other exactly ω-large sets t such that gpsq “ gptq. If s0 ě n, suppose
that some exactly ω-large set t “ tt0, . . . , tt0u satisfies gpsq “ gptq. Then, necessarily
t0 “ s0, si “ ti for i ą n, and fps1, . . . , snq “ fpt1, . . . , tnq, hence there are at most
k such t by k-boundedness of f .

Now, let A be an infinite rainbow for g and define B “ AXrn,8q, then BztminBu
is an infinite rainbow for f . Indeed, let s, t P rBztminBusn such that fpsq “ fptq.
Since A is infinite, we can choose elements xn`1 ă ¨ ¨ ¨ ă xminB in A such that
xn`1 ą maxtmax s,max tu. Define s1 “ tminBu Y s Y txn`1, . . . , xminBu and t1 “
tminBuY tYtxn`1, . . . , xminBu. Then s1 and t1 are exactly ω-large and gps1q “ gpt1q
by construction. Since A is a rainbow for g, this implies s1 “ t1, and therefore s “ t.
Hence, BztminBu is a rainbow for f .

Analogous results can be obtained for the large free set and the large thin set
theorems, so that P!ω implies @nPn over RCA0 for P P tFS,TSu. Both implications
are also witnessed by strong Weihrauch reductions. We omit the proofs since these
results are superseded by the results of the next section where we prove that FS!ω and
TS!ω imply ACA`

0 .
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8.4 FS!ω and TS!ω code Hpωq

In this section we establish strong lower bounds on FS!ω and TS!ω showing that both
these principles code Hpωq and imply ACA`

0 . This should be contrasted with the fact
that neither @nFSn nor @nTSn implies ACA0.

The first goal is to prove the existence of a computable instance of TS!ω such that
every solution uniformly computes Hpωq. In particular, TS!ω admits the same lower
bound as RT!ω

2 . Since TS!ω ďsW FS!ω, it follows that there is a computable instance
of FS!ω such that every solution computes Hpωq. By results in the previous section,
this bound is optimal, since every computable instance of FS!ω admits a solution
computable in Hpωq by Theorem 8.3.5 and Theorem 8.2.5.

One intuition behind this result is that, although TSn admits strong cone
avoidance for every n P N, this is not necessarily the case when, instead of trying
to avoid one color in N, one tries to avoid one out of a finite number of them. In fact,
for every k P N, there exist finite colorings of rNsn using increasingly many colors
as n grows, such that one cannot avoid a single color without computing Hpkq. Our
proof will combine these colorings into a single coloring f : rNs!ω Ñ N such that every
infinite f -thin set uniformly computes Hpkq, and thus computes Hpωq.

We therefore extend the definition of thinness to include finite codomains as
follows:
Definition 8.4.1. Let C be any non-empty set. Given a coloring f : rNsn Ñ C, a
set H Ď N is f -thin for color c P C if c R fprHsnq. A set H Ď N is f -thin (or thin for
f) if H is f -thin for some color c P C.

The definition of f -thin set depends on the choice of codomain of the function. It
will always be clear from the context.

The following version of the thin set theorem for finite colorings was introduced
in [36].

Statement 8.4.2 (Thin set theorem for finite colorings). Let n, k ą 0 with k ě 2.
TSnk is the statement “For every coloring f : rNsn Ñ k, there exists an infinite set
H Ď N such that H is thin for f .”

Dorais et al. [36, Proposition 5.5] proved the existence, for every n ą 0, of a
computable coloring f : rNsn`2 Ñ 2n such that every infinite f -thin set computes
H1. Wang [140] proved that for every n P N, and for large enough value of k P N,
the statement TSnk admits strong cone avoidance. Cholak and Patey [17] were then
able to give the exact threshold k P N after which TSnk admits strong cone avoidance.
Surprisingly, this threshold involved the following sequence of numbers, known as
Catalan numbers, which are omnipresent in combinatorics, and inductively defined as
follows:

C0 “ 1 Cn`1 “

n
ÿ

i“0

CiCn´i

This sequence starts with 1, 1, 2, 5, 14, 42, . . . (see sequence A000108 in the OEIS). The
number Cn admits many characterizations, such as the number of ways of associating
n applications of a binary operator.

Theorem 8.4.3 (Cholak and Patey [17]). For every n ą 0, TSnk admits strong cone
avoidance if and only if k ą Cn.

Unfortunately, the results by Dorais et al. [36, Proposition 5.5] and Cholak and
Patey [17] are not uniform: there is no single Turing functional capable of computing
H1 from solutions to the instances of TSnk for the small values of k they constructed.
Such uniformity is required for our construction in order to computeHpωq. To achieve
this, we instead work with even fewer colors and prove the existence, for every n ě 2,
of a computable coloring f : rNsn`1 Ñ n such that every infinite f -thin set uniformly
computes H1.
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Lemma 8.4.4. There exist two computable arrays pen,kqn,kPN and pdn,kqn,kPN of
Turing indexes such that for every n, k ą 0 with n ě 2, ΦHpkq

en,k
is a coloring

fkn : rNsn Ñ n such that for every infinite fkn-thin set H, ΦH
dn,k

“ Hpkq.

Proof. By generalizing the definition of the modulus of H1 from Chapter 4, we can
show that for every k ą 0, there exists a Hpkq-computable function gk such that
any function dominating gk computes Hpkq. Moreover, the Turing indices for the
functionals computing gk from the oracle Hpkq can be found computably, uniformly
in k.

For n ě 2 let fknpx0, . . . , xn´1q “ n ´ 1 if gkpx0q ď x1 and if gkpx0q ą x1, let
fknpx0, . . . , xn´1q “ i for i ă n´ 1 the largest value such that gkpx0q ą xi`1.

Let H be an infinite fkn -thin set for some color c. The color c cannot be n ´ 1
as for a given x0 P H there exists x1 ă ¨ ¨ ¨ ă xn´1 P Hzt0, . . . , gkpx0qu, hence
fknpx0, . . . , xn´1q “ n´ 1.

We claim H is thin for color n ´ 2. Indeed, assume by contradiction that there
exists some tuple x0 ă ¨ ¨ ¨ ă xn´1 P H such that gkpx0q ą xn´1 so that fkn takes
color n ´ 2 on tx0, . . . , xn´1u. Since c ă n ´ 2 and H is infinite, there exists some
yc`2 ă ¨ ¨ ¨ ă yn´1 P Hzt0, . . . , gkpx0qu, therefore fknpx0, . . . , xc`1, yc`2, . . . , yn´1q “ c,
contradicting our assumption that H is fkn -thin for c.

Write H “ tx0 ă x1 ă . . . u. For every i P N, gkpxiq ď xi`n´1, hence H computes
a function dominating gk and therefore computes Hpkq. This computation can be
done uniformly in the set H, k and n.

Lemma 8.4.5. There exists a functional Γ such that for every set X and every index
e, if ΦX1

e is a coloring f : rNsn Ñ ℓ, then ΓXpeq is a coloring g : rNsn`1 Ñ ℓ such that
if an infinite set H is g-thin for a color c, then H is f -thin for the same color c.

Proof. Consider a set X and an index e such that ΦX1

e is a coloring f : rNsn Ñ ℓ
for some n, ℓ ą 0. By Shoenfield’s limit Lemma (see Proposition 4.1.7), we can
consider an X-computable sequence pfsqsPN of X-computable functions, such that,
for every F P rNsn, limsÑ8 fspF q exists and is equal to fpF q. Indices for such an
approximation, where the fs are seen as X-computable functions, can computably be
found uniformly in X and e. Finally, consider the following X-computable coloring g
defined by gpx0, . . . , xnq “ fxn

px0, . . . , xn´1q (again, the construction is uniform).
Let H Ď N be an infinite set. If for some x0 ă ¨ ¨ ¨ ă xn´1 P H we have

fpx0, . . . , xn´1q “ c for some color c, then fspx0, . . . , xn´1q “ c for every s bigger
than a certain threshold. Thus, as H is infinite, there exists some xn P H such that
gpx0, . . . , xnq “ c.

Combining these two lemmas, we get the following, where the array pdn,kqn,kPN is
as in Lemma 8.4.4.

Lemma 8.4.6. There exists a uniformly computable sequence of colorings fn,k :
rNsn`k Ñ n, for n, k ą 0, such that for every infinite fn,k-thin set H, ΦH

dn,k
“ Hpkq.

The following theorem states that TS!ω does not admit cone avoidance in a strong
sense: there exists a single computable instance of TS!ω that computes Hpωq.

Theorem 8.4.7. There exists a computable coloring f : rNs!ω Ñ N such that every
infinite f -thin set H computes Hpωq. Moreover, this computation is uniform in H and
an avoided color c.

Proof. Let f : rNs!ω Ñ N be defined as follows (where the functions fn,k are
from Lemma 8.4.6): for x0 ă ¨ ¨ ¨ ă xx0 in N with x0 ą 1, let fpx0, . . . , xx0q “

fx0´k,kpx1, . . . , xx0
q for k “ rx0

2 s; for s P rNs!ω with min s ď 1 set fpsq “ 0. By
Lemma 8.4.6, f is indeed computable.

Let H be an infinite f -thin set for some color c and let n P N. Since H is infinite,
there exists some x0 P H such that, by letting k “ rx0

2 s, we have x0 ´ k ą c and
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k ě n. The set G “ Hzt0, . . . , x0u is infinite and f -thin for c. By definition of f , G is
fx0´k,k-thin for the color c. Note that c is part of the range of fx0´k,k as x0 ´ k ą c.
By Lemma 8.4.6, since k ě n, G ěT H

pnq. Since G is obviously H-computable, we
have H ěT Hpnq. This computation can be done uniformly in H, c and n, thus
H ěT H

pωq uniformly in H and c.

Corollary 8.4.8. There exists a computable coloring f : rNs!ω Ñ N such that every
infinite f -free set computes Hpωq.

Proof. Immediate by Theorem 8.4.7 and the fact that TS!ω ďsW FS!ω.

Recall that ACA`
0 is the theory consisting of RCA0 together with the statement

that, for every X, its ω-th jump Xpωq exists. That statement is expressed in the
language of second-order arithmetic by a formula of the form @XDY “

À

nPN YnpY0 “
Xq ^ p@nYn`1 “ Y 1

nq (see Chapter 9 for more details on the formalization of
computability-theoretic notions in second-order arithmetic).

The uniformity in the proof of Lemma 8.4.4 makes it possible to instead prove
the existence of two computable functions e, d : N Ñ N such that, for every set X
and every n ě 2, ΦX1

epnq
is a coloring fn : rNsn Ñ n with the property that for every

infinite fn-thin set H, ΦH‘X
dpnq

“ X 1. Such a proof is formalizable in RCA0, and from
it we can prove in RCA0 a relativized version of Theorem 8.4.7, yielding the following
reverse-mathematical corollary.

Corollary 8.4.9. Each of TS!ω and FS!ω implies ACA`
0 over RCA0.

The above corollary coupled with Theorem 8.2.5 and Corollary 8.3.6 implies the
equivalence over RCA0 of RT!ω

2 , TS!ω and FS!ω. However, we do not know whether
RT!ω

2 is strongly Weihrauch reducible to TS!ω or FS!ω.
The remaining question is whether RRT!ω codes Hpωq. In the next section, we

shall answer this question negatively in a strong sense: RRT!ω does not code any non-
computable set. Some computability-theoretic weak anti-basis results for RRT!ω can
be obtained by streamlining results from the finite dimensional case. For instance,
Csima and Mileti [32] proved the following theorem:

Theorem 8.4.10 (Csima-Mileti [32]). For all n, k ě 2 there exists a computable
k-bounded f : rNsn Ñ N with no infinite Σ0

n rainbow.

The proof of Theorem 8.4.10 is uniform in n. Using this uniformity we obtain the
following, which implies that ACA0 & RRT!ω

2 .

Theorem 8.4.11. There is a computable instance of RRT!ω
2 with no arithmetical

solution.

Proof. For each n ě 2 let fn : rNsn Ñ N be the 2-bounded instance of RRTn
2 with no

infinite Σ0
n rainbow given by Theorem 8.4.10. Let g : rNs!ω Ñ N be defined as follows:

gpn, x0, . . . , xn´1q “ xn, fnpx0, . . . , xn´1qy

The function g is clearly 2-bounded since each fn is 2-bounded. Then for every g-
rainbow H and every n in H, the set Hzr0, ns is an fn-rainbow, so H is not Σ0

n by
Theorem 8.4.10.

Patey [110] proved that RCA0 $ p@nqrRRTn`1
2 Ñ TSns and for every n ą 0,

RCA0 $ RRT2n`1
2 Ñ FSn. The argument almost translates to the exactly ω-largeness

setting as follows. A set s Ď N is exactly pω ` 1q-large if sztmin su is exactly ω-large.
Let RRT!pω`1q

2 be the rainbow Ramsey theorem for 2-bounded colorings of the exactly
pω ` 1q-large sets.

Proposition 8.4.12. TS!ω ďsW RRT
!pω`1q
2 .
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Proof. Fix an instance f : rNs!ω Ñ N of TS!ω. Then, consider the following f -
computable instance g of RRT!pω`1q

2 : for every s P rNs!ω and every x P N, if fpsq “
xx, yy with x ă y ă min s, let gpx, sq “ gpy, sq and otherwise assign to gpx, sq a fresh
color. The construction of g is uniform in f .

Let H be an infinite rainbow for g and let x, y P H with x ă y. The set H1 “

Hzr0, ys is f -thin for the color xx, yy. Indeed, for every s P rH1s
!ω, by definition of

H1, x ă y ă min s, thus, if fpsq “ xx, yy, then gpx, sq would be equal to gpy, sq,
contradicting the fact that H is a rainbow for g. The definition of H1 is uniform in
H, thus TS!ω ďsW RRT

!pω`1q
2 .

Corollary 8.4.13. There exists a computable instance of RRT!pω`1q
2 such that every

solution computes Hpωq.

Proof. Immediate by Theorem 8.4.7 and Proposition 8.4.12.

8.5 RRT!ω avoids cones
In this section, we prove that the rainbow Ramsey theorem for exactly ω-large sets
admits strong cone avoidance. To this end, we introduce some variants of the free set
theorem for large sets that themselves admit the strong cone avoidance property and
are of independent interest. These variants will concern colorings where elements can
have finitely many colors, defined as functions f : rNs!ω Ñ rNsăN. Accordingly, we
can generalize the notion of an f -free set to these multi-colored assignments.

Definition 8.5.1. Let C Ď rNsăN and f : C Ñ rNsăN be a coloring. A set H Ď N is
f -free if for every s P C X rHsăN, fpsq XH Ď s.

By the following result, we can transform every instance of RRT!ω into an instance
of a variant of the large free set theorem for these multi-colorings.

Proposition 8.5.2. Fix some k P N. For every k-bounded coloring f : rNs!ω Ñ N,
there is an f 1-computable coloring g : rNs!ω Ñ rNsăN satisfying, for every s P rNs!ω:

• card gpsq ď k.

• min gpsq ě min s.

and such that every infinite g-free set is an f -rainbow.

Proof. Let ďlex denote the lexicographic order on rNs!ω (seen as finite increasing
sequences in NăN). In particular, if s ălex t, then min s ď min t and hence card s ď
card t by definition of an exactly ω-large set. Since s ‰ t, tzs is not empty and
moreover minptzsq ě min s.

Let gpsq “ tminptzsq : fptq “ fpsq^ s ălex tu. For every s P rNs!ω, we have indeed
card gpsq ď k and min gpsq ě min s.

Note that g is computable in the Turing jump of f , as one needs to make an
unbounded search for all t ąlex s.

We claim that every infinite g-free set H is an f -rainbow. Suppose by way of
contradiction that there are some distinct s, t P rHs!ω such that fpsq “ fptq. One
can suppose without loss of generality that s ălex t. Then minptzsq P pgpsq XHqzs,
contradicting the g-freeness of H.

It may not be obvious at first what the purpose of this reduction is, as the large
free set theorem was shown in Corollary 8.4.8 not to admit the strong cone avoidance
property. Nevertheless, the requirements that, for every s P rNs!ω, card gpsq ď k
and min gpsq ě min s severely restrict the coding power of our instances. We will
refer to multi-colorings g satisfying these two requirements as being k-constrained
and progressive respectively.



8.5. RRT!ω AVOIDS CONES 91

Definition 8.5.3. Let C Ď rNsăN. A coloring f : C Ñ rNsăN is b-constrained for
a bounding function b : N Ñ N if for every s P C, card fpsq ď bpmin sq. If b is the
constant function x ÞÑ k, then we say that f is k-constrained.

Definition 8.5.4. Fix C Ď rNsăN. A coloring f : C Ñ rNsăN is progressive if for
every s P C, either fpsq “ H, or min fpsq ě min s.

Thus, in light of Proposition 8.5.2, instead of working directly with RRT!ω, we will
instead prove the strong cone avoidance of the following theorem.

Statement 8.5.5 (Progressive free set theorem). Fix some k P N. PFS!ωk is the
statement “For every k-constrained progressive coloring f : rNs!ω Ñ rNsăN, there is
an infinite f -free set”.
PFS!ω is the statement @kPFS!ωk .

For our purpose, it is irrelevant that the instance of PFS!ω constructed in
Proposition 8.5.2 is computationally more complex than the instance of RRT!ω.
Indeed, in a strong cone avoidance proof, the instances considered are already of
arbitrarily high complexity.

The fact that the colorings we consider are progressive will greatly simplify the
construction of solutions to our instances. Indeed, when one unfolds the reductions,
the coloring witnessing that FS!ω codes Hpωq is not progressive. This is actually
necessarily the case, as we shall now prove that PFS!ω admits strong cone avoidance.

Theorem 8.5.6. Fix a set Z and a non-Z-computable set D. For every k P N and
every k-constrained progressive coloring f : rNs!ω Ñ rNsăN, there exists an infinite
f -free set G Ď N such that D ęT G‘ Z.

Proof. For simplicity, we prove the theorem in a non-relativized form (i.e., for
Z “ H). Relativization is straightforward. Fix a non-computable set D and let
f : rNs!ω Ñ rNsăN be a k-constrained, progressive coloring, for some k P N.

Let P be the collection of all progressive colorings of type rNsď!ω Ñ rNsăN, where
rAsď!ω denotes the subsets s Ď A such that card s ď min s ` 1. For a function
b : NÑ N we write Pb for the class of all b-constrained colorings in P.

Given two colorings g, h P P, we write g ď h if for every s P rNsď!ω, gpsq Ě hpsq.
Note that if H is g-free and g ď h, then H is h-free. Given two colorings g, h P P, let
g Y h be the coloring defined by pg Y hqpsq “ gpsq Y hpsq. The coloring g Y h is the
greatest lower bound of g and h with respect to ď.

We will build an infinite f -free set G such that D ęT G by approximating it using
an infinite sequence of good conditions:

Definition 8.5.7. A condition is a triple pg, σ,Xq such that g P Pbg for some
computable function bg : NÑ N, σ is some finite binary sequence called the stem, and
X Ď N is an infinite set, called the reservoir, such that maxσ ă minX and such that
D ęT X

Definition 8.5.8. A condition pg, σ,Xq is good if it satisfies:

(a) for every s P rσ YXsď!ω with min s P σ, gpsq XX Ď s.

(b) for every s P rσ YXsď!ω, gpsq X σ Ď s.

A good condition pg, σ,Xq can be seen as a finite approximation of a g-free set.
The stem σ corresponds to an initial segment of that set, while the elements outside
the reservoir X are guaranteed not to be in the set. We write

rpg, σ,Xqs “ tY Ď N : σ ă Y Ď σ YX and Y is g-freeu
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for the collection of all the sets compatible with the condition pg, σ,Xq (i.e., potential
candidates for the set being built).

Initially, our construction will start from the condition pf̂ ,H,Nq where f̂ :

rNsď!ω Ñ rNsăN is the k-constrained function extending f by letting f̂psq “ H for
every s P rNsď!ωzrNs!ω. This condition is vacuously good.

We will then construct a sequence pfn, σn, XnqnPN of good conditions, with
pf0, σ0, X0q “ pf̂ ,H,Nq and such that the sequence rpfn, σn, XnqsnPN is decreasing,
with the sets belonging to rpfn, σn, Xnqs satisfying stronger and stronger properties
at each stage. By ensuring that the length of the σn is unbounded, the intersection
Ş

nPNrpfn, σn, Xnqs will then be reduced to a singleton tGu, where G “
Ť

nPN σn will
be our infinite f -free set such that G ğT D.

This leads to the following notion of extension between conditions:

Definition 8.5.9. A condition d “ ph, τ, Y q extends c “ pg, σ,Xq (written d ď c) if
τ ľ σ, Y Ď X, τzσ Ď X and h ď g.
The terminology may be confusing: if d ď c, then rds Ď rcs, which explains why the
order is reversed.

To ensure infinitude, we will show that for every good condition c “ pg, σ,Xq,
there exists a good condition d “ ph, τ, Y q ď c such that card τ ą cardσ. To
guarantee that the resulting set does not compute D, we will prove that for every
Turing index e P N and every good condition c, there exists some good condition
d ď c, such that ΦH

e ‰ D for every H P rds.

The following lemma states that property (a) of a good condition can be obtained
“for free”, that is, by restricting the reservoir, and therefore does not impose any
constraint on the stem.

Lemma 8.5.10. Every condition pg, σ,Xq can be extended into a condition pg, σ, Y q
satisfying property (a) of Definition 8.5.8.

Proof. For every t P rσsď!ω with t ‰ H, every i ď min t ´ card t ` 1 and every
j ď bgpmin tq, let gt,i,j : rXsi Ñ N be defined for every u P rXsi by letting gt,i,jpuq be
the j-th element of gpt ¨ uq if it exists and 0 otherwise.

As σ is a finite binary sequence, there are finitely many such colorings gt,i,j ,
hence, by finitely many successive applications of the strong cone avoidance of FSn

for n P N, there exists an infinite subset Y Ď X such that D ęT Y and such that Y is
simultaneously gt,i,j-free for every t P rσsď!ω with t ‰ H, every i ď min t´ card t` 1
and every j ď bgpmin tq.

We claim that Y is our desired set. Indeed, for every s P rσYY sď!ω with min s P σ,
letting t “ sXσ and u “ sXY , we have that every element of gpsq is equal to gt,i,jpuq
for i “ cardu and some j ď bgpmin tq. So, by gt,i,j-freeness of Y , gpsqXY Ď u Ď s.

The main difficulty lies in showing that elements can be added to the stem while
preserving property (b). To this end, we will use the result of Cholak and Patey [17]
that TSnk admits the strong cone avoidance property when k ą Cn, for Cn the n-th
Catalan number, to show that, for any good condition pg, σ,Xq, any element of X
can be added to σ, at the cost of restricting the reservoir X to a smaller set.

Definition 8.5.11. Let pg, σ,Xq be a condition and ℓ P N. We say that a set Y Ď X g-
stabilizes t0, . . . , ℓ´1u if for every t P rℓsď!ω with t ‰ H and every n ď min t`1´card t,
there is a set It,n P rℓsďbgpmin tqˆCn such that for every u P rY sn, gpt¨uqXt0, . . . , ℓ´1u Ď
It,n.

Lemma 8.5.12. Let c “ pg, σ,Xq be a condition and ℓ P N, then c can be extended
into a condition pg, σ, Y q, such that Y g-stabilizes t0, . . . , ℓ´ 1u.



8.5. RRT!ω AVOIDS CONES 93

Proof. For every t P rℓsď!ω with t ‰ H and every n ď min t ` 1 ´ card t, let gt,n :
rXsn Ñ rℓsďbgpmin tq be defined by gt,npuq “ gpt ¨ uq X t0, . . . , ℓ ´ 1u. By finitely
many successive applications of strong cone avoidance of TSnk for k ą Cn, there is
an infinite subset Y Ď X such that D ęT Y and for every t P rℓsď!ω with t ‰ H

and every n ď min t` 1´ card t, card gt,nprY snq ď Cn. Note that here, a color is an
element of rℓsďbgpmin tq instead of a natural number. Let It,n “

Ť

gt,nprY s
nq. Then

card It,n ď bgpmin tqˆCn. By definition, for every u P rY sn, gpt ¨uqXt0, . . . , ℓ´ 1u “
gt,npuq Ď It,n.

Given a computable function b : N Ñ N, let b` : N Ñ N be the computable
function defined by b`pmq “

ř

nďm bpmq ˆ Cn.

Definition 8.5.13. Let pg, σ, Y q be a condition and ℓ P N such that Y g-stabilizes
t0, . . . , ℓ ´ 1u. The limit coloring is the function gℓ,Y : rℓsď!ω Ñ rℓsăN defined by
gℓ,Y pHq “ H and gℓ,Y ptq “

Ť

nďmin t`1´card t It,n, for It,n as in Definition 8.5.11,
otherwise.

The limit function gℓ,Y is b`
g -constrained. Note that if ρ Ď t0, . . . , ℓ ´ 1u is gℓ,Y -

free, then it is g-free. Indeed, for every t P rℓsď!ω, It,0 Ď gℓ,Y ptq and by definition of
g-stabilization for n “ 0, gptq X t0, . . . , ℓ´ 1u Ď It,0.

The following lemma is the core combinatorial lemma which specifies the
conditions under which a block of elements ρ can be added to the stem while preserving
the property (b).

Lemma 8.5.14. Let pg, σ,Xq ě pg, σ, Y q be good conditions and ℓ P N such that Y
g-stabilizes t0, . . . , ℓ ´ 1u with limit coloring gℓ,Y : rℓsď!ω Ñ rℓsăN. Let ρ Ď X X

t0, . . . , ℓ´ 1u be a finite gℓ,Y -free set. Then pg, σ Y ρ, Y q satisfies property (b).

Proof. Fix some s P rσ Y ρY Y sď!ω. We have multiple cases.

• Case 1: sXσ ‰ H. Then by properties (a) and (b) of pg, σ,Xq, gpsqXpσYXq Ď s.
Since pσ Y ρq Ď pσ YXq, then gpsq X pσ Y ρq Ď s.

• Case 2: s X σ “ H but s X ρ ‰ H. By property (b) of pg, σ,Xq, gpsq X σ Ď s.
Let t “ sX ρ and u “ sX Y . Since ρ is gℓ,Y -free, gℓ,Y ptq X ρ Ď t. By definition
of gℓ,Y ptq, It,cardu Ď gℓ,Y ptq, so It,cardu X ρ Ď t. In particular, gpsq “ gpt, uq Ď
It,cardu, so gpsq X ρ Ď t Ď s. Thus, gpsq X pσ Y ρq Ď s.

• Case 3: s X pσ Y ρq “ H. Then s Ď Y . Since minY ą maxpσ Y ρq, then by
progressiveness of g, gpsq X pσ Y ρq “ H.

One can combine Lemmas 8.5.10, 8.5.12 and 8.5.14 to obtain an extensibility
lemma.
Lemma 8.5.15. Let pg, σ,Xq be a good condition. There is a good extension
pg, τ, Y q ď pg, σ,Xq such that |τ | ą |σ|.

Proof. Let x “ minX. By Lemma 8.5.12, there is an infinite subset Y0 Ď X g-
stabilizing t0, . . . , xu such that D ęT Y0. Let gx`1,Y0

be the limit function. By
Lemma 8.5.10, there is an infinite subset Y Ď Y0 such that pg, σ Y txu, Y q satisfies
property (a). By Lemma 8.5.14, txu being vacuously gx`1,Y -free, pg, σ Y txu, Y q
satisfies property (b). Thus, pg, σ Y txu, Y q is a good extension.

Given a good condition c “ pg, σ,Xq and a Turing index e, we will prove the
existence of a good condition d ď c such that ΦH

e ‰ D for every H P rds. The main
difficulty is that, for a given set H, there are two ways to ensure that ΦH

e ‰ D: either
there is some x P N such that ΦH

e pxqÓ ‰ Dpxq, or there is some x P N such that
ΦH

e pxqÒ. And, depending on the index e and the condition c, we may not be able to
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choose freely which of these two strategies to apply. The following forcing question
?$ helps us decide which case we are in.

Definition 8.5.16 (forcing question). Let pg, σ,Xq be a condition and φpGq be a
Σ1pGq-formula in Kleene normal form (see Proposition 5.1.2). Let pg, σ,Xq ?$φpGq
hold if and only if for every h P Pb`

g
, there is a finite h-free set ρ Ď X such that

φpσ Y ρq holds.

The previous formulation of the forcing question is Π1
1pGq as it starts with a

second-order universal quantification. However, by the following compactness result,
it is equivalent to a Σ1pGq-formula:

Lemma 8.5.17. Let pg, σ,Xq be a condition and φpGq be a Σ1pGq-formula in Kleene
normal form. Then pg, σ,Xq ?$φpGq if and only if there is some k P N such that for
every b`

g -constrained progressive function h : rksď!ω Ñ rksăN, there is a finite h-free
set ρ Ď X X t0, . . . , k ´ 1u such that φpσ Y ρq holds.

Proof. Suppose first that there is some k P N such that for every b`
g -constrained

progressive function h : rksď!ω Ñ rksăN, there is a finite h-free set ρ Ď XXt0, . . . , k´

1u such that φpσ Y ρq holds. Let h P Pb`
g

, and define ĥ : rksď!ω Ñ rksăN by ĥpsq “

hpsqXt0, . . . , k´1u, by assumption there is some finite ĥ-free set ρ Ď XXt0, . . . , k´1u
such that φpσ Y ρq holds. In particular, ρ is h-free. Since there is such a ρ for every
h P Pb`

g
, pg, σ,Xq ?$φpGq holds.

Suppose now that for every k P N, there is a b`
g -constrained progressive function

hk : rksď!ω Ñ rksăN such that for every hk-free set ρ Ď X X t0, . . . , k ´ 1u, φpσ Y ρq
does not hold. Let T be the tree which, at level k, contains all such functions hk, and
which is ordered by hk ă hk1 if for every s P rksď!ω, hkpsq “ hk1psq X t0, . . . , k ´ 1u.
The tree T is finitely branching, so by Kőnig’s lemma, there is an infinite path in
T . This path corresponds to a function h P Pb`

g
such that for every finite h-free set

ρ Ď X, φpσ Y ρq does not hold, witnessing that pg, σ,Xq ?$φpGq does not hold.

For φpXq a Σ1pXq- or a Π1pXq-formula, we say that a good condition c forces
φpXq if φpHq holds for every H P rcs.

Lemma 8.5.18. Let c “ pg, σ,Xq be a good condition and φpGq be a Σ1pGq-formula.

1. If c ?$φpGq, then there is a good extension of c forcing φpGq.

2. If c ?&φpGq, then there is a good extension of c forcing ␣φpGq.

Proof. Suppose first that c ?$φpGq holds. By Lemma 8.5.17, there is some k P N
such that for every b`

g -constrained progressive function h : rksď!ω Ñ rksăN, there
is a finite h-free set ρ Ď X such that φpσ Y ρq holds. By Lemma 8.5.12, there is
an infinite subset Y0 Ď X h-stabilizing t0, . . . , k ´ 1u and such that D ęT Y0. Let
hk,Y0 : rksď!ω Ñ rksăN be the limit function. Note that hk,Y0 is b`

g -constrained and
progressive, so there is a finite hk,Y0 -free set ρ Ď X such that φpσ Y ρq holds. By
Lemma 8.5.14, pg, σYρ, Y0q satisfies (b). By Lemma 8.5.10, there is an infinite subset
Y Ď Y0 such that pg, σY ρ, Y q satisfies (a) and D ęT Y . Thus pg, σY ρ, Y q is a good
extension of c. By choice of ρ, it forces φpGq.

Suppose c ?&φpGq holds. Then there is some h P Pb`
g

such that for every finite
h-free set ρ Ď X, φpσ Y ρq does not hold. Let ĝ : rNsď!ω Ñ rNsăN be defined by
ĝpsq “ gpsq Y phpsqzσq. Note that ĝ ď g, and every ĝ-free subset ρ Ď X is h-free.
Moreover, ĝ is pbg ` b`

g q-constrained and progressive. Since pg, σ,Xq satisfies (b) and
for every s P rσ Y Xsď!ω, ĝpsq X σ Ď gpsq X σ Ď s, then pĝ, σ,Xq satisfies (b). By
Lemma 8.5.10, there is an infinite subset Y Ď X such that D ęT Y and pĝ, σ, Y q
satisfies (a). Thus d “ pĝ, σ, Y q is a good extension of c.

We claim that d forces ␣φpGq. Indeed, suppose there is an extension pg̃, τ, Zq ď d
such that φpτq holds. Then by property (b) of pg̃, τ, Zq, τ is g̃-free, and since g̃ ď ĝ,
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τ is ĝ-free. Let ρ “ τzσ. By definition of ĝ, ρ is a h-free subset of X, contradicting
our choice of h.

We can now prove our diagonalization lemma.

Lemma 8.5.19. Let c “ pg, σ,Xq be a good condition and Φe be a Turing functional.
There is a good extension of c forcing ΦG

e ‰ D.

Proof. Let U “ tpx, vq P Nˆ 2 : c ?$ΦG
e pxqÓ “ vu. We have three cases:

• Case 1: px, 1 ´ Dpxqq P U for some x P N. By Lemma 8.5.18, there is a good
extension of c forcing ΦG

e pxqÓ “ 1´Dpxq, hence forcing ΦG
e ‰ D.

• Case 2: px,Dpxqq R U for some x P N. By Lemma 8.5.18, there is a good
extension of c forcing ␣pΦG

e pxqÓ “ Dpxqq, hence forcing ΦG
e ‰ D.

• Case 3: U is the graph of the characteristic function of D. By Lemma 8.5.17,
the set U is Σ1pXq, so D ďT X, contradiction.

We can now finish the proof of Theorem 8.5.6. By Lemma 8.5.15 and
Lemma 8.5.19, there exists a decreasing sequence pfn, σn, Xnq of good conditions
such that:

• Every G P rpf0, σ0, X0qs is f -free,

• cardσn ě n for every n P N,

• Every G P rpfe`1, σe`1, Xe`1qs is such that ΦG
e ‰ D for every e P N.

Thus, for H “
Ť

nPN σn, we have H P
Ş

nPNrpfn, σn, Xnqs and H is an infinite
f -free set such that H ğT D.

Corollary 8.5.20. RRT!ω admits strong cone avoidance.

Proof. Fix a set Z and let D be a non-Z-computable set.
Fix k ą 0, let f : rNs!ω Ñ N be an instance of RRT!ω

k and let g : rNs!ω Ñ rNsăN be
the f 1-computable k-constrained progressive coloring obtained in Proposition 8.5.2.

Then, by Theorem 8.5.6, there exists an infinite g-free set G Ď N such that
D ęT G‘ Z. By construction of g, G is also an infinite f -rainbow.

8.6 Conclusions and perspectives
The analysis of the exactly ω-large counterparts to the Ramsey’s, free set and thin set
theorems from a computable perspective, gives the exact same tight bound, namely,
Hpωq, translating in reverse mathematical terms by an equivalence with ACA`

0 . This
equivalence is to be put in contrast with the finite-dimensional cases, where RTn

2

coincides with ACA0 for n ě 3, while FSn and TSn both admit strong cone avoidance.
On the other hand, the rainbow Ramsey theorem for exactly ω-large sets (RRT!ω

k ) still
has no coding power, and admits strong cone avoidance. Figure 8.1 and Figure 8.2
summarize the relationship between the studied statements, in Reverse Mathematics
and over strong Weihrauch reducibility, respectively.

Many questions remain open around the generalization of combinatorial
statements to exactly ω-large sets and barriers.

By Theorem 8.3.7, RRT!ω
k ďsW RT!ω

k , so every computable instance of RRT!ω
k

admits a Hpωq-computable solution. By Corollary 8.4.8, there exists a computable
instance of FS!ω such that every solution computes Hpωq. It follows that RRT!ω

k

is computably reducible to FS!ω in the sense of Dzhafarov [38]. We give a direct
combinatorial reduction in Proposition 8.3.8 in the case k “ 2, and leave the general
case open.
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Question 8.6.1. Does RRT!ω
k ďsW FS!ω for every k ą 0?

While RT!ω,FS!ω and TS!ω code Hpωq and are all equivalent to ACA`
0 , we do not

know of a direct proof of RT!ω
2 from either TS!ω or FS!ω. More precisely, we do not

know if RT!ω
2 is reducible to either TS!ω or FS!ω.

Question 8.6.2. Does RT!ω
2 ďsW TS!ω? Does RT!ω

2 ďsW FS!ω?
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Chapter 9

Non-standard models

The remaining two parts of this thesis will involve non-standard models, that is,
models M “ pM,Sq whose first-order part M is not the standard set of integers
ω “ t0, 1, . . . u. Reasoning within such models can be quite counter-intuitive, since
our aim is to study situations in which they closely resemble the standard integers
while still differing in some crucial aspect.

As discussed in Section 5.2, the first-order part of all of these models will have a
similar structure: each contains an initial segment isomorphic to the standard integers,
followed by additional non-standard elements. Thus, from an external point of view,
it is clear that these models are not the standard integers, since they contain elements
with infinitely many predecessors.

However, from an internal perspective, the situation is less clear. Consider, for
example, the case of geometry in which models that differ from the Euclidean plane
R2 have been built. Within such models, what is referred to as a “straight line” is
simply an object satisfying the given definitions and axioms, and need not coincide
with a straight line in the usual Euclidean sense. For instance, in the Poincaré half-
plane model, straight lines correspond to semicircles (orthogonal to the boundary) or
vertical rays. But, from an internal point of view, what makes these “straight lines”
different from those of R2 is not their unusual construction, but rather the fact that
they fail to satisfy the parallel postulate: given a line L and a point P not on L, there
are infinitely many lines L1 passing through P that do not intersect L. Indeed, this
property is formulated purely within the language of Euclidean geometry and makes
no reference to R2.

Similarly, in non-standard models of arithmetic, a “finite” object will simply be
an object that can be encoded by a first-order element of that model, even if from an
external point of view this object is actually infinite.

Thus, when working with non-standard models, it is important to distinguish
clearly between the two levels of description, internal and external, that is, between
the object language and the meta-language. To avoid ambiguity, we will use the
symbol ω to denote the set of standard integers, and N will be the symbol referring
to the collection of all integers as expressed within the language of the theories under
consideration. For example, we have that for every n P ω, ACA0 $ @a P N@f : rNsn Ñ
a, DH Ď NpH infinite ^ card fprHsnq “ 1q, i.e., that for every n P ω, ACA0 $ RTn,
but we don’t have ACA0 $ @b P N RTb.

An external induction can always be used to prove that the standard integers of
a given model satisfy a given property, whereas an internal induction requires the
model to satisfy some induction axioms but allows us to prove the property for every
element of the model.

We will sometimes view non-standard integers as encoding ordinals, in that case,
we will use the notations ω and ε0 to refer to the ordinals ω and ε0 in the model.

101
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We will often make use of these two levels of description in our constructions and
proofs. For example, in non-standard models of geometry, one may construct lines
and points purely from the given postulates and axioms (for instance, from two points
P0 and P1, there exists a unique line passing through them), or instead define them
externally (for example, in the Poincaré half-plane, by referring back to the equation
of the corresponding semicircles). The external approach offers greater freedom in
the kinds of objects that can be constructed, including some that may be meaningless
within the model, whereas the internal approach makes it easier to prove properties
of the constructed objects.

9.1 Computability and definability in non-standard
models

To obtain conservation, equiconsistency or non-implication results, our proofs will
typically follow a similar pattern: we begin with a (potentially non-standard) model
M “ pM,Sq and transform it into a new model N “ pN,T q satisfying a given
second-order statement P. The goal will often be to make sure we preserve as many
properties of M in N as possible. In this part, we shall restrict our attention to
so-called ω-extensions1 of M.

Definition 9.1.1. A model M “ pM,Sq is an ω-submodel of N “ pN,T q (or
equivalently, N is an ω-extension of M) if N “ M and S Ď T . We will often
write M Ď N when that is the case.

Building an ω-extension ensures that every Σ1
1 property of M is preserved in N

(and in particular every first-order property). In the case of conservation proofs, this
yields conservation for all arithmetical formulas (and even for Π1

1-formulas).

The construction of these new models will often be similar to the proof of
Proposition 8.1.5, in which solutions to instances of P are added one at a time to
the second-order part of the model.

In the standard case, such constructions are made more intuitive thanks to the
links between computability and definability. These links can still be used in non-
standard models, although significant care is required to ensure that the various
equivalences used do not require more induction than what is at our disposal.

For that, we will first see how to interpret the arithmetical hierarchy in non-
standard models.

9.1.1 Non-standard arithmetical sets
When trying to define what should count as an arithmetical set within a non-standard
model M of first-order arithmetic, one natural approach is to work externally and
consider sets of the form ta P M : M ( φpaqu for every arithmetical formula φpxq.
The problem with this approach is that even very simple sets, such as singletons,
need not be arithmetically definable: for a P M , there may not be any arithmetical
formula φpxq satisfied uniquely by a. This issue is resolved by allowing φpxq to have
first-order parameters from M (in which case the formula x “ a defines the singleton
tau).

This modification can be justified from an internal perspective. Using an encoding
of formulas and terms by integers, we can view non-standard elements of a model as
non-standard formulas and terms. Externally, those formulas can be viewed as having
a non-standard depth: for instance, if c is a non-standard element, we may consider
the non-standard term tc :“ succp. . . psuccp0qq . . . q of depth c, or the non-standard

1This terminology is unfortunate, as the models under consideration are not necessarily ω-models
(whose first-order part is ω).
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formula
x ď tc Ø px “ 0_ x “ succp0q _ ¨ ¨ ¨ _ x “ tcq.

For every n P ω, the existence of a well-behaved universal Σn-formula is provable in
IΣ1 (see [57, Corollary I.1.76]), and even in IΣ0 ` exp (a fact that will be used in
Section 9.1.3). Hence, from this proof, we obtain for every n P ω, a standard formula
φnpx, yq such that, if M ( IΣ0` exp, then every (possibly non-standard) Σn-formula
ψpxq is equivalent in M to φnpx, eq for some e PM , even if externally ψ may be seen
as having a non-standard depth.

Allowing first-order parameters is also consistent with our definition of the various
schemes in Part I. For instance, the comprehension scheme (Definition 5.3.1) allowed
formulas with free variables (first- and second-order) before taking the universal
closure. As a result, in a model pM,Sq of RCA0 (hence a model of ∆0

1-comprehension),
we have tau P S for every a PM .

In Part I, Σn- and Πn-formulas were introduced, along with the corresponding Σn

and Πn sets. When relativizing these definitions, we defined the Σ0
n- and Π0

n-formulas
by allowing free set parameters. However, we did not introduce the corresponding Σ0

n

and Π0
n sets, since the notion is not meaningful without specifying the sets relative

to which the definition is taken (every set X is Σ0pXq).
For second-order models M “ pM,Sq, we will define the sets that are Σn or Πn

relative to that model in order to measure the complexity of sets not belonging to S
that will then be added to M to construct ω-extensions.

This leads to the following definitions of arithmetical sets relative to a model:

Definition 9.1.2. Let n P ω. Given a first-order structure M , a subset A Ď M is
said to be ΣnpMq (resp. ΠnpMq) if there exists a Σn- (resp. Πn-) formula φpx, y⃗q and
parameters b⃗ PM such that A “ ta PM :M ( φpa, b⃗qu. A set is ∆npMq if it is both
ΣnpMq and ΠnpMq. As M will always be clear in the context, we will simply speak
of Σn,Πn and ∆n sets.
These definitions can again be relativized: given a collection C0, C1, . . . of subsets of
M , one can define the ΣnpC0, C1, . . . q (resp. ΠnpC0, C1, . . . q and ∆npC0, C1, . . . q) sets
accordingly.
For a second-order structure M “ pM,Sq, a subset A ĎM is said to be ΣnpMq (resp.
ΠnpMq) if it is Σn (resp. Πn) relative to the elements of S. In other words, if there
exists some Σ0

n- (resp. Π0
n-) formula φpx, y⃗, Y⃗ q and parameters b⃗ PM and B⃗ P S such

that A “ ta PM :M ( φpa, b⃗, B⃗qu. A set is ∆npMq if it is both ΣnpMq and ΠnpMq.
If M is clear from the context, we instead speak of Σ0

n,Π
0
n and ∆0

n sets.
This allows us to mix the two notations: for M “ pM,Sq a second-order model,
and A,C0, C1, ¨ ¨ ¨ Ď M sets (not necessarily belonging to S). We say that A
is Σ0

npC0, C1, . . . q (resp. Π0
npC0, C1, . . . q and ∆0

npC0, C1, . . . q) if it can be defined
accordingly using parameters from M , S or from the Ci.

In a model of ∆0
1-comprehension, M “ pM,Sq, the ΣnpMq and ΠnpMq sets, for

n ě 1, need not belong to S. Nevertheless, the theory IΣ0
0 ` exp is strong enough

to prove the existence of a well-behaved universal Σ0
n-formula, making it possible to

quantify over and reason about such sets internally.
The amount of induction satisfied by M determines how well-behaved these sets

are.

9.1.2 When induction fails
In a non-standard model M “ pM,Sq, some subsets A Ď M satisfy properties that
make it clear (internally) that they are not from a standard model.

This is the case for example with the set ω of standard integers, as it is a non-empty,
bounded set with no maximal element. If we were to have ω P S, then M * IΣ0

0,
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as the formula x P ω is Σ0 with parameters from M, and we have M ( 0 P ω,
M ( @a, a P ω Ñ succpaq P ω but M * @a, a P ω. More generally, if ω were to be
ΣnpMq, then M * IΣ0

n. This led to the definition of a cut.

Definition 9.1.3 (Cut). A cut in a model M of first-order arithmetic is a nonempty
subset I ĎM which is closed under successor, and is an initial segment of M , that is,
if a P I and b ď a, then b P I.
A cut I ĎM is proper if I ‰M .

Cuts will play an important role in Part IV of this thesis, where we modify the
first-order part of the models in our constructions by restricting it to a cut. For now,
we will use cuts as a way to witness the failure of induction in our models.

Proposition 9.1.4 (see e.g., [57, Observation IV.1.15]). Let n P ω and let M (resp.
M “ pM,Sq) be a first-order (resp. second-order) structure such that M ( IΣn (resp.
M ( IΣ0

n). Then, there is no Σn- (resp. Σ0
n-) definable proper cut.

Conversely, if M ( BΣn ` ␣IΣn (resp. M ( BΣ0
n ` ␣IΣ

0
n), then there exists some

Σn- (resp. Σ0
n-) definable proper cut I.

Another property of non-standard models satisfying a certain amount of induction
is the overspill principle. Since the standard integers ω cannot be defined by a formula
for which induction is available, showing that a given property holds for every standard
integer is enough to conclude that it must also hold for some non-standard element.

Proposition 9.1.5 (overspill). Let n P ω and let M (resp. M “ pM,Sq) be a
first-order (resp. second-order) non-standard structure such that M ( IΣn (resp.
M ( IΣ0

n). Then, for every Σn- (resp. Σ0
n-) formula φpxq such that M ( φpnq (resp.

M ( φpnq) for every n P ω, there exists some non-standard element c P Mzω such
that M ( φpcq (resp. M ( φpcq).

More generally, for a subset A Ď M to be well-behaved, one would like it to be
piecewise-coded (also known in the literature as amenable or regular); that is, if for
every a P M , the set Aæa “ tx P A : x ă au is M -finite. In particular, in a model of
IΣ0

0, no proper cut is piecewise-coded.

Proposition 9.1.6. Modulo IΣ0
0 ` exp, we have the following characterizations, for

n ě 1:

• IΣ0
n is equivalent to the fact that every Σ0

n set is piecewise-coded (hence every
Π0

n also is).

• I∆0
n (or equivalently BΣ0

n by Proposition 3.4.4) is equivalent to the fact that
every ∆0

n set is piecewise-coded.

We will only work with piecewise-coded sets.

9.1.3 RCA˚
0

The theory RCA˚
0 is a weakening of RCA0 that is strong enough to formalize basic

computability-theoretic constructions. RCA˚
0 is sometimes more convenient to use as

a base theory for reverse mathematics, as shown by Belanger [6].

Definition 9.1.7 (RCA˚
0 (Simpson and Smith [129])). RCA˚

0 denotes the theory I∆0
1

together with the ∆0
1-comprehension axiom and exp, the statement asserting the

totality of the exponential (as defined in Chapter 3).

In other words, RCA˚
0 is obtained from RCA0 by replacing IΣ0

1 with I∆0
1 ` exp (or

equivalently by BΣ0
1 ` exp by a relativization of Proposition 3.4.4).

By Simpson and Smith [129, Corollary 4.4], the first-order part of RCA˚
0 is exactly

BΣ1 ` exp.
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RCA˚
0 is sufficient to prove the existence of well-behaved universal Σ0

n-formulas
for every n P ω. Furthermore, such formulas can be assumed to be in Kleene normal
form. Let φpx, Y, yq :“ Dsψps, x, Y æs, yq be the universal Σ0

1-formula. Rather than
choosing a specific model of computation (e.g., Turing machine, lambda calculus…)
and formalizing it in the language of second-order arithmetic, we will directly define
ΦY æs

y pxqrssÓ :“ ψps, x, Y æs, yq and ΦY
y pxqÓ :“ φpx, Y, yq. The other computability-

theoretic notations (Turing jump, reduction, join…) are then defined accordingly.
Thus, the first level of the (relativized) Post theorem holds essentially by definition:

A ďT B if and only if A is ∆1pBq. The remaining task is to determine the amount
of induction required to establish the basic properties of ďT and of the Turing jump.

Most of these properties can be understood in terms of the behavior of the
levels of the arithmetical hierarchy under composition of formulas. Namely, if a
set A is arithmetical and a set B is arithmetical relative to A, what can be said
about the complexity of B after substituting a definition of A into the definition of B?

By a relativization of Proposition 3.4.2, BΣ0
1 proves that the classes of Σ0

1- and
Π0

1-formulas are closed under bounded quantifications. This can then be used to prove
the transitivity of ďT for the elements inside a model of RCA˚

0 (the ∆0
1 sets). Indeed,

if A is ∆1pBq and B is ∆1pCq then we can obtain a Σ1pCq and a Π1pCq description
of A by composing the other descriptions and moving bounded quantifiers across.

Proposition 9.1.8 (See Belanger [6, Lemma 2.2]). Let M “ pM,Sq ( RCA˚
0 , and

let A,B,C P S. If A ďT B and B ďT C then A ďT C.

More generally, the other basic properties of ďT and of the join ‘ hold between
the elements of S, but not necessarily between the elements arithmetically definable
from M (Groszek and Slaman [55, Proposition 4.1] contains a proof that even in
RCA0, ďT cannot be proven to be transitive for Σ0

1 sets).
In order to go higher in the arithmetical hierarchy, we need the following result,

which can be seen as a relativization of Post’s theorem.
Proposition 9.1.9 (Post’s theorem (see Belanger [6, Lemma 2.4])). Let n ą 0, M “

pM,Sq ( RCA0 and A P S. Then the Σn`1pAq sets are exactly the ΣnpA
1q sets.

More generally, if M “ pM,Sq ( RCA˚
0 ` IΣ0

k and A P S. Then the Σn`kpAq sets are
exactly the ΣnpA

pkqq sets.

We can use this result to transform a model of RCA˚
0 ` BΣ0

n into one of RCA˚
0 .

Proposition 9.1.10. Let n ą 0, and let M “ pM,Sq ( RCA˚
0 . Let T be the collection

of the ∆0
npMq sets, and set N “ pM,T q.

Then N ( RCA˚
0 if and only if M ( RCA˚

0 ` BΣ0
n.

In particular, the Turing jump and reduction are well-behaved in a model of
RCA0 ` BΣ0

n as long as we stay below ∆0
n sets.

9.2 Π1
1-conservation

From now on, we will only consider second-order models satisfying ∆0
1-comprehension.

Thus, when adding a solution G of an instance of a problem P in the second-order
part of some model M “ pM,Sq, we also want to add the sets that are computable
from G. This leads to the following definition:

Definition 9.2.1. For a second-order structure M “ pM,Sq and a subset G Ď M ,
we write MrGs for the second-order structure pM,T q, where T consists of all ∆0

1pGq
sets.
In particular, MrGs is an ω-extension of M.

The notation MrGs parallels the notation V rGs from set-theoretic forcing, which
describes the extension of a universe of sets by the addition of a generic set G. When
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adding a new element to a model, one must ensure that all objects that can be
constructed from it are included as well. In set-theoretic forcing, this is handled by
the use of P-names, which control all the sets definable from G. In our setting, since
we are primarily interested in building models satisfying ∆0

1-comprehension, we use
Turing indexes e to control all the sets ∆1-definable from G together with the sets
already in S.

A major difference from set-theoretic forcing is that the set G may be definable
in the ground model M “ pM,Sq, as is the case with internal constructions.
Indeed, since the theories under consideration only satisfy a limited amount of set
comprehension (e.g., ∆0

1-comprehension for RCA0), there may exist sets definable in
M that are not elements of S. By contrast, for models of ZF, this phenomenon does
not occur: a generic set G cannot be definable from the ground model, otherwise it
would already belong to it by the axiom schema of separation.

For simplicity, we will often work in models M “ pM,Sq where the second-order
part is composed of exactly the sets that are ∆1pAq for some A P S. Such models are
said to be topped.

Definition 9.2.2 (Topped). A model M “ pM,Sq is topped if there is some set A P S
such that Y ďT A for every Y P S.

If M “ pM,Sq is topped by some set A P S, then MrGs is topped by A ‘ G.
Being topped is an important restriction, as models M “ pM,Sq of principles such
as WKL,ADS,EM and RT2

2 are never topped. Indeed, for every A P S there exist
∆1pAq-instances of these principles with no ∆1pAq-solution.

Nevertheless, by successively adding solutions to instances of a Π1
2 problem P, one

can build an infinite sequence of ω-extensions of topped models, whose union yields
a model of P in the limit, as shown by the following theorem:

Theorem 9.2.3. Let T be a Π1
2-axiomatizable theory and let P be a Π1

2 problem.
Suppose that for every countable topped model M “ pM,Sq ( RCA˚

0 ` T and every
P-instance I P S, there exists a P-solution G ĎM to I such that MrGs ( RCA˚

0 ` T .
Then RCA˚

0 ` T ` P is Π1
1-conservative over RCA˚

0 ` T .

Proof. Assume RCA˚
0 ` T & @XφpXq for φ an arithmetic formula. Then

by the completeness theorem and the downward Löwenheim–Skolem theorem
(see Theorem 5.2.6 and Theorem 5.2.8), there exists a countable model
M “ pM,Sq ( RCA˚

0 ` T ` ␣φpAq for some A P S. By only keeping the
∆1pAq-definable sets, we may further assume that M is topped by A.

From our assumption, we can build a sequence (indexed by the standard integers)

M “M0 ĎM1 “ pM,S1q ĎM2 “ pM,S2q Ď . . .

of countable topped models of RCA˚
0 ` T such that, fixing a bijection x¨, ¨y : ω2 Ñ ω,

if s “ xi, ky then Ms`1 contains a solution to the i-th instance of P in Mk (for some
fixed bijection between Sk and ω).

Let N :“ pM,
Ť

năω Snq, then N ( P as every instance of P in N belongs to some
Sn, and hence has a solution in some Sm by construction. Since A P S0 Ď

Ť

năω Sn,
A P N . Moreover, since M ( ␣φpAq and the first-order part of N is the same as
that of M, we also have N ( ␣φpAq.

Let θpX,Y q be an arithmetical formula with two free set parameters X,Y . If
N * @XDY θpX,Y q, then there exists B P

Ť

năω Sn such that N ( @Y␣θpB, Y q.
Hence, for sufficiently large n P ω such that B P Sn, we have Mn ( @Y␣θpB, Y q.
Taking the contrapositive, any Π1

2 sentence true in every Mn is also true in N . Since
both RCA˚

0 and T are Π1
2-axiomatizable, and as Mn ( RCA˚

0 ` T for every n P ω, it
follows that N ( RCA˚

0 ` T .
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Thus, N ( RCA˚
0 ` T ` P ` ␣@XφpXq. So RCA˚

0 ` T ` P & @XφpXq, yielding
the Π1

1-conservation.

It is with similar constructions that the Π1
1-conservation results mentioned in

Part I have been obtained. Notably, this is the case for: the Π1
1-conservation of

WKL0 over RCA0 (Theorem 5.3.10), of RT2
2 over RCA0 ` IΣ0

2 ([19]), of ADS over
RCA0 ` BΣ0

2 (Chong, Slaman, and Yang [22]).

Theorem 9.2.3 provides an example of an external construction. Indeed, the
sequence pMiqiPω of ω-extensions is indexed by the standard integers, and no
assumptions are made about the definability of the sequence.

It is when proving the assumption that every countable topped model M “

pM,Sq ( RCA0 ` T can be extended to a model MrGs ( RCA0 ` T containing
a solution to an instance of P that internal constructions will come into play.

In the search for the first-order part of RT2
2, we will mostly work inside models of

BΣ0
2 (and not necessarily of IΣ0

2) as RCA0`RT
2
2 $ BΣ0

2. By the results of Section 9.1.3,
the ∆0

2 sets of such models are well-behaved.
In the case of WKL, we can make a purely internal construction thanks to the low

basis theorem (Theorem 4.2.7).

Proposition 9.2.4 (Clote et al. [27]). WKL is Π1
1-conservative over RCA0 ` BΣ0

2.

Proof. We want to apply Theorem 9.2.3.
Let M “ pM,Sq ( RCA0`BΣ0

2 be topped by some A and let T P S be an instance
of WKL. By a relativized form of the low basis theorem (Theorem 4.2.7), which is
provable in RCA0, there exists some path P Ď M in T such that A1 ěT pP ‘ Aq1.
Then, as M ( RCA0 ` BΣ0

2, we have MrA1s ( RCA˚
0 (by the direct implication

in Proposition 9.1.10), hence MrP ‘ As “ MrP s ( RCA0 ` BΣ0
2 (by the reverse

implication in Proposition 9.1.10).
Thus, by Theorem 9.2.3, WKL is Π1

1-conservative over RCA0 ` BΣ0
2.

In order to obtain the Π1
1-conservation of WKL over RCA0 (as stated in

Theorem 5.3.10), it is possible to work with a weaker notion than Turing reducibility
called weak truth-table reducibility (see Belanger [6, Corollary A.2]) which is
well-behaved for ∆0

2 sets in RCA0.

For RT2
2 and many other Ramsey-like statements, no such direct construction

is possible. Indeed, there exist computable instances of RT2
2 with no Σ2 (and in

particular no ∆2) solutions (see Proposition 6.0.9). In particular, no such low basis
theorem can be proven for RT2

2. Thus, our constructions will not be purely internal.
Fortunately, by a relativization of Theorem 6.0.10, for every instance X of RT2

2,
any set of PA degree over X 1 computes a solution for X. And, thanks to the following
result, sets of PA degree can be added for free in a model of RCA˚

0 .

Just as WKL0 is the theory RCA0`WKL, we consider the theory WKL˚
0 :“ RCA˚

0`

WKL. Then, Harrington’s result (Theorem 5.3.10) that WKL0 is Π1
1-conservative over

RCA0 also holds between RCA˚
0 and WKL˚

0 .

Theorem 9.2.5 (Simpson–Smith [129, Theorem 4.6]). Every countable model of RCA˚
0

can be ω-extended into a model of WKL˚
0 . Hence, WKL is Π1

1-conservative over RCA˚
0 .

In particular, for every countable model M “ pM,Sq ( RCA˚
0 and every A P S,

there exists some B Ď M such that MrBs ( RCA˚
0 and such that every infinite A-

computable binary tree has a B-computable path. Thus, by Proposition 9.1.10, for
every M “ pM,Sq ( RCA0 ` BΣ0

2 and every instance X of RT2
2 in S, there exists

some B Ď M such that MrBs ( RCA˚
0 and such that every infinite X 1-computable

binary tree has a B-computable path (i.e., B is of PA degree over X 1).
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Thus, to establish the Π1
1-conservation of RT2

2 over RCA0 ` BΣ0
2, it suffices to

prove (a relativization of) Theorem 6.0.10 within RCA0`BΣ0
2 and then conclude the

argument as in Proposition 9.2.4. However, no such proof is currently known, and
the question remains open.

In fact, a result of Fiori-Carones et al. [46] shows that this condition is also
necessary: RT2

2 is Π1
1-conservative of RT2

2 over RCA0`BΣ0
2 if and only if RCA0`BΣ0

2

proves (a relativization of) Theorem 6.0.10.
The relativization of Theorem 6.0.10 is a @Π0

5-sentence (i.e., of the form @XφpXq
with φ Π0

5) and is provable in RCA0 ` RT2
2, giving us the following result:

Theorem 9.2.6 (Fiori-Carones et al. [46, Corollary 5.2]). RT2
2 is Π1

1-conservative
over RCA0 ` BΣ0

2 if and only if it is @Π0
5-conservative over RCA0 ` BΣ0

2.

In Chapter 14, we will prove RT2
2 to be @Π0

4-conservative over RCA0 ` BΣ0
2,

thereby bringing us one step closer to resolving this question.

Before turning to this, we will work in Chapter 10 with theories stronger than
RCA0 ` BΣ0

2 to obtain Π1
1-conservation results yielding upper bounds on the first-

order part of RCA0 ` BΣ0
2.



Chapter 10

Π1
1-conservation of RT22 and

well-foundedness

In this chapter, we give an upper bound for the first-order part of RCA0 ` RT2
2 by

proving that Ramsey’s theorem for pairs and two colors is Π1
1-conservative over RCA0`

BΣ0
2`WF0

pε0q and over RCA0`BΣ0
2`

Ť

nPω WF0
pωnq. Here

Ť

nPω WF0
pωnq denotes

the theory consisting of the axioms WF0
pωnq for each integer n P ω. It is strictly

weaker than WF0
pε0q (which, over RCA0, is equivalent to @nWF0

pωnq), since there
exist non-standard models of RCA0 ` BΣ0

2 `
Ť

nPω WF0
pωnq in which WF0

pωcq fails
for some non-standard integer c.

Nevertheless, proving that an axiom P is conservative over a given theory doesn’t
necessarily imply conservation over a stronger theory, so we present both results.

10.1 Introduction
The well-foundedness of ordinals naturally occurs in the proof-theoretic analysis of
Ramsey’s theorem for pairs. Chong, Slaman, and Yang’s proof [23] that RT2

2 does not
imply IΣ0

2 over RCA0 uses a model of RCA0`BΣ0
2`␣IΣ

0
2 which furthermore satisfies

a principle called bounded monotone enumeration (BME).

Definition 10.1.1 ([23]). Let E be a procedure that computably enumerates a finitely
branching tree. We say that E is a monotone enumeration if and only if the following
conditions apply to its stage-by-stage behavior.

(1) The empty sequence is enumerated by E during stage 0.

(2) Only finitely many sequences are enumerated by E during any stage.

(3) Suppose T rss is the tree enumerated by E at the end of stage s. Then any
sequence enumerated by E during stage s` 1 must extend some terminal node
of T rss.

A monotone enumeration E is b-bounded if every node enumerated by E has depth at
most b. E is said to be bounded if it is b-bounded for some b P N.

Statement 10.1.2 (BME‹). BME‹ is the statement “Every bounded monotone
enumeration is finite”.

The statement BME is an iterated version of BME‹. Its formal definition is
rather technical and will not be used within this thesis. Kreuzer and Yokoyama [84]
proved that BME‹ is equivalent to WF0

pωωq over IΣ0
1, and that BME is equivalent to

Ť

nPω WF0
pωnq.

On the other hand, Patey and Yokoyama [115] proved that RT2
2 is @Π0

3-
conservative over RCA0 ` BΣ0

2. It follows that RT2
2 does not imply BME‹ over RCA0

109
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(see, for instance, the discussion surrounding Theorem 3.6.3), and therefore that
RCA0 ` BΣ0

2 `WF0
pε0q and RCA0 ` BΣ0

2 `
Ť

nPω WF0
pωnq cannot be the first-order

part of RCA0 ` RT2
2, but are only strict upper bounds.

In this chapter, we show that the separation of Chong, Slaman, and Yang [23]
of RT2

2 from IΣ0
2 depends only on the assumption that the original model satisfies

BΣ0
2 ` BME, by proving the following conservation theorems.

Main Theorem 10.1.3. RT2
2`WKL is Π1

1-conservative over RCA0`BΣ0
2`WF0

pε0q.

Main Theorem 10.1.4. RT2
2 ` WKL is Π1

1-conservative over RCA0 ` BΣ0
2 `

Ť

kPω WF0
pωkq.

These theorems strengthen a result from Kołodziejczyk and Yokoyama [80] who
showed that RT2

2 is Π0
4-conservative over RCA0 ` BΣ0

2 ` BME. By Cholak, Jockusch,
and Slaman [19], the result holds when BΣ0

2 ` WF0
pε0q is replaced by IΣ0

2. Thus,
conservations over RCA0 ` pWF0

pε0q _ IΣ0
2q and over RCA0 ` p

Ť

nPω WF0
pωnq _ IΣ0

2q

are the best known results.

We will make use of the decomposition of RT2
2 into COH ` SEM ` SADS and

prove conservation results about WKL,COH, SEM and SADS separately to obtain
our main theorems. By Theorem 9.2.3, it will be sufficient to show that for every
problem P P tWKL,COH, SEM, SADSu, every countable topped model M “ pM,Sq (
RCA0 ` BΣ0

2 `WF0
pε0q (resp.

Ť

nPω WF0
pωnq), and every instance of P in S, there

exists some solution G ĎM to that instance so that MrGs ( RCA0`BΣ0
2`WF0

pε0q
(resp.

Ť

nPω WF0
pωnq).

10.2 Conservation over BΣ0
2 ` WF0pαq

Consider a countable model M “ pM,Sq ( RCA0 ` BΣ0
2 `WF0

pαq for some α ď ε0
(or even for larger ordinals, provided that a sufficiently well-behaved system of ordinal
notations is available), topped by a set Y P S and a P-instance I P S of some Π1

2

problem P.
The construction of a solution G Ď M to I will be similar to that in the proof

of Theorem 8.5.6, but inside a non-standard model. Each problem P will have its
own notion of a condition (like Definition 8.5.8 for PFS!ω) that corresponds to an
approximation of G at a given stage of the construction. We will then construct an
infinite decreasing sequence of conditions c0 ě c1 ě . . . that will uniquely specify
G and make it so that it satisfies additional constraints (such as not computing
an infinite decreasing sequence of ordinals smaller than α) ensuring that MrGs (
RCA0 ` BΣ0

2 `WF0
pαq.

The two main differences compared to the proof of Theorem 8.5.6 are, first,
that the cs are now indexed by nonstandard integers (as we are doing an internal
construction), and second, that we must keep track of the computational strength
needed to obtain cs`1 from cs, so that the set G will not be too complex and can be
added to M. To do so, we require the sequence pcsq to be P -computable for some set
P Ď M such that MrP s ( RCA˚

0 (in the case of COH and SEM, P will be the set of
PA degree over Y 1 given by Theorem 9.2.5, and for WKL and SADS, it will be Y 1).
We will also P -compute pG‘ Y q1 simultaneously, so that every ∆2pG‘ Y q property
is ∆1pP q and hence that MrG‘ Y s “MrGs ( RCA0 ` BΣ0

2 by Proposition 9.1.10.

10.2.1 Shore blocking
One difficulty with this approach is that, even if we succeed in proving the existence
of a P -computable procedure producing cs`1 from cs for every s P M , there is
still no guarantee that the construction can actually be carried out for all s P M .
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Indeed, the formula φpsq expressing that the construction can be pursued for s steps
is Σ1pP q: “there exists a finite sequence c0, . . . , cs of conditions such that c0 is our
initial condition and, for every i ă s, ci`1 is obtained from ci via the given P -
computable procedure”. However, as MrP s does not necessarily satisfy IΣ0

1, the set
ts : M ( φpsqu may form a proper cut.

If we look at the values of the (elements of M encoding the) cs for s ranging over
that cut, then these values must necessarily be M -unbounded (i.e., there is no k PM
such that the code of cs is smaller than k for all such s). Indeed, if such a bound
existed, then the property φpsq would be ∆1pP q, since the unbounded existential
quantifier could be replaced by a bounded one. And, as MrP s ( I∆0

1, φpsq could not
define a proper cut.

In our constructions, having the cs of M -unbounded sizes guarantees that they
define a unique set G. The issue, however, is that G may then fail to satisfy all the
desired requirements. For example, suppose we had a list pRsqsPM of requirements
and intended to satisfy Rs at stage s of the construction, then the requirements Rs

for s not in the cut will not be satisfied.
A way around this problem is to use a technique known as Shore blocking (where

“blocking” is meant in the sense of grouping requirements into blocks). Rather than
searching at stage s for some cs`1 that satisfies only one additional requirement,
we instead search for a condition cs`1 satisfying every requirement whose indices are
smaller than the code of cs. This makes the construction more complex, as satisfying a
block consisting of a potentially nonstandard number of requirements is more difficult
than satisfying just one.

In this way, it is no longer essential that the construction proceeds along all of
M : the conditions cs that are defined are of sizes unbounded in M , hence all the
requirements are eventually satisfied.

10.2.2 Well-foundedness and Shore blocking
For MrGs to be a model of WF0

pαq, we want, for every e P M , to satisfy the
requirement that ΦG‘Y

e is not an infinite decreasing sequence of ordinals smaller
than α. In this section we will show that satisfying a block of such requirements
is not harder than satisfying just one, by grouping several decreasing sequences of
ordinals into one.

Instead of using the standard sums and products over ordinals, the natural
(Hessenberg) sums and products will be more convenient.

Definition 10.2.1 (Natural sum and product). Let α “ ωγℓ´1nℓ´1`¨ ¨ ¨`ωγ0n0 and
β “ ωγℓ´1mℓ´1`¨ ¨ ¨`ωγ0m0 be two ordinals smaller than ε0, written in their Cantor
normal forms (except that we allow the ni and mi to be equal to 0 in order to write
α and β using the same exponents γi).
We define the natural sum of α and β (denoted by α‘βa) to be the following ordinal
(that does not depend on the choice of the family pγiq):

ωγℓ´1pnℓ´1 `mℓ´1q ` ¨ ¨ ¨ ` ωγ0pn0 `m0q

It is easy to check that, contrary to the standard addition of ordinals, ‘ is associative
and commutative. For these reasons, we can unambiguously write

À

iPI αi for the
natural sum of a finite amount of ordinals.
We also define the natural product of α and β (denoted αb β) to be equal to:

à

iăℓ
jăℓ

ωγi‘γjnimj

aThe symbol ‘ is also used to denote the Turing join; however, since its meaning is unambiguous
from the context, we use the same notation.
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We will only encounter the case where β “ k “ ω0k for some k PM , in which case
αb k “ ωγℓ´1pnℓ´1kq ` ¨ ¨ ¨ ` ωγ0pn0kq. Note that αb k ď αˆ ω for every k PM .

The natural sum and product of ordinals enjoy several desirable properties that
the standard ordinal sum and product lack, such as commutativity, associativity, and
distributivity of b over ‘. The property relevant for our purposes is the following: ‘
is strictly increasing in both arguments (which is not the case for `, as 1` ω “ ω).

Proposition 10.2.2. For all β ă ε0, and α1 ă α ă ε0 : α1 ‘ β ă α ‘ β and
β ‘ α1 ă β ‘ α.

Proof. Clear from the definition of ‘.

Lemma 10.2.3. Let M “ pM,Sq ( RCA0 `WF0
pαq where α is an ordinal smaller

than ε0. Then M ( @kWF0
pαb kq.

Proof. RCA0 proves that the product of two well-orders is a well-order, hence M (

WF0
pαˆ ωq. Since αb k ď αˆ ω for every k PM , we get the desired result.

We can now use these results to group a block of k decreasing sequence of ordinals
smaller than α into one of ordinals smaller than αb k.

Lemma 10.2.4. Consider a model M “ pM,Sq and α P M an ordinal smaller than
ε0. For every k P M , there is a Turing functional Γk such that, letting β ă α be the
largest ordinal less than α of index at most k (for our encoding of the ordinals smaller
than ε0), for every X P 2M such that MrXs ( RCA˚

0 , if there is some e ă k such
that ΦX

e is an M -infinite decreasing sequence of ordinals smaller than β, then ΓX
k is

an M -infinite decreasing sequence of ordinals smaller than β b k.
Moreover, an index of Γk can be found computably in k and in an index for α.

Proof. Let ΓX
k be defined as follows: on input n, find the smallest value s P M such

that there exist n0, . . . , nk´1 P M with n0 ` ¨ ¨ ¨ ` nk´1 “ n and, such that, for
every e ă k, ΦX

e p0qrssÓ, . . . ,Φ
X
e pne ´ 1qrssÓ with ΦX

e p0q, . . . ,Φ
X
e pne ´ 1q a decreasing

sequence of ordinals smaller than β. Then, output ΦX
0 pn0´1q‘ ¨ ¨ ¨‘ΦX

k´1pnk´1´1q

(with the convention that ΦX
e p´1q “ β). If several such tuples pn0, . . . , nk´1q are

found, pick the one for which the quantity ΦX
0 pn0 ´ 1q ‘ ¨ ¨ ¨ ‘ ΦX

k´1pnk´1 ´ 1q is
minimal.

Suppose that X is such that MrXs ( RCA˚
0 and that there is an e ă k such that

ΦX
e is an infinite decreasing sequence of ordinals smaller than β, then ΓX

k is also total
as we will always find such tuples pn0, . . . , nk´1q.

Then, by definition of ΓX
k , ΓX

k p0q,Γ
X
k p1q, . . . is an M -infinite decreasing sequence

of ordinals smaller than β b k.

10.2.3 Π1
1-conservation of COH

We now turn to the proof that RCA0`BΣ0
2`WF0

pαq `COH is Π1
1-conservative over

RCA0`BΣ
0
2`WF0

pαq for every ordinal α ď ε0. In particular, letting α “ ω, we reprove
the theorem of Chong, Slaman, and Yang [22] stating that COH is Π1

1-conservative
over RCA0 ` BΣ0

2. Note that the original proof by Chong, Slaman, and Yang uses a
case analysis, depending on whether the model satisfies IΣ0

2 or not. Belanger [6] gave a
more direct proof using the characterization of p-cohesive sets as those whose jump is
PA over 01 (see Jockusch and Stephan [69]). Our proof follows the ideas from Belanger,
but with an even more direct construction based on an instance-wise correspondence
between Y -computable instances of COH and Y 1-computable instances of WKL.

Proposition 10.2.5. Consider a countable model M “ pM,Sq ( RCA0 ` BΣ0
2 `

WF0
pαq topped by a set Y P S, where α ď ε0 is an ordinal. Then for every countable

sequence of sets R⃗ P S and every P " Y 1 (i.e., P is PA over Y 1) such that MrP s (
RCA˚

0 , there exists G ĎM such that
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1. G is R⃗-cohesive;

2. P ěT pG‘ Y q
1;

3. MrGs ( RCA0 ` BΣ0
2 `WF0

pαq.

Proof. Given R⃗ “ R0, R1, . . . and σ P 2ăM , let R⃗σ “
Ş

σpiq“0 NzRi X
Ş

σpiq“1Ri.
Let T be the Σ1pY q tree tσ P 2ăM : Dxpx ą |σ| ^ x P R⃗σqu. Note that a node σ is
extendible to an infinite path in T if and only if R⃗σ is infinite. The tree T is ∆1pY

1q,
so since P " Y 1, there is a ∆1pP q set Q P rT s.

Definition 10.2.6. A condition is a pair of M -finite binary strings pσ, ρq such that
ρ ă Q. A condition pσ2, ρ2q extends a condition pσ1, ρ1q, and we write pσ2, ρ2q ď
pσ1, ρ1q, if σ2 ľ σ1, ρ2 ľ ρ1 and σ2 ´ σ1 Ď R⃗ρ1 (where σ2 ´ σ1 is the difference
between the sets corresponding to the two sequences).
A set X ĎM is compatible with a condition pσ, ρq, if σ ă X Ď σ Y R⃗ρ.

One can think of a condition pσ, ρq as a so-called Mathias condition pσ, R⃗ρq, where
σ is an initial segment of the set G under construction, and R⃗ρ serves as a reservoir
restricting the possible future elements that may be added to G. Requiring that
ρ ă Q ensures that the reservoir R⃗ρ is M -infinite.

When increasing the length of ρ, we make progress in cohesiveness, as every infinite
subset of R⃗ρ is cohesive for R0, . . . , R|ρ|. Note that being a condition is a ∆1pQq
predicate, as it simply requires checking that σ ă Q, while the extension relation is
∆1pY q. In particular, both are ∆1pQ‘ Y q, so ∆1pP q.

In the particular case of finite sets, we say that a binary sequence τ is compatible
with a condition pσ, ρq if σ ĺ τ and τ Ď σ Y R⃗ρ. The compatibility relation for such
sequences is a ∆1pY q predicate.

To control various properties of G throughout the construction, we introduce the
following forcing relations, which allow us to control Σ0

1pGq and Π0
1pGq properties.

Definition 10.2.7. Let pσ, ρq be a condition, and e, x PM , we write:

1. pσ, ρq , ΦG‘Y
e pxqÓ if Φσ‘Y

e pxqÓ.

2. pσ, ρq , ΦG‘Y
e pxqÒ if for every τ compatible with pσ, ρq, Φτ‘Y

e pxqÒ.

We then say that the property ΦG‘Y
e pxqÓ or ΦG‘Y

e pxqÒ is forced by the condition
pσ, ρq.

By definition of ,, it is clear that if pσ, ρq forces some property, then this property
holds for every set X compatible with pσ, ρq.

Note that the relations pσ, ρq , ΦG‘Y
e pxqÓ and pσ, ρq , ΦG‘Y

e pxqÒ are ∆1pY q
and Π1pY q, respectively (using the convention that, when the oracle of a Turing
functional is only partially specified, the computation is required to halt within a
number of steps bounded by the index of the first undefined bit of the oracle, and
otherwise diverges by running into an infinite loop).

We need to satisfy three kinds of requirements for every k PM :

• Rk: pG‘ Y q1æk is decided

• Sk: for every e ă k, ΦG‘Y
e is not an M -infinite α-decreasing sequence

• Tk: for every e ă k, G Ď˚ Re or G Ď˚ NzRe and there exists some x ą k such
that x P G.
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The requirements Tk can be satisfied easily by extending a condition pσ, ρq to a
condition pσ Y txu, ρ1q where ρ1 ă Q has length at least k and x P R⃗ρ is bigger than
k. This can be done Q-computably and guarantees that G Ď σ Y R⃗ρ1 , and hence
that G Ď˚ Re or G Ď˚ NzRe for every e ă k, by definition of R⃗ρ1 . Thus, we get the
following:

Lemma 10.2.8. For every condition pσ, ρq and every k P M , there exists some
extension pτ, ρ1q ď pσ, ρq such that pτ, ρ1q , Tk.

Proof. Since ρ ă Q, the set R⃗ρ is M-infinite and there exists some τ compatible with
pσ, ρq and some x ą k such that x P τ , making pτ, ρq , Dx P G, x ě k. Then taking
ρ1 “ Qæk ensures that every G compatible with pτ, ρ1q will be such that Gzτ Ď R⃗Qæk,
hence that pτ, ρ1q , Tk.

We will need the following two technical lemmas, which are Shore blocking
arguments for satisfying the first two kinds of requirements, namely, deciding the
jump and preserving WF0

pαq. In what follows, pτ, ρq , pG‘ Y q1æk “ σ1 means that
|σ1| “ k and that for every e ă k, if σ1peq “ 1 then pτ, ρq , ΦG‘Y

e peqÓ and if σ1peq “ 0,
then pτ, ρq , ΦG‘Y

e peqÒ. Thus, this relation is Π1pY q.

Lemma 10.2.9. Let pσ, ρq be a condition. For every k PM , there exists some M -finite
σ1 P 2k and an extension pτ, ρq ď pσ, ρq such that pτ, ρq , pG‘ Y q1æk “ σ1.

Proof. Let W be the set of all σ1 P 2k such that pDτ ą σqpDtqp@e ă kqpτ ´ σ Ď

R⃗ρ ^ |τ ´ σ| ě 1 ^ σ1peq “ 1 Ñ Φτ‘Y
e peqrtsÓq. Note that W is Σ1pY q and hence

M -finite as M ( BCΣ0
1 by a relativization of Proposition 3.5.2. Moreover, W is non-

empty, as it contains the string 00 . . . 0. Let σ1 PW be its lexicographically maximal
element, and let τ ľ σ witness that σ1 PW .

We claim that pτ, ρq forces pG‘ Y q1æk “ σ1. Fix some e ă k.
Case (a): σ1peq “ 1. Then Φτ‘Y

e peqÓ (hence for every X compatible with pτ, ρq,
e P pX ‘ Y q1).

Case (b): σ1peq “ 0. The maximality of σ1 ensures that for every µ compatible
with pτ, ρq, Φµ‘Y peqÒ (hence that for every X compatible with pτ, ρq, ΦX‘Y

e peqÒ and
e R pX ‘ Y q1).

Lemma 10.2.10. Let pσ, ρq be a condition. For every k PM , there exists some n PM
and an extension pτ, ρq ď pσ, ρq forcing ΦG‘Y

e not to be an α-decreasing sequence of
length more than n for every e ă k.

Proof. By twisting the Turing functionals, we can assume that for every e, n P M ,
and every ρ P 2ăM , if Φρ

epnqÓ, then

• Φρ
epmqÓ for every m ă n

• Φρ
ep0q,Φ

ρ
ep1q, . . . ,Φ

ρ
epnq is a strictly α-decreasing sequence

Suppose the lemma does not hold. Then in particular, for every M -finite string τ
compatible with pσ, ρq and every n P M , there is some τ1 ľ τ compatible with pσ, ρq
and some e ă k such that Φτ1‘Y

e pnqÓ.
Build Y -computably an infinite sequence τ0 ĺ τ1 ĺ τ2 ĺ . . . such that for every n,

• τn is compatible with pσ, ρq

• Φτn‘Y
e pnqÓ for some e ă k (which depends on n)

Since M ( BΣ0
2, M ( @kRT1

k (see Theorem 6.0.5), there is an M -infinite set Z PM
and some e ă k such that for every n P Z, Φτn‘Y

e pnqÓ.
Then, letting fpnq “ Φτn‘Y

e pnq, we have an M -infinite α-decreasing sequence,
contradicting M (WF0

pαq.
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Note that, as formulated, the requirement Sk is a Π0
2pGq property. However, once

a value of n is fixed, the statement that ΦG‘Y
e pnqÒ for every e ă k is Π0

1pGq. Thus,
our formalism allows us to force Π0

2 properties of G.

Construction. We P -computably construct a decreasing sequence pσs, ρsq of
conditions. In parallel, the set pG‘ Y q1 is approximated by a sequence pσ1

sq of finite
binary sequences.

Let σ0 “ ρ0 “ σ1
0 “ ε. Assume that σs, ρs, and σ1

s have been defined for some
s PM and let

ks “ 1`maxt|σs|, |ρs|, |σ
1
s|u.

Using Lemma 10.2.8, Lemma 10.2.9 and Lemma 10.2.10, there exists some
extension pτ, ρq ď pσs, ρsq forcing Rks

,Sks
and Tks

. Such an extension can be found
P -computably. We then let σs`1 “ τ , ρs`1 “ ρ and σ1

s`1 “ σ1 where σ1 is the
sequence obtained from the fact that Rks

is forced.
As explained in Section 10.2.1, the σs, σ1

s and ρs may only be defined on some cut
I but are nonetheless of unbounded length in M .

Let G “
Ť

sPI σs. By construction G is P -computable and, as the Rks
are satisfied,

pG‘ Y q1 is equal to
Ť

sPI σ
1
s and is also P -computable, hence MrG‘ Y s “MrGs (

RCA0 ` BΣ0
2. Since the requirements Tk are satisfied, the set G is R⃗-cohesive. Then,

as the requirements Sk are satisfied, MrGs (WF0
pαq.

This completes the proof of Proposition 10.2.5.

Corollary 10.2.11. Consider a countable model M “ pM,Sq ( RCA0 ` BΣ0
2 `

WF0
pαq topped by a set Y P S, where α ď ε0 is an ordinal. Then for every R⃗ P S,

there exists G ĎM such that

1. G is R⃗-cohesive;

2. MrGs ( RCA0 ` BΣ0
2 `WF0

pαq.

Proof. By Theorem 9.2.5, there exists a set P Ď M such that P " Y 1 and MrP s (
RCA˚

0 . The conclusion then follows from Proposition 10.2.5.

We therefore obtain our first conservation theorem:

Theorem 10.2.12. Fix an ordinal α ď ε0. COH is Π1
1-conservative over RCA0 `

BΣ0
2 `WF0

pαq.

Proof. Immediate by Proposition 10.2.5 and Theorem 9.2.3.

10.2.4 Π1
1-conservation of WKL

We now turn to the proof of Π1
1-conservation of WKL. As for COH, in the case α “ ω,

we recover the well-known conservation theorem of Hájek [56] stating that WKL is
Π1

1-conservative over RCA0 ` BΣ0
2.

Proposition 10.2.13. Consider a countable model M “ pM,Sq ( RCA0 ` BΣ0
2 `

WF0
pαq topped by a set Y P S, where α P M is an ordinal ď ε0. Then for every

M -infinite tree T P S, there exists G ĎM such that

1. G is a path in T ;

2. Y 1 ěT pG‘ Y q
1;

3. MrGs ( RCA0 ` BΣ0
2 `WF0

pαq

Proof. We will build the path G using forcing on trees. A condition will be a pair
pσ, Uq with U P S an M -infinite Y -computable subtree of T with root σ (i.e., its only
elements of length ď |σ| are the prefixes of σ) and we write pσ, U1q ď pτ, U2q if τ ĺ σ
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and U1 Ď U2. In a condition, the tree U is given by a Turing index e such that ΦY
e

computes it.
Again, a condition pσ,Uq is an approximation of the path G being constructed

where σ is an initial segment of G and G will be one of the paths of U . A set X ĎM
is said to be compatible with pσ, Uq if it belongs to rU s.

Definition 10.2.14. Let pσ,Uq be a condition and e, x PM , we write:

1. pσ,Uq , ΦG‘Y
e pxqÓ if Φσ‘Y

e pxqÓ

2. pσ,Uq , ΦG‘Y
e pxqÒ if for every τ P U , Φτ‘Y

e pxqÒ.

Note that the relations pσ,Uq , ΦG‘Y
e pxqÓ and pσ,Uq , ΦG‘Y

e pxqÒ are ∆1pY q
and Π1pY q, respectively. As before, the definition above induces a forcing relation
for all Σ0

1pGq- and Π0
1pGq-formulas in that every set X compatible with a condition

pσ,Uq forcing some property φpGq will be such that φpXq holds.
For our construction, we want to satisfy the following requirements :

• Rk: pG‘ Y q1æk is decided.

• Sk: Let β ă α be the largest ordinal of index less than k, for every e ă k, ΦG‘Y
e

is not an M -infinite decreasing sequence of ordinals smaller than β.

• Tk: |σ| ě k.

We first prove a simple technical lemma stating the existence of arbitrarily large
extendible nodes. This lemma even holds over RCA˚

0 and can be found in various
places in the literature.

Lemma 10.2.15 (Fernandes et al [44]). Let M “ pM,Sq ( RCA˚
0 and T Ď 2ăM be

an M -infinite tree in S. Then for every ℓ P M , there is some σ P T of length ℓ such
that tτ P T : τ is comparable with σu is M -infinite.

Proof. Assume by contradiction that for every σ P 2ℓ the tree

tτ P T : τ is comparable with σu

is M -bounded, this means that M ( @σ P 2ℓDbσ@τ P 2
bσ , σ ă τ ñ τ R T .

The formula @τ P 2bσ , σ ă τ ñ τ R T is Σ0pT q. Therefore, we can use BΣ0
1 (which

holds in RCA˚
0 ) to get :

M ( Db@σ P 2ℓDbσ ă b@τ P 2bσ , σ ă τ ñ τ R T

This yields that T is bounded by such a b, contradicting our assumption that
T is M -infinite. So there is some σ P T of length ℓ such that tτ P T :
τ is comparable with σu is M -infinite.

We will need the following two technical lemmas, which are Shore blocking
arguments for satisfying the first two kinds of requirements, namely, deciding the
jump and preserving WF0

pαq. In what follows, pτ, Uq , pG ‘ Y q1æk “ σ1 means
that for every e ă |σ1|, if σ1peq “ 1 then pτ, Uq , ΦG‘Y

e peqÓ and if σ1peq “ 0, then
pτ, Uq , ΦG‘Y

e peqÒ. Thus, this relation is Π1pY q.

Lemma 10.2.16. Let pσ, T1q be a condition. For every k P M , there exists some
M -finite σ1 and an extension pτ, T2q ď pσ, T1q forcing pG‘ Y q1æk “ σ1.

Proof. Let W be the set of all σ1 P 2k such that the tree tρ P T1 : σ1peq “ 0 Ñ
Φρ‘Y

e peqÒu is M -infinite. In general, the predicate “X is infinite” is Π2pXq (@xDy ą
x, y P X), but in the case of trees U , their closure under prefixes makes this predicate
Π1pXq (@ℓDρ P 2ℓ, ρ P U). Thus, W is Π1pY q and hence M -finite as M ( BCΠ0

1

by a relativization of Proposition 3.5.2, and it is non-empty as it contains the string
111 . . . 1.
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We can consider σ1 P W its lexicographically minimal element, and the
corresponding tree T3. For every e ă k such that σ1peq “ 1, the minimality of σ1

gives us that the set of τ P T3 such that Φτ‘Y
e peqÒ is M -finite, so we have a level he

such that for every τ P T3 X 2he , Φτ‘Y
e peqÓ. The set te ă k : σ1peq “ 1u is M -finite,

so we can consider an upper bound h of all the he. Finally, by Lemma 10.2.15, there
is a τ P T3 X 2h such that T2 :“ tρ P T3 : ρ is comparable with τu is M -infinite (since
T3 is M -infinite).

We claim that pτ, T2q forces pG‘ Y q1æk “ σ1. Fix some e ă k.
Case (a): σ1peq “ 0. Then Φτ‘Y

e peqÒ for every τ P T2 (since T2 Ď T3), hence for
every G compatible with pτ, T2q, so e R pG‘ Y q1.

Case (b): σ1peq “ 1. The definition of τ ensures that Φτ‘Y
e peqÓ, so e P pG‘Y q1.

Lemma 10.2.17. Let pσ, T1q be a condition. For every k P M , letting Γk be the
functional of Lemma 10.2.4, there is an extension pσ, T2q ď pσ, T1q forcing ΓG‘Y

k to
be partial.

Proof. Let β ă α be the largest ordinal smaller than α of index at most k. By twisting
Γk, we can assume that for every e, n PM , and every binary sequence ρ P 2ăM , that
if Γρ‘Y

k pnqÓ, then

• Γρ‘Y
k pmqÓ for every m ă n;

• Γρ‘Y
k p0q,Γρ‘Y

k p1q, . . . ,Γρ‘Y
k pnq is a strictly decreasing sequence of ordinals

smaller than β b k.

We have two cases.
Case 1: there exists some n P M such that for every ℓ P M , there is some τ P T1

of length ℓ such that Γτ‘Y
k pnqÒ. Let T2 “ tτ P T1 : Γτ‘Y

k pnqÒu. The set T2 is closed-
downward, and by assumption, is M -infinite. Then pσ, T2q ď pσ, T1q. Moreover, by
construction, pσ, T2q , ΓG‘Y

k pnqÒ.
Case 2: for every n P M , there is some ℓn P M such that for every τ P T1 of

length ℓn, Γτ‘Y
k pnqÓ.

Then, for every n, let αn “ max tΓτ‘Y
k pnq : τ P T1 ^ |τ | “ ℓnu. We claim

that for every n P M , αn`1 ă αn. Indeed, for every τ P T1 such that |τ | “ ℓn`1,
Γτ‘Y
k pn` 1q ă Γ

pτæℓnq‘Y
k pnq, so

max tΓτ‘Y
k pn` 1q : τ P T1 ^ |τ | “ ℓn`1u ă max tΓτ‘Y

k pnq : τ P T1 ^ |τ | “ ℓnu

So M *WF0
pαb kq. However, by Lemma 10.2.3, since M ( RCA0`BΣ0

2`WF0
pαq,

M (WF0
pαb kq. Contradiction.

Note that the statement “pσ, T1q forces ΓG‘Y
k pnqÒ” is Π1pY q.

Construction We Y 1-computably construct a decreasing sequence pσs, Tsq of
conditions. In parallel, the set pG‘ Y q1 is approximated by a sequence pσ1

sq of finite
binary sequences.

Let σ0 “ σ1
0 “ ε and T0 “ T . Assume that σs, Ts, and σ1

s have been defined for
some s PM . Let es be the Turing index associated with Ts and let

ks “ 1`maxt|σs|, es, |σ
1
s|u.

Using Lemma 10.2.16 and Lemma 10.2.17, there exists some extension pτ, Uq ď
pσs, Tsq forcing Rks

and Sks
. Using Lemma 10.2.15, we can assume without loss of

generality that |τ | ě ks and force Tks . We then let σs`1 “ τ , Ts`1 “ U and σ1
s`1 “ σ1

where σ1 is the sequence witnessing that Rks is forced.
The σs and σ1

s may only be defined on some cut I but are nonetheless of unbounded
length in M .

Let G “
Ť

sPI σs. By construction G is Y 1-computable and, as the Rk are satisfied,
pG‘ Y q1 is equal to

Ť

sPI σ
1
s and is also Y 1-computable, hence MrG‘ Y s “MrGs (
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RCA0 ` BΣ0
2. Since the requirements Tk are satisfied, the set G is an infinite path in

T . Then, as the requirements Sk are satisfied, MrGs (WF0
pαq.

This completes the proof of Proposition 10.2.13.

Theorem 10.2.18. Fix an ordinal α ď ε0. RCA0 `WKL ` BΣ0
2 `WF0

pαq is Π1
1-

conservative over RCA0 ` BΣ0
2 `WF0

pαq.

Proof. Immediate by Proposition 10.2.13 and Theorem 9.2.3.

10.3 Conservation over BΣ0
2 ` WF0pε0q

The cases of SEM and SADS are more complicated than those of WKL and COH, as
WF0

pωαˆωq seems to be necessary to preserve WF0
pαq where α ď ε0. The ordinal ε0

is not a fixed point of α ÞÑ ωαˆω. Fortunately, to preserve WF0
pαq, it is sufficient to

preserve WF0
pβq for every β ă α. This is why, in Lemma 10.2.4, we considered the

largest ordinal β ă α of index at most k, rather than α itself. Thus, we obtain that
WF0

psupβăα ωβˆωq suffices to preserve WF0
psupβăα βq, and therefore that WF0

pε0q
suffices to preserve itself.

10.3.1 Π1
1-conservation of SEM

As mentioned in the introduction, the bounded monotone enumeration principle
naturally shows up when formalizing the first-jump control of Ramsey’s theorem
for pairs. Within the decomposition of RT2

2 into COH ` SADS ` SEM given in
Proposition 6.2.11, SEM is the only statement not known to be Π1

1-conservative
over RCA0 ` BΣ0

2. It is therefore natural to expect to involve BME‹ in the proof
below. Since BME‹ is equivalent to WF0

pωωq and we suppose M ( RCA0 ` BΣ0
2 `

WF0
psupβăα ωβˆωq, we will be able to use BME‹.

Proposition 10.3.1. Consider a countable model M “ pM,Sq ( RCA0 ` BΣ0
2 `

WF0
psupβăα ωβˆωq topped by a set Y P S, where α PM is an ordinal ď ε0. Then for

every infinite stable tournament R in S and every set P " Y 1 such that MrP s ( RCA˚
0 ,

there exists G ĎM such that

1. G is an M -infinite transitive subtournament;

2. P ěT pG‘ Y q
1;

3. MrGs ( RCA0 ` BΣ0
2 `WF0

pαq.

Proof. In Proposition 10.2.5, the reservoirs R⃗ρ were all computable from the set Y . In
the present construction, however, extending a condition requires computing a path
through a tree that is itself computable from the previous stage. As a result, the
construction involves an infinite sequence Y ! X0 ! X1 ! . . . of sets, each of PA
degree over its predecessor.

By Proposition 10.2.13, we can add paths through trees to our model M. Since we
wish to remain within a topped model, we cannot directly apply Theorem 10.2.18 to
obtain a model of WKL0 containing such a sequence (and we also want the sequence
to be uniformly computable in P , which Theorem 10.2.18 doesn’t provide). However,
it can be shown that there exists a single Y -computable tree whose paths encode such
sequences, hence, a single application of Proposition 10.2.13 suffices:

Indeed, consider the class C equal to

t
à

a

Xa : @a@e,ΦY ‘X0‘¨¨¨‘Xa
e is an infinite binary tree Ñ Xxa,ey P rΦ

Y ‘X0‘¨¨¨‘Xa
e su

C is a non-empty Π0
1 class relative to Y . By a relativization of Proposition 4.2.2,

there exists a Y -computable tree whose paths are exactly the elements of C. Thus,
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Proposition 10.2.13 gives us a set X⃗ “
À

aXa P C such that Y 1 ěT pX⃗ ‘ Y q1 and
MrX⃗s ( RCA0 ` BΣ0

2 `WF0
psupβăα ωβˆωq.

Furthermore, Proposition 10.2.5 applied to MrX⃗s gives us a set C ĎM satisfying:

• C is X⃗-cohesive;

• P ěT pC ‘ X⃗ ‘ Y q
1;

• MrX⃗ ‘ Cs ( RCA0 ` BΣ0
2 `WF0

psupβăα ωβˆωq

Let A0pRq :“ tx : @8yRpx, yqu and A1pRq :“ tx : @8yRpy, xqu, where @8 means
“for all but finitely many”, so A0pRq and A1pRq are Σ2pY q. The stability of R gives
us A0pRq \A1pRq “M , so A0pRq and A1pRq are ∆2pY q.

Definition 10.3.2. For two sets F and G, the notation F ÑR G denotes the formula
p@x P F qp@y P GqRpx, yq.

Definition 10.3.3 (Minimal interval). Let a, b P M , the interval pa, bq is the set of
all x such that Rpa, xq and Rpx, bq.
Let F be an M -finite transitive subtournament of R, for a, b P F Y t´8,`8u we
say that pa, bq is a minimal interval of F if F X pa, bq “ H, where we consider that
Rp´8, xq and Rpx,`8q hold for every x PM .

Definition 10.3.4. A condition is a pair pσ, aq where σ is an M -finite binary string
corresponding to an R-transitive subtournament, a P M is such that C Ď˚ Xa and
Xa is included in a minimal interval of σ.
A set X ĎM is compatible with a condition pσ, aq if σ ă X Ď σ YXa.

Being a condition is a ∆1ppC‘X⃗‘Y q
1q-formula. Indeed, being a finite R-transitive

subtournament is Y -computable, checking that Xa is included in a minimal interval
of σ is pXa‘Y q

1-computable, and checking if C Ď˚ Xa can be decided using pC‘Xaq
1

(since C is X⃗-cohesive, we know that C Ď˚ Xa or C Ď˚ NzXa and these events are
Σ2pC ‘Xaq). Since P ěT pC ‘ X⃗ ‘ Y q

1, it is a ∆1pP q predicate.

Definition 10.3.5. Let pσ, aq be a condition and e, x PM , we write:

1. pσ, aq , ΦG‘Y
e pxqÓ if Φσ‘Y

e pxqÓ

2. pσ, aq , ΦG‘Y
e pxqÒ if for every σ ĺ τ Ď σ YXa, Φτ‘Y

e pxqÒ.

The relations pσ, aq , ΦG‘Y
e pxqÓ and pσ, aq , ΦG‘Y

e pxqÒ are ∆1pY q and Π1pY ‘X⃗q
respectively. Again, by definition of the forcing relation,, it is clear that if a condition
pσ, aq forces some Σ0

1pGq or Π0
1pGq property, then this property holds for every set

compatible with pσ, aq.

Definition 10.3.6. A condition pτ, bq extends a condition pσ, aq (and we write pτ, bq ď
pσ, aq) if σ ĺ τ , Xb Ď Xa and τ ´ σ Ď Xa.

For our construction, we want to satisfy the following requirements :

• Rk: pG‘ Y q1æk is decided.

• Sk: Let β ă α be the biggest ordinal of index less than k, for every e ă k, ΦG‘Y
e

is not an M -infinite decreasing sequence of ordinals smaller than β.

• Tk: There exists some x ą k such that x P G.

We will need two technical lemmas, which are Shore blocking arguments for
satisfying the two kinds of requirements, namely, deciding the jump and preserving
WF0

pαq. Before this, we introduce some basic combinatorial concepts which will be
useful for both lemmas.
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Definition 10.3.7. Fix a condition pσ, aq.

(1) A pσ, aq-node is an M -finite sequence of the form

ν “ xpi0, ρ0q, pi1, ρ1q, . . . piq´1, ρq´1qy

such that for every s ă q, is ă 2, ρs Ď Xa is a non-empty M -finite R-transitive
set with min ρs ą max ρs´1 (letting ρ´1 “ σ), and for every s ă t ă q, if is “ 0
then ρs ÑR ρt, and if is “ 1 then ρt ÑR ρs. We then write

πpνq “ σ Y ρ0 Y ¨ ¨ ¨ Y ρq´1

(2) This pσ, aq-node is valid if for every s ă q, ρs Ď AispRq

(3) A pσ, aq-node ν satisfies a Σ0
1pMq-formula φpG, xq ” DiψpGæi, xq if ψpπpνq, |ν|´

1q holds.

Lemma 10.3.8. Fix a pσ, aq-node ν. Then πpνq is R-transitive.

Proof. Say ν “ xpi0, ρ0q, pi1, ρ1q, . . . piq´1, ρq´1qy. We prove by Σ0
0-induction that

for every ℓ ă t, ρℓ is an R-transitive tournament included in a minimal interval of
σ Y ρ0 Y ¨ ¨ ¨ Y ρℓ´1 and that σ Y ρ0 Y ¨ ¨ ¨ Y ρℓ is R-transitive.

This is true for ℓ “ 0 since pσ, aq is a condition. And assuming the property to
be true at a rank ℓ ă t´ 1, the construction of ρℓ`1 ensures that it is included in the
minimal interval of pσ, aq and that ρℓ`1 ÑR ρj if ij “ 1 and ρj ÑR ρℓ`1 if ij “ 0, so
no element of σYρ0Y¨ ¨ ¨Yρℓ is between two elements of ρℓ`1. Since σYρ0Y¨ ¨ ¨Yρℓ
is R-transitive (by the induction hypothesis), this means that ρℓ`1 is included in one
of its minimal intervals, and since it is itself R-transitive, σ Y ρ0 Y ¨ ¨ ¨ Y ρℓ Y ρℓ`1 is
R-transitive.

Lemma 10.3.9. Fix a valid pσ, aq-node ν. Then pπpνq, bq is an extension of pσ, aq
for some b PM .

Proof. Say ν “ xpi0, ρ0q, pi1, ρ1q, . . . piq´1, ρq´1qy. By definition of validity and
stability of R, for every s ă q, if is “ 0 then @x P ρs@

8y P Xa, Rpx, yq, and
if is “ 1 then @x P ρs@

8y P Xa, Rpy, xq. By BΣ0
2, there exists some r P M

such that for every s ă q, if is “ 0 then ρs ÑR Xazt0, . . . , ru, and if is “ 1
then Xazt0, . . . , ru ÑR ρs. Let b P M be such that Xb “ Xazt0, . . . , ru and
let τ “ σ Y ρ0 Y ¨ ¨ ¨ Y ρq´1. By Lemma 10.3.8, τ is R-transitive and by construction,
Xb Ď Xa is included in a minimal interval of τ . Thus pτ, bq is an extension of pσ, aq.

Definition 10.3.10. Fix a condition pσ, aq.

(1) A pσ, aq-tree is a set of pσ, aq-nodes closed downward under the prefix relation.

(2) A pσ, aq-tree E is universal if for every pσ, aq-node ν that is not a leaf, there is
some r P M such that for every M -finite 2-partition A0 \ A1 “ t0, . . . , r ´ 1u,
there is a side i ă 2 and an M -finite R-transitive ρ Ď Ai X Xa such that
ν ¨ xi, ρy P E.

(3) A pσ, aq-tree E satisfies a Σ0
1pMq-formula if all its nodes satisfy it.

(4) A universal pσ, aq-tree E satisfying a Σ0
1pMq-formula φpG, xq is maximal for that

formula if we cannot add any descendants to a leaf of E while still obtaining a
universal pσ, aq-tree satisfying φpG, xq.

Lemma 10.3.11. For every Σ0
1pMq-formula φpG, xq and every condition pσ, aq, there

is a monotone enumeration of a universal pσ, aq-tree E satisfying φpG, xq that is
maximal for φpG, xq.
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Proof. At stage 0 enumerate the empty sequence xy. At stage s, for every leaf ν P E,
if for every 2-partition A0 \A1 “ t0, . . . , su, there is some i ă 2 and some ρ Ď Ai for
which

(i) φpπpνq Y ρ, |ν|q holds

(ii) ν ¨ xpi, ρqy is a pσ, aq-node.

then enumerate ν ¨ xpi, ρqy for all such partitions, and go to the next stage. If nothing
is enumerated, simply go to the next stage.

Such a universal pσ, aq-tree is not necessarily M -finite.

Lemma 10.3.12. Every M -finite universal pσ, aq-tree E has a valid leaf.

Proof. We prove it by ∆0
2-induction. The root xy is vacuously valid. Assume ν P E

is a valid non-leaf. By universality of E, there is some r P M such that for every
M -finite 2-partition A0 \ A1 “ t0, . . . , r ´ 1u, there is a side i ă 2 and an M -finite
R-transitive ρ Ď Ai XXa such that ν ¨ xi, ρy P E. By BC∆0

2pY q (which is equivalent
to BΣ0

2pY q modulo RCA˚
0 ), the following partition is M -finite:

A0pRqær \A1pRqær “ t0, . . . , r ´ 1u

Thus, there exists some i ă 2 and some ρ Ď AipRq such that ν ¨ xi, ρy P E. By choice
of i and ρ, the node ν ¨ xi, ρy is valid.

Lemma 10.3.13. Let pσ, aq be a condition, φpG, xq be a Σ0
1pMq-formula, and E be an

M -finite universal pσ, aq-tree satisfying φpG, xq, which is maximal for φpG, xq. Then
there is an extension pτ, cq ď pσ, aq and some q PM such that pτ, cq , φpG, q´ 1q and
pτ, cq , ␣φpG, qq.

Proof. By Lemma 10.3.12, there is a valid leaf ν P E. Since E satisfies φpG, xq,
φpπpνq, |ν| ´ 1q holds. By Lemma 10.3.9, there is some b P M such that pπpνq, bq ď
pσ, aq.

By maximality of the tree, for every s P M , there exists a 2-partition A0 \ A1 “

t0, . . . , su, such that for every side i ă 2 and every M -finite ρ Ď Ai XXa such that
ν ¨ xi, ρy is a pσ, aq-node, φpπpνq Y ρ, |ν|q does not hold.

Note that by choice of Xb, for every non-empty M -finite R-transitive ρ Ď AiXXb,
ν ¨ xi, ρy is a pσ, aq-node. Thus, for every s PM , there exists a 2-partition A0 \A1 “

t0, . . . , su, such that the following property holds:

(P): For every side i ă 2 and every non-empty M -finite R-transitive ρ Ď
Ai XXb, φpπpνq Y ρ, |ν|q does not hold.

Consider the binary tree of all such partitions satisfying (P), where a partition
B0 \ B1 “ t0, . . . , s ` 1u is a direct descendant of A0 \ A1 “ t0, . . . , su when Bi X

t0, . . . , su “ Ai for every i ă 2. This tree is therefore infinite, and there exists a
2-partition A0 \ A1 “ Xb such that (P) holds. By definition of X⃗, there exists
some c, d PM such that Xc, Xd is a 2-partition of Xb in C. Moreover, since C Ď˚ Xb,
either C Ď˚ Xc or C Ď˚ Xd. Since they play a symmetric role, say C Ď˚ Xc. Then
pτ, cq is an extension of pτ, bq forcing φpG, |ν| ´ 1q and ␣φpG, |ν|q.

We are now ready to prove our two Shore blocking lemmas.

Lemma 10.3.14. Let pσ, aq be a condition. For every k P M , there exists some
M -finite σ1 P 2k and an extension pτ, bq ď pσ, aq such that pτ, bq , pG‘ Y q1æk “ σ1
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Proof. Let φpG, xq be the Σ0
1pY q-formula which holds if there exists some e0 ă ¨ ¨ ¨ ă

ex´1 ă k such that for every s ă x, ΦG‘Y
es pesqÓ.

By Lemma 10.3.11, there exists a monotone enumeration of a universal pσ, aq-
tree E satisfying φpG, xq such that no descendants can be added to any leaf while
preserving the property of being a universal pσ, aq-tree satisfying φpG, xq. Moreover,
since φpG, k ` 1q never holds, the enumeration E is k-bounded. Since α ą 0, M (

WF0
pωωq, hence M ( BME‹, so E is M -finite. By Lemma 10.3.13, there is an

extension pτ, bq ď pσ, aq and some q P M such that pτ, bq , φpG, q ´ 1q and pτ, bq ,
␣φpG, qq. Let σ1 “ te ă k : Φτ‘Y

e peqÓu. Then pτ, bq , pG‘ Y q1æk “ σ1.

Lemma 10.3.15. Let pσ, aq be a condition. For every k P M , letting Γk be the
functional of Lemma 10.2.4 for the order α, there is an extension pτ, bq ď pσ, aq
forcing ΓG‘Y

k to be partial.

Proof. Let β ă α be the largest ordinal smaller than α of index at most k. By twisting
Γk, we can assume that for every e, n P M , and every binary sequence ρ P 2ăM that
if Γρ‘Y

k pnqÓ, then

• Γρ‘Y
k pmqÓ for every m ă n;

• Γρ‘Y
k p0q,Γρ‘Y

k p1q, . . . ,Γρ‘Y
k pnq is a strictly decreasing sequence of ordinals

smaller than β b k.

Let φpG, xq be the Σ0
1pY q-formula which holds if ΓG‘Y

k pxqÓ. By Lemma 10.3.11,
there exists a monotone enumeration of a universal pσ, aq-tree E satisfying φpG, xq
that is maximal for φpG, xq. We have two cases.

Case 1: E is M -finite. Then by Lemma 10.3.13, there is an extension pτ, cq ď pσ, aq
and some q P M such that pτ, cq , φpG, q ´ 1q and pτ, cq , ␣φpG, qq. In particular,
pτ, cq , ΓG‘Y

k pqqÒ.
Case 2: E is not M -finite. Then there exist M -infinitely many stages s PM such

that Erss ‰ Ers` 1s. By speeding up the enumeration, we can assume without loss
of generality that Ers` 1s ‰ Erss ‰ txyu for every s PM .

For every s PM and ν P Erss, let

ζspνq “

#

ωΓ
πpνq‘Y
k p|ν|´1q if ν is a leaf of Erss

À

µĄErssν
ζspµq otherwise

Finally, let ζs “ ζspxyq.

Claim: ζs`1 ă ζs for all s PM . Since Ers`1s ‰ Erss, there is some leaf ν P Erss
which is not a leaf in Ers` 1s. By assumption on Γk, for every µ ĚErs`1s ν,

Γ
πpµq‘Y
k p|µ| ´ 1q ă Γ

πpνq‘Y
k p|ν| ´ 1q

Hence
à

µĄErs`1sν

ωΓ
πpµq‘Y
k p|µ|´1q ă ωΓ

πpνq‘Y
k p|ν|´1q

So ζs`1pνq ă ζspνq. By Σ0
0-induction along the ancestors of ν up to the root, we

obtain ζs`1pxyq ă ζspxyq. This concludes the proof of our claim.

As ζs ď ζ0 ď ωβbk ď ωβˆω for all s P M . This contradicts the fact that M (

WF0
pωβˆωq.

Construction We P -computably construct a decreasing sequence pσs, asq of
conditions. In parallel, the set pG‘ Y q1 is approximated by a sequence pσ1

sq of finite
binary sequences.
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Let σ0 “ σ1
0 “ ε and a0 be an index corresponding to M . Assume that σs, as, and

σ1
s have been defined for some s PM and let

ks “ 1`maxt|σs|, as, |σ
1
s|u.

Using Lemma 10.3.14 and Lemma 10.3.15, there exists some extension pτ, bq ď
pσs, asq forcing Rks and Sks . Such an extension can be P -computably found. We can
then add an element of Xb bigger than ks to τ and then extract an infinite minimal
interval from Xb using P to obtain some condition pρ, cq forcing Tks

. We then let
σs`1 “ ρ, as`1 “ c and σ1

s`1 “ σ1 where σ1 is the sequence witnessing that Rks
is

forced.
The σs and σ1

s may only be defined on some cut I but are nonetheless of unbounded
length in M .

Let G “
Ť

sPI σs. By construction G is P -computable and, as the Rk are satisfied,
pG‘ Y q1 is equal to

Ť

sPI σ
1
s and is also P -computable, hence MrG‘ Y s “MrGs (

RCA0 ` BΣ0
2. Since the requirements Tk are satisfied, the set G is an M -infinite

transitive subtournament of R. Then, as the requirements Sk are satisfied, MrGs (
WF0

pαq.
This completes the proof of Proposition 10.3.1.

Corollary 10.3.16. Consider a countable model M “ pM,Sq ( RCA0 ` BΣ0
2 `

WF0
psupβăα ωβˆωq topped by a set Y P S, where α PM is an ordinal ď ε0. Then for

every infinite stable tournament R in S, there exists G ĎM such that

1. G is an M -infinite transitive subtournament;

2. MrGs ( RCA0 ` BΣ0
2 `WF0

pαq.

Proof. By Theorem 9.2.5, there exists a set P Ď M such that P " Y 1 and MrP s (
RCA˚

0 . The conclusion follows from Proposition 10.3.1.

Theorem 10.3.17. RCA0 ` BΣ0
2 `WF0

pε0q ` SEM is Π1
1-conservative over RCA0 `

BΣ0
2 `WF0

pε0q.

Proof. Immediate by Corollary 10.3.16 for the case α “ ε0 and Theorem 9.2.3.

10.3.2 Π1
1-conservation of SADS

We now turn to the proof that SADS is Π1
1-conservative over RCA0`BΣ0

2`WF0
pε0q.

There exist two main constructions of solutions to instances of SADS: an asymmetric
one, which assumes that there is no infinite computable descending sequence, and
constructs an ascending one, as in Hirschfeldt and Shore [63, Theorem 2.11], and
a symmetric one using split pairs, as in Lerman, Solomon, and Towsner [94] or
Patey [114, Theorem 26]. Our proof follows the second construction.

Proposition 10.3.18. Consider a countable model M “ pM,Sq ( RCA0 ` BΣ0
2 `

WF0
psupβăα ωβˆωq topped by a set Y P S, where α PM is an ordinal ď ε0. Then for

every linear order L “ pM,ďLq P S of order type ω ` ω˚, there exists G Ď M such
that

1. G is an M -unbounded ascending or descending sequence for ďL;

2. Y 1 ěT pG‘ Y q
1;

3. MrGs ( RCA0 ` BΣ0
2 `WF0

pαq.

Proof. Let L “ pM,ďLq be such an order. If M already contains an M -unbounded
ascending or descending sequence for ďL, then we are done, so assume otherwise. Let
U0 ĎM and U1 ĎM be the sets of elements that have a finite amount of predecessors
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and successors for ďL, respectively. By assumption, U0 \ U1 “ M , and U0 and U1

are both ∆2pY q.
Contrary to the cases of COH,WKL, and SEM, we will be building two sets in

parallel instead of one: an ascending sequence G0 and a descending sequence G1,
and prove by a pairing argument that there exists some side i ă 2 where all the
requirements are forced.

A condition is a pair pσ0, σ1q with σ0 an M -finite L-ascending sequence included
in U0 and σ1 an M -finite L-descending sequence included in U1. We say that pτ0, τ1q
extends pσ0, σ1q (and we write pτ0, τ1q ď pσ0, σ1q) if τ0 ľ σ0 and τ1 ľ σ1. A set Gi

is compatible with a condition pσ0, σ1q on side i ă 2 when σi ă Gi.
Being a condition is a ∆2pY q-predicate, while the extension relation is ∆1. We

define a weaker notion of pair which is ∆1pY q:

Definition 10.3.19. A split pair is a pair pσ0, σ1q of strings such that σ0 is an M -
finite L-ascending sequence, σ1 is an M -finite L-descending sequence, and maxL σ

0 ăL
minL σ

1.

The core property of split pairs pσ0, σ1q comes from the fact that if σ0 Ę U0, then
σ1 Ď U1. In particular, if pσ0, σ1q is a condition and pτ0, τ1q is a split pair such that
σ0 ĺ τ0 and σ1 ĺ τ1, then either pτ0, σ1q or pσ0, τ1q is a condition extending pσ0, σ1q.

Definition 10.3.20. Let pσ0, σ1q be a condition, e, x PM and i ă 2, we write:

• pσ0, σ1q ,i Φ
Gi‘Y
e pxqÓ if Φσi‘Y

e pxqÓ.

• pσ0, σ1q ,i Φ
Gi‘Y
e pxqÒ if @τ i ľ σi such that the pair obtained by replacing the

i-th component in pσ0, σ1q by τ i is a split pair, Φτ i‘Y
e pxqÒ.

Note that the relations pσ0, σ1q ,i ΦGi‘Y
e pxqÓ and pσ0, σ1q ,i ΦGi‘Y

e pxqÒ are
∆1pY q and Π1pY q, respectively.

As in the proof of Theorem 8.5.6, we introduce a forcing question which, thanks
to Lemma 10.3.22, allows us to Y 1-computably determine a side i ă 2 and construct
extensions forcing either a given property or its negation on side i.

Definition 10.3.21. Let pσ0, σ1q be a condition and e0, e1, x0, x1 P M . We write
pσ0, σ1q ?$ΦG0‘Y

e0 px0qÓ_ΦG1‘Y
e1 px1qÓ if there exists some split pair pτ0, τ1q such that

σi ĺ τ i and Φτ i‘Y
ei pxiqÓ for every i ă 2.

The relation pσ0, σ1q ?$ΦG0‘Y
e0 px0qÓ _ ΦG1‘Y

e1 px1qÓ is Σ1pY q.

Lemma 10.3.22. Let pσ0, σ1q be a condition, and let e0, e1, x0, x1 PM . Then:

• If pσ0, σ1q ?$ΦG0‘Y
e0 px0qÓ_ΦG1‘Y

e1 px1qÓ, then there exist an extension pτ0, τ1q ď
pσ0, σ1q and some i ă 2 such that pτ0, τ1q ,i Φ

Gi‘Y
ei pxiqÓ.

• If pσ0, σ1q ?&ΦG0‘Y
e0 px0qÓ_ΦG1‘Y

e1 px1qÓ, then there exist an extension pτ0, τ1q ď
pσ0, σ1q and some i ă 2 such that pτ0, τ1q ,i Φ

Gi‘Y
ei pxiqÒ.

Furthermore, deciding which case holds and computing the extension pτ0, τ1q can be
done Y 1-computably.

Proof. Assume first that pσ0, σ1q ?$ΦG0‘Y
e0 px0qÓ _ΦG1‘Y

e1 px1qÓ. Then there exists a
split pair pρ0, ρ1q such that, for every i ă 2, σi ĺ ρi and Φρi‘Y

ei pxiqÓ. Using Y , we can
find such a split pair. Since pρ0, ρ1q is a split pair, there is some side i ă 2 such that
ρi Ď U i, and such a side can be found using Y 1. Replacing σi by ρi in the condition
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pσ0, σ1q yields an extension pτ0, τ1q ď pσ0, σ1q such that pτ0, τ1q ,i Φ
Gi‘Y
ei pxiqÓ.

Now suppose that pσ0, σ1q ?&ΦG0‘Y
e0 px0qÓ _ ΦG1‘Y

e1 px1qÓ. Consider the program
which runs through all M -finite L-ascending sequences ρ0 such that σ0 ĺ ρ0,
maxL ρ

0 ăL minL σ
1 and Φρ0‘Y

e0 px0qÓ. Whenever a new ρ0 is found whose value
of maxL ρ

0 is smaller than all previously found ones, enumerate maxL ρ
0. By

construction, this program yields a Y -computable L-descending sequence. By our
assumption, M does not contain any solution to the given instance of SADS, this
enumeration must therefore be finite. Hence, either no such ρ0 is enumerated, in
which case pσ0, σ1q ,0 ΦG0‘Y

e0 px0qÒ and we are done, or else we can Y 1-computably
find some ρ0 such that σ0 ĺ ρ0, maxL ρ

0 ăL minL σ
1 and Φρ0‘Y

e0 px0qÓ and for which
maxL ρ

0 is minimal.
Similarly, either we already have pσ0, σ1q ,1 ΦG1‘Y

e1 px1qÒ or we can Y 1-computably
find some M -finite L-descending sequence ρ1 such that σ1 ĺ ρ1, minL ρ

1 ąL maxL σ
0

and Φρ1‘Y
e1 px1qÓ and such that minL ρ

1 is maximal among all such sequences.
In the case where such ρ0 and ρ1 are found, we cannot have ρi Ď U i for both

i ă 2, since then pρ0, ρ1q would form a split pair, contradicting our assumption that
pσ0, σ1q ?&ΦG0‘Y

e0 px0qÓ _ ΦG1‘Y
e1 px1qÓ, and we can Y 1-computably find some side

i ă 2 such that ρi Ę U i. Without loss of generality, assume i “ 0. Define τ0 “ σ0

and τ1 “ σ1YtmaxL ρ
0u, then pτ0, τ1q is a condition extending pσ0, σ1q. Indeed, since

ρ0 Ę U0, we have maxL ρ
0 P U1, and by construction maxL ρ

0 ăL minL σ
1. Finally,

we have pτ0, τ1q ,0 ΦG0‘Y
e0 px0qÒ. Indeed, by minimality of maxL ρ

0, there is no M -
finite L-ascending sequence ρ01 such that τ0 “ σ0 ĺ ρ0

1, maxL ρ
01
ăL minL τ

1 “

maxL ρ
0 and Φρ01

‘Y
e0 px0qÓ.

We want our construction to satisfy for some i ă 2 the following requirements for
every k PM :

• Ri
k: pGi ‘ Y q1æk is decided.

• Si
k: Let β ă α be the biggest ordinal of index less than k, for every e ă k,

ΦGi‘Y
e is not an M -infinite decreasing sequence of ordinals smaller than β.

• T i
k : There exists some x ą k such that x P Gi.

For this, we will use a pairing argument, and ensure that for every k P M , the
following requirements are met: R0

k _R1
k, R0

k _ S1
k , S0

k _R1
k, S0

k _ S1
k , and T 0

k ^ T 1
k ,

and therefore, that pR0
k ^ S0

k ^ T 0
k q _ pR1

k ^ S1
k ^ T 1

k q is met for every k PM . Then,
there will be one side i ă 2 such that Ri

k ^ Si
k ^ T i

k is satisfied for M -unboundedly
many values of k, hence that all requirements are satisfied for this side.

Definition 10.3.23. Fix a condition pσ0, σ1q.
A pσ0, σ1q-tree is a binary tree T Ď 2ăM labeled by a family of split pairs pσ0

ρ, σ
1
ρqρPT

such that for all ρ P T :

• σ0 ĺ σ0
ρ and σ1 ĺ σ1

ρ;

• For every µ P T and every i ă 2, if ρ ¨ i ĺ µ then σi
ρ ĺ σi

µ;

A node ρ is said to be valid if for every i ă 2 and every µ P T such that µ ¨ i ĺ ρ,
σi
µ Ď U i. Being valid is a ∆2pY q condition.

Definition 10.3.24. Let T be a pσ0, σ1q-tree

• A node pσ0
ρ, σ

1
ρq in T satisfies a pair of Σ0

1pY q-formulas pφ0pG0, xq, φ1pG1, xqq if
φ0pσ0

ρ, |ρ| ´ card ρq and φ1pσ1
ρ, card ρq holds (where card ρ is the cardinal of ρ

seen as a set, to be distinguished from the length |ρ| of ρ as a string).

• T satisfies pφ0pG0, xq, φ1pG1, xqq if every node of T satisfies it.
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Lemma 10.3.25. For every pair pφ0pG0, xq, φ1pG1, xqq of Σ0
1pY q-formulas and every

condition pσ0, σ1q, there is a maximal Σ1pY q pσ
0, σ1q-tree T satisfying it.

Proof. T will be the limit of the following increasing sequence of Y -computable
pσ0, σ1q-trees pTsqsPM that all satisfy pφ0pG0, xq, φ1pG1, xqq (and therefore T will also
be a pσ0, σ1q-tree satisfying pφ0pG0, xq, φ1pG1, xqq).

At stage 0, let T0 be the empty tree. It vacuously satisfies pφ0pG0, xq, φ1pG1, xqq.
At stage s`1, if Ts is empty and there exists a split pair pτ0, τ1q with |τ0|, |τ1| ď s

such that φipτ i, 0q holds for every i ă 2, then let Ts`1 consist solely of the root indexed
by pτ0, τ1q; it therefore satisfies pφ0pG0, xq, φ1pG1, xqq. If Ts is non-empty and there
exists a split pair pτ0, τ1q with |τ0|, |τ1| ď s, a ρ P Ts and an i ă 2 with ρ ¨ i R Ts
such that adding ρ ¨ i to Ts with the index pτ0, τ1q still yields a pσ0, σ1q-tree satisfying
pφ0pG0, xq, φ1pG1, xqq, then let Ts`1 be that tree. If, for several values of ρ, i, the node
ρ ¨ i can be added to Ts, choose the one for which ρ ¨ i is minimal in the lexicographic
ordering, so that every node in T that can potentially be extended eventually will be.
If no such element is found, simply go to the next stage.

Lemma 10.3.26. Let pσ0, σ1q be a condition, pφ0pG0, xq, φ1pG1, xqq be a pair
of Σ0

1pY q-formulas, and T be an M -finite maximal pσ0, σ1q-tree satisfying
pφ0pG0, xq, φ1pG1, xqq. Then there is an extension pσ̂0, σ̂1q ď pσ0, σ1q and
some p0, p1 PM Y t´1u such that the following holds:

• pσ̂0, σ̂1q ,0 φ
0pG0, p0q and pσ̂0, σ̂1q ,1 φ

1pG1, p1q

• pσ̂0, σ̂1q ,0 ␣φ
0pG0, p0 ` 1q or pσ̂0, σ̂1q ,1 ␣φ

1pG1, p1 ` 1q.

With the convention that pσ̂0, σ̂1q ,i φ
ipGi,´1q always holds.

Proof. If T is empty, then pσ0, σ1q ?&φ0pG0, 0q _ φ1pG1, 0q as otherwise the
corresponding split pair could be added in position ε in T , contradicting its
maximality. Thus, by Lemma 10.3.22, there exists some extension pσ̂0, σ̂1q ď pσ0, σ1q

and some side i ă 2 such that pσ̂0, σ̂1q ,i ␣φ
ipGi, 0q. Thus, we can assume that T is

not empty.
Consider a valid ρ P T having no valid descendant in T , this is possible since the

set of valid elements of T is non empty because pσ0
ε , σ

1
εq is a valid condition, so we

can just take a maximal valid element of T using I∆0
2 (which we have by BΣ0

2).
Since pσ0

ρ, σ
1
ρq is a split pair, we have two cases:

Case 1: σ0
ρ Ď U0. In that case ρ ¨ 0 R T by maximality of ρ. Then take p0 “ |ρ| ´

card ρ, p1 “ card ρ´ 1 and pτ0, τ1q “ pσ0
ρ, σ

1
ρæpi0`1q

q with i0 the biggest index i ă |ρ|
such that ρpiq “ 1 (if no such index exists we take σ1 instead of σρæpi0`1q). The pair
pτ0, τ1q is a condition by definition of validity and the hypothesis σ0

ρ Ď U0. pτ0, τ1q ,0

φ0pG0, p0q and pτ0, τ1q ,1 φ
1pG1, p1q because T satisfies pφ0pG0, xq, φ1pG1, xqq.

We have pτ0, τ1q ?&φ0pG0, p0`1q_φ1pG1, p1`1q as otherwise the corresponding
split pair could be added in position ρ ¨ 0 in T , contradicting its maximality. Hence,
by Lemma 10.3.22, there exists some extension pσ̂0, σ̂1q and some side i ă 2 such that
pσ̂0, σ̂1q ,i ␣φ

ipGi, pi ` 1q.
Case 2: The case σ1

ρ Ď U1 can be treated similarly.

Lemma 10.3.27. Let k P M , let ΦkpG, xq be the formula: De0 ă e1 ă ¨ ¨ ¨ ă ex ă k
such that ΦG‘Y

ei peiqÓ for all i ă x, let ΨkpG, xq be the formula: ΓG‘Y
k pxqÓ (with Γk

the functional of Lemma 10.2.4 for the order α).
For any combination φ0pG, xq, φ1pG, xq P tΦkpG, xq,ΨkpG, xqu and every condition
pσ0, σ1q, there exists an extension pσ̂0, σ̂1q ď pσ0, σ1q and some p0, p1 P M Y t´1u
such that the following holds:

• pσ̂0, σ̂1q ,0 φ
0pG0, p0q and pσ̂0, σ̂1q ,1 φ

1pG1, p1q

• pσ̂0, σ̂1q ,0 ␣φ
0pG0, p0 ` 1q or pσ̂0, σ̂1q ,1 ␣φ

1pG1, p1 ` 1q.
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With the convention that pσ̂0, σ̂1q ,i φ
ipGi,´1q always holds.

Proof. By Lemma 10.3.25 there exists a maximal Σ1 pσ
0, σ1q-tree T satisfying

pφ0pG, xq, φ1pG, xqq.

To apply Lemma 10.3.26 and conclude, we just need to prove the M -finiteness of T .
Let β ă α be the largest ordinal smaller than α of index at most k. By twisting

Γk, we can assume that for every e, n PM , and every binary sequence ρ P 2ăM , that
if Γρ‘Y

k pnqÓ, then

• Γρ‘Y
k pmqÓ for every m ă n;

• Γρ‘Y
k p0q,Γρ‘Y

k p1q, . . . ,Γρ‘Y
k pnq is a strictly decreasing sequence of ordinals

smaller than β b k.

Assume by contradiction that T is M -infinite and let pTsqsPM be an increasing
sequence of computable tree approaching T . Without loss of generality we can assume
that Ts`1 contains exactly one more element than Ts for all s PM .

For every s P M and ρ node of Ts indexed by pσ0
ρ, σ

1
ρq with set of immediate

successors Sρ (cardSρ ď 2 since Ts is a binary tree), define inductively :

ζspρq “ ωf0pρq‘f1pρqp2´ cardSρq ‘
à

µPSρ

ζspµq

where f0pρq “ Γ
σ0
ρ‘Y

k p|ρ|´card ρq if φ0pG, xq “ ΨkpG, xq and f0pρq “ k´p|ρ|´card ρq

if φ0pG, xq “ ΦkpG, xq. And f1pρq “ Γ
σ1
ρ‘Y

k pcard ρq if φ1pG, xq “ ΨkpG, xq and
f1pρq “ k ´ card ρ if φ1pG, xq “ ΦkpG, xq.

And let ζs “ ζspεq.

Claim. The sequence ζs is an M -infinitely decreasing sequence of ordinals smaller
than ωβˆω.

Let s PM , since Ts`1 ‰ Ts, there is a ρ P Ts and an i ă 2 such that Ts`1 “ TsYρ¨i.
Therefore:

ζspρq ‘ pω
f0pρ¨iq‘f1pρ¨iq b 2q “ ζs`1pρq ‘ ωf0pρq‘f1pρq

But for every possible values of φ0 and φ1, we have f0pρq ą f0pρ ¨ 0q, f0pρq “
f0pρ ¨ 1q, f1pρq “ f1pρ ¨ 0q and f1pρq ą f1pρ ¨ 1q. So for every possible value of i, we
have

ωf0pρq‘f1pρq ą ωf0pρ¨iq‘f1pρ¨iq ˆ 2

and therefore ζs`1pρq ă ζspρq which gives us ζs`1 ă ζs (as ρ ¨ i is the only difference
between Ts and Ts`1).

Therefore, for all s PM , ζs ď ζ0 ď ωβbk ď ωβˆω.

This contradicts WF0
pωβˆωq, so T is M -finite and the result follows.

Remark 10.3.28. If pσ0, σ1q ,i ΦkpG
i, p´1q and pσ0, σ1q ,i ␣ΦkpG

i, pq, then there
exists a ρ1 P 2k such that pσ0, σ1q ,i pG

i ‘ Y q1æk “ ρ1. Such a ρ1 can be found
computably in Y .
Moreover, if pσ0, σ1q ,i ΨkpG

i, p ´ 1q and pσ0, σ1q ,i ␣ΨkpG
i, pq then pσ0, σ1q ,i

ΓGi‘Y
k ppqÒ, so pσ0, σ1q forces ΓGi‘Y

k to be partial.

Remark 10.3.29. Because of the disjunctive requirements, the preservation
of WF0

pε0q and the control of pY ‘Gq1 must be combined. Thus, at first sight, WF0
pε0q

is used to control pY ‘Gq1. However, if one wants only to control pY ‘Gq1, no well-
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foundedness assumption is necessary. Indeed, let P be the set of pairs pp, qq P k2 such
that there is a split pair pτ0, τ1q with τ0 ľ σ0 and τ1 ľ σ1 satisfying Ψkpσ

1, pq and
Ψkpτ

1, qq. Then P exists by bounded Σ0
1 comprehension. Using this set P, one can

find an extension with the desired property. Therefore, one can prove that SADS is
Π1

1-conservative over RCA0`BΣ0
2, as already proved by Chong, Slaman, and Yang [22]

using the first construction.

Construction We Y 1-computably construct a decreasing sequence pσ0
s , σ

1
sq of

conditions. In parallel, the sets pG0‘Y q1 and pG1‘Y q1 are approximated by sequences
pσ0

s
1
q and pσ1

s
1
q of finite binary sequences.

Let σ0
0 “ σ1

0 “ σ0
0

1
“ σ1

0
1
“ ε. Assume that σ0

s , σ
1
s , σ

0
s

1, and σ1
s

1 have been defined
for some s PM and let

ks “ 1`maxt|σ0
s |, |σ

1
s |, |σ

0
s

1
|, |σ1

s
1
|u.

Using Lemma 10.3.27 and the fact that U0 and U1 are M -infinite, there exists
some extension pσ0, σ1q ď pσ0

s , σ
1
sq forcing R0

ks
_R1

ks
, R0

ks
_S1

ks
, S0

ks
_R1

ks
, S0

ks
_S1

ks
,

and T 0
ks
^ T 1

ks
. Such an extension can be found Y 1-computably. Thus, there exists

some side i ă 2 such that pσ0, σ1q forces Ri
ks
^ Si

ks
^ T i

ks
. We then let σi

s`1 “ σi,
σ1´i
s`1 “ σ1´i

s , σi
s`1

1
“ σi1, where σi1 is the sequence witnessing that Ri

ks
is forced and

σ1´i
s`1

1
“ σ1´i

s
1.

Even if the σ0
s , σ

1
s , σ

0
s

1 and σ1
s

1 may only be defined on some cut I, the values taken
by the ks are unbounded in M , hence for every k P M , there exists some side i ă 2
such that Ri

k ^ Si
k ^ T i

k is satisfied. Therefore, there exists some i ă 2 such that
Ri

k ^ Si
k ^ T i

k is satisfied for every k PM .
Let G “

Ť

sPI σ
i
s. By construction G is Y 1-computable and, as the Ri

k are satisfied,
pG‘Y q1 is equal to

Ť

sPI σ
i
s

1 and is also Y 1-computable, hence MrG‘Y s “MrGs (
RCA0 ` BΣ0

2. Since the requirements T i
k are satisfied, the set G is an M -infinite L-

ascending sequence if i “ 0 and an M -infinite L-descending sequence if i “ 1. Then,
as the requirements Si

k are satisfied, MrGs (WF0
pαq.

This completes the proof of Proposition 10.3.18.

Theorem 10.3.30. SADS is Π1
1-conservative over RCA0 ` BΣ0

2 `WF0
pε0q.

Proof. Immediate by Proposition 10.3.18 for the case α “ ε0 and Theorem 9.2.3.

10.4 Π1
1-conservation of RT2

2

Thanks to the decomposition of Proposition 6.2.11, we can combine the conservation
theorems developed in Section 10.2 and Section 10.3 to prove our main theorems.
Yokoyama [142] proved the following amalgamation theorem:

Theorem 10.4.1 (Yokoyama [142]). Let T0, T1, T2 be Π1
2 theories such that T0 Ě RCA0

and T1 and T2 are both Π1
1-conservative over T0. Then T1 ` T2 is Π1

1-conservative
over T0.

In particular, letting T0 be RCA0 ` BΣ0
2 ` WF0

pε0q, one can combine
Theorem 10.2.12, Theorem 10.2.18, Theorem 10.3.17 and Theorem 10.3.30 to deduce
that RT2

2`WKL is Π1
1-conservative over RCA0`BΣ0

2`WF0
pε0q, thereby proving our

first main theorem of the chapter.

Main Theorem 10.1.3. RT2
2`WKL is Π1

1-conservative over RCA0`BΣ0
2`WF0

pε0q.

A more direct proof of that result can be obtained by noticing that, in the proof
of Theorem 9.2.3, it is possible to alternate between several problems when adding
solutions as is the case in the proof of Theorem 10.4.2 below.
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10.4.1 Preserving
Ť

n WF0pωnq

In their proof that RT2
2 does not imply IΣ0

2 over RCA0, Chong, Slaman, and
Yang [23] started with a model satisfying a slightly weaker well-foundedness axiom
than WF0

pε0q, namely,
Ť

nPω WF0
pωnq. We show that our assumption can also be

weakened to
Ť

nPω WF0
pωnq with a little bit of extra work.

Theorem 10.4.2. Let T be a Π1
2-axiomatizable theory, n P ω and P0, . . . ,Pn´1 be

Π1
2 problems. Suppose that there exists some ℓ P ω such that, for every countable

topped model M “ pM,Sq ( RCA˚
0 ` T `WF0

pωα
ℓ q with α ă ε0 and every instance

of Pi in M for some i ă n, there exists a solution G Ď M of that instance such that
MrGs ( RCA˚

0 ` T `WF0
pαq.

Then P0 ` ¨ ¨ ¨ ` Pn´1 is Π1
1-conservative over RCA˚

0 ` T `
Ť

kPω WF0
pωkq.

Proof. Assume RCA˚
0 ` T `

Ť

kPω WF0
pωkq & @XφpXq for φ an arithmetic formula.

By completeness, there exists a model N “ pN,Rq ( RCA˚
0 ` T `

Ť

kPω WF0
pωkq `

DX␣φpXq.
Extend the language of second order arithmetic with a first-order constant symbol

c. Every finite fragment of the theory RCA˚
0`T `WF0

pωcq`
Ť

kPωpc ą kq`DX␣φpXq
also has a model: take k P ω such that no axiom of the form c ą k1 for some k1 ě k
is in the fragment and consider the model pN,R, kq (i.e., the model N in which
c is interpreted by k). So, by compactness (Theorem 5.2.7) and the Löwenheim–
Skolem theorem (Theorem 5.2.8), there exists a countable model M “ pM,Sq (
RCA˚

0 `T `WF0
pωcq`

Ť

kPωpc ą kq`DX␣φpXq which can be assumed to be topped
by some A P S such that M ( ␣φpAq. Such a model will therefore be non-standard
as c is necessarily interpreted by a non-standard integer.

From our assumption, for any countable topped model of RCA˚
0 `T `WF0

pωd`ℓq,
any i ă n and any instance of Pi in this model, we can find a countable topped
ω-extension that will be a model of RCA˚

0 ` T `WF0
pωdq and will contain a solution

to that instance.
So by iterating that reasoning as in the proof of Theorem 9.2.3, we can build

a sequence (indexed by the standard integers) M0 “ M Ď M1 Ď . . . of countable
topped models such that Ms ( RCA˚

0`T `WF0
pωc´ℓsq for every s P ω and such that,

for every i ă n, every instance of Pi appearing inside one Ms will eventually have a
solution in one Mt. As c is non-standard, ℓ is standard, and every such s is standard,
c´ℓs is non-standard and every Ms is a model of

Ť

kPω WF0
pωkq. The model

Ť

sPω Ms

will therefore be a model of RCA˚
0 `T `

Ť

kPω WF0
pωkq`DX␣φpXq`P0`¨ ¨ ¨`Pn´1.

So RCA˚
0 ` T `

Ť

kPω WF0
pωkq ` P0 ` ¨ ¨ ¨ ` Pn´1 & @XφpXq.

Main Theorem 10.1.4. RT2
2 ` WKL is Π1

1-conservative over RCA0 ` BΣ0
2 `

Ť

kPω WF0
pωkq.

Proof. For every α ă ε0, we have ωα
2 ą supβăα ωβˆω. Hence, we can apply

Theorem 10.4.2 with Proposition 10.2.5, Proposition 10.2.13, Proposition 10.3.1, and
Proposition 10.3.18 to get the Π1

1-conservativity of RT2
2 `WKL over RCA0 ` BΣ0

2 `
Ť

kPω WF0
pωkq.

Remark 10.4.3. The combination of Proposition 10.2.5, Proposition 10.3.1 and
Proposition 10.3.18 provides a so-called !2-basis theorem for RT2

2 while preserving
WF0

pε0q (see [46, Definition 4.9]). As shown by Ikari [67] in his dissertation, this
implies that there exists a polynomial proof transformation for the Π1

1-conservation
result of Main Theorem 10.1.3. On the other hand, it is not clear whether there exists
a polynomial proof transformation for Main Theorem 10.1.4.
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Chapter 11

Bounded Ramsey theorem

In this chapter, we pursue the study of BRT2
2, a degenerate version of Ramsey’s

theorem for pairs in which the homogeneous sets for color 1 are of bounded size.
The study of BRT2

2 is part of a larger project started and driven by Frittaion, who
introduced the bounded Ramsey theorem for colorings of arbitrary tuples. This
project was pursued by Soldà [134, Section 4.1], and then independently by Belanger,
Shafer, and Yokoyama (unpublished).

BRT2
2 was introduced in Chapter 7 as the base case for the induction on all

separable permutations, and we now recall it:

Statement 7.4.1 (Bounded Ramsey theorem for pairs). BRT2
2 is the statement “For

every coloring f : rNs2 Ñ 2 and every ℓ P N such that there is no f -homogeneous set
for color 1 of size ℓ, there is an infinite f -homogeneous set for color 0.”

BRT2
2 is an immediate consequence of RT2

2 in RCA0. In fact, Soldà [134, Theorem
4.1.10] showed that EM is sufficient to imply BRT2

2, and, as we will see in this chapter,
it is not a consequence of ADS.

Main Theorem 11.0.1. RCA0 ` ADS & BRT2
2

BRT2
2 is significantly weaker than RT2

2. From a computational viewpoint, contrary
to Ramsey’s theorem for pairs and to most of the statements studied so far
(WKL, SEM, SADS,COH,RRTk

n, . . . ), BRT2
2 is computably true, meaning that every

computable instance of it has a computable solution.
The statement “BRT2

2 is computably true” is a first-order statement (more
precisely, it is a Π4-statement). This follows because Σ1- and Π1-formulas (or,
alternatively, Turing indexes) can be encoded as integers and quantified over within
first-order arithmetic.

We are mostly interested in the relativized version of that statement: “for
every set X, every X-computable instance of BRT2

2 has an X-computable solution”.
This formulation implies BRT2

2 over RCA0, and, from now on, when we say “BRT2
2

is computably true”, we will be referring to that relativized version. This is a
Π1

1-statement (and more precisely, a @Π0
4-statement).

Thus, the strength of the statement “BRT2
2 is computably true” will only depend

on its first-order part, since it does not entail the existence of any non-computable
set and holds in any standard model of ∆0

1-comprehension.
By an old argument of Hirst [64, Theorem 6.8], RCA0 $ BRT2

2 Ñ BΣ0
2, so any

proof that BRT2
2 is computably true must use at least ∆0

2-induction. In fact, the best
known proofs, due to Belanger and Yokoyama (see Lemma 7.4.2 for Belanger’s proof
and Soldà [134, Lemma 4.1.9] for Yokoyama’s proof), require Σ0

2-induction, which we
will show to be necessary by proving the following theorem:

131
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Main Theorem 11.0.2 (Short version). Every model of RCA0`BΣ0
2`␣IΣ

0
2 contains

an instance f of BRT2
2 with no ∆1pfq-definable solution.

In particular, as RCA0`RT2
2 & IΣ0

2 (by Chong, Slaman, and Yang [23], and also by
the results of the previous chapter), there exist models of RCA0`BΣ

0
2`␣IΣ

0
2`RT

2
2 and

hence models of BRT2
2 that contain an instance of BRT2

2 with no solutions computable
in that instance. Hence, the pure existence of a solution to an instance of BRT2

2 is
strictly weaker than the existence of a computable solution. It also follows that
RCA0 ` BΣ0

2 & BRT2
2, hence the strength of BRT2

2 lies strictly in between IΣ0
2 and

BΣ0
2.
This situation already appears in the literature, with the tree theorem for

singletons [30, 21] and bounded-width weak Kőnig’s lemma [130]. Over RCA0`BΣ0
2,

both statements are strictly in between IΣ0
2 and BΣ0

2, and their computably true
version is equivalent to IΣ0

2.

11.1 BΣ0
2 does not imply BRT2

2

The goal of this section is to prove Main Theorem 11.0.2 and its consequences. The
constructed instance f of BRT2

2 with no ∆1pfq-definable solution will also serve as
the BRT2

2-instance witnessing that RCA0 ` ADS & BRT2
2 in Section 11.2.

We will be working in models of RCA0`BΣ0
2`␣IΣ

0
2. By Proposition 9.1.4, every

such model M “ pM,Sq admits a proper Σ0
2 cut. That is, there exists a Σ0

2-formula
φpxq :“ Dy@zθpx, y, zq such that the set I :“ tx P M : M ( φpxqu contains 0, is
closed under successor, and is downward closed (i.e., whenever a P I and b ď a, then
b P I), yet is not equal to M and there exists some k PM with I ă k.

Similarly to the situation described in Section 10.2.1, if we consider, for each x P I,
the least witnesses y P M such that @zθpx, y, zq holds, then those witnesses cannot
be bounded by any ℓ PM . Otherwise, φpxq would be equivalent to Dy ď ℓ@zθpx, y, zq
which would make the cut ∆0

2, contradicting our assumption that M ( RCA0`BΣ0
2.

The function g which, given x P I, searches for the least y P M such that
@zθpx, y, zq holds is thus a Σ0

2 function, defined on I with an M -unbounded range.
Such a function g : I ÑM is said to be cofinal (in M).

g can be approximated by a ∆0
1 sequence of functions pgsqsPM with gs : k Ñ M

defined by letting gspxq be the least y ď s such that @z ă sθpx, y, zq holds, or equal to
s if no such y is found. For every x ă k, the sequence pgspxqqsPM is non-decreasing,
and is eventually constant if and only if x belongs to I, in which case the limit value
is gpxq.

By twisting the definition of g and of the gs a little, we can assume that they
satisfy more properties:

Proposition 11.1.1. Let M “ pM,Sq ( RCA0`BΣ0
2`␣IΣ

0
2, then there exists some

X P S and some Σ2pXq-definable proper cut I ĎM with I ă k for some k PM as well
as some Σ2pXq-definable function g : I Ñ M and some uniformly ∆1pXq-definable
functions gs : k ÑM for every s PM such that:

• g is increasing and cofinal in M .

• For every s P M , gs is non-decreasing, and for every x ă k, s ÞÑ gspxq is
non-decreasing.

• For every x ă k, limsÑ8 gspxq exists if and only if x P I, in which case the limit
is equal to gpxq.

• For every s, x PM , gspxq ď s, and, if gs`1pxq ‰ gspxq then gs`1pxq “ s` 1.

These functions will be of central importance for proving Main Theorem 11.0.2.
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In what follows, recall that WX
e is the e-th computably enumerable set. The core

of the argument lies in the following technical lemma:

Lemma 11.1.2. IΣ0
1 proves that, for every set X, every b P N and n P N, there exists

a ∆1pXq coloring f bn : rNs2 Ñ 2 such that:

• There is no set of size 3 that is f bn-homogeneous for the color 1.

• For every e ă n such that WX
e is infinite, there exists some x, y PWX

e such that
b ď x ă y and f bnpx, yq “ 1.

Furthermore, the construction is uniform in n and b.

Proof. The coloring f bn will be defined by stages, with f bnpx, sq being defined at stage
s for every x ă s. At any point of the construction, any x P N will be in state “0” or
“1”, meaning that at any further stage s, f bnpx, sq will be set accordingly. By default,
every x P N has the state “0”. We consider a trash Ts Ď r0, ss where the elements
leaving state “1” will be put, to ensure that they will never go back to that state.
Our construction will ensure that cardTs ď n2 at every stage s.

For every e ă n, we say that e is active at a stage s if cardpWX
e rss X rb, ssq ą n2.

Once an element is active, it stays active for the rest of the construction.

Construction: At stage s, if there exists some new e ă n that became active
at this stage, we then put every x ă s that is in state “1” in state “0” and put
them in the trash Ts. Then, for every e1 ă n that is active, we pick an element in
WX

e1 rss X rb, sszTs and put it in state “1”. If no such e ă n was found, then all the
elements stay in the same state and no new element is added to the trash.

Finally, whether or not a new e was found, we let f bnpx, sq “ c for every c ă 2 and
every x ă s in state “c”.

Claim 1: cardTs ď n2 for every s P N, hence the construction is well-defined.
Indeed, there are always at most n elements in state “1” at a given time (one per
active e). And such elements are put into the trash at most n times during the
construction (once every time a new e ă n became active). Therefore, we can always
pick an element in WX

e1 rss X rb, sszTs if WX
e1 is active at stage s.

Claim 2: There is no set of size 3 that is f bn-homogeneous for the color 1. Assume
by contradiction that we have such a set tx ă y ă zu. By construction, x was in
state “1” at stage y for f bnpx, yq to be equal to 1. Then, for f bnpy, zq to be equal to 1,
we need y to be in state “1” at stage z, but y can only enter state “1” after stage y,
which would put x in the trash, and make it so that f bnpx, zq “ 0.

Claim 3: For every e ă n such that WX
e is infinite, there exists some x, y P WX

e

such that b ď x ă y and f bnpx, yq “ 1. If WX
e is infinite, then by IΣ0

1, there is some
stage s such that cardpWX

e rss X rb, ssq ą n2, hence e is eventually active. Then, for
every y ą s, there will be some x P WX

e that will be in state “1” at stage y, which
gives f bnpx, yq “ 1. Since WX

e is infinite, there is one such y in WX
e .

We are now ready to prove our first main theorem for this chapter.

Main Theorem 11.0.2. For every model M ( RCA0 ` BΣ0
2 ` ␣IΣ

0
2 and every

set Z PM, there is a BRT2
2-instance f PM with no ∆1pf ‘ Zq-definable solution.

Proof. Let M “ pM,Sq ( RCA0 ` BΣ0
2 ` ␣IΣ

0
2 and Z P S. Let X P S, I Ď M the

proper Σ2pXq cut bounded by some k P M , g : I Ñ M the cofinal Σ2pXq function
and pgsqsPM its ∆1pXq-approximation obtained in Proposition 11.1.1.

For every b, n P N, let f bn : rM s2 Ñ 2 be the ∆1pX ‘ Zq-coloring defined in
Lemma 11.1.2. For every i ă k, let f i : rM s2 Ñ 2 be defined by stages as follows:

Construction: At stage s: for every i ă k, let bis ď s be the last b ď s
such that the value of gbpiq has changed, if it exists, otherwise, bis “ 0. Then let
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f ipx, sq “ f
bis
gspiqpx, sq “ f

bis
bis
px, sq for every x ă s .

Finally, let f : rM s2 Ñ 2 be defined by fpx, yq “ 1 iff there exists some i ă k such
that f ipx, yq “ 1 for every x ă y PM .

Claim 1: For every i ă k, there is no f i-homogeneous set for color 1 of size 3.
Notice first that for every n, b P N, we have f bnpx, yq “ 0 when x ă b, therefore, if
f ipx, yq “ 1 for some x, y P N, then biy must be smaller than x and therefore is equal
to bxi . This means that every f i-homogeneous set for color 1 is also homogeneous for
some coloring f bn, hence that no such set of size three can exist, by our assumptions
on the f bn.

Claim 2: There is some ℓ P M such that there is no f -homogeneous set for
color 1 of size ℓ. Since M ( IΣ0

1, the finite Ramsey theorem for pairs and k colors is
true in M. Let ℓ P M be such that every finite coloring h : rF s2 Ñ k admits some
h-homogeneous subset of size 3 if cardF ě ℓ. If some set F “ tx0, . . . , xℓ´1u were
f -homogeneous for color 1, then, by definition of f , the coloring h : rF s2 Ñ k sending
every pair xa, xb to some i ă k such that f ipxa, xbq “ 1 would be well-defined, and
by definition of ℓ, there would exist some i ă k and some f i-homogeneous set for the
color 1 of size 3, contradicting Claim 1.

Claim 3: There is no M-infinite set which is simultaneously f -homogeneous and
Σ1pX‘Zq (and a fortiori ∆1pX‘Zq) for color 0 in S. Assume otherwise, and let e PM
be such that WX‘Z

e is M -unbounded and f -homogeneous for color 0. By definition
of g, there exists some i P I such that gpiq ą e. By assumption on the gs, the smallest
stage s P N such that gspiq “ gpiq is s “ gpiq. Pick some x, y P WX‘Z

e such that
gpiq ď x ă y and such that fgpiq

gpiq px, yq “ 1, then, we have f ipx, yq “ f
gpiq
gpiq px, yq “ 1,

hence fpx, yq “ 1 and WX‘Z
e is not f -homogeneous for color 0.

Corollary 11.1.3. RCA0 ` BΣ0
2 & BRT2

2.

Proof. Let M be a countable model of IΣ1 ` BΣ2 ` ␣IΣ2. Let M “ pM,Sq be the
model whose second-order part S consists of the ∆1-definable sets with parameters
in M . By Friedman [48], M ( RCA0`BΣ

0
2`␣IΣ

0
2, but by Main Theorem 11.0.2, M *

“for every coloring f : rNs2 Ñ 2 and every ℓ P N such that there is no f -homogeneous
set for color 1 of size ℓ, there is an infinite f -homogeneous set for color 0.”

Corollary 11.1.4. The statement “BRT2
2 is computably true” is equivalent to IΣ0

2

over RCA0.

Proof. By Lemma 7.4.2, we have RCA0 ` IΣ0
2 $ “BRT2

2 is computably true”. In fact,
we can directly prove the more general statement that, if IΣ0

2 implies a Π1
2-problem P

over RCA0, then RCA0 ` IΣ0
2 $ “P is computably true”:

Consider such a statement P and let M “ pM,Sq ( RCA0 ` IΣ0
2 and let f P S be

an instance of P. By Friedman [48], Mf “ pM,∆1-Defpfqq ( IΣ0
2, where ∆1-Defpfq

denotes the ∆1pfq-definable subsets of M . By our assumption, Mf ( P, so there is
some H P ∆1-Defpfq such that Mf ( “H is a P-solution to f”. In particular, H P S,
so M ( “there is a ∆1pfq-definable P-solution to f .” Thus, M ( “P is computably
true”.

Suppose now that M ( RCA0` “BRT2
2 is computably true”. In particular

M ( BRT2
2. By Hirst [64], RCA0 $ BRT2

2 Ñ BΣ0
2, so M ( BΣ0

2. Then, by Main
Theorem 11.0.2, M ( IΣ0

2.

11.2 ADS does not imply BRT2
2

The goal of this section is to prove Main Theorem 11.0.1. To this end, we will
construct a model of RCA0 ` ADS containing an instance of BRT2

2 with no solution.
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The construction of such a model will be similar to that in the proof of Theorem 9.2.3:
We will build a sequence M0 ĎM1 Ď . . . of ω-extensions of countable topped models
of RCA0 `BΣ0

2 such that every instance of SADS or COH appearing in some Mi will
eventually have a solution in some Mj .

Our initial model M0 will be the model RCA0 ` BΣ0
2 ` ␣IΣ

0
2 constructed in

Corollary 11.1.3. It contains a ∆1 instance f of BRT2
2 with no ∆1 solution and

we will make sure to avoid adding any solution to f in the Mi so that
Ť

iPω Mi does
not contain any and is not a model of BRT2

2.
In the previous chapter, we introduced the combinatorics needed to add solutions

to instances of SADS, SEM,COH and WKL to models of RCA0 ` BΣ0
2 satisfying

appropriate well-foundedness assumptions. As it was noted in Remark 10.3.29, these
well-foundedness assumptions were only necessary in the case of SEM (as COH, SADS
and WKL are already known to be Π1

1-conservative over RCA0`BΣ0
2 alone). Thus, it

remains to introduce the combinatorics required for adding solutions G to instances of
SADS and COH to the Mi while ensuring that G will not compute any M -unbounded
f -homogeneous set.

11.2.1 Immunity
By its definition, the coloring f satisfies properties other than simply having no ∆1pfq-
definable solutions that we will exploit in our construction. One such property is the
fact that it is stable.

Proposition 11.2.1. The coloring f constructed in the proof of Main Theorem 11.0.2
is stable (i.e., for every x P N, limyÑ8 fpx, yq exists).

Proof. For every b, n P N, the coloring f bn defined in Lemma 11.1.2 is stable. Indeed,
by our use of the trash Ts, every x P N can change state at most twice. Therefore,
every x P N eventually reaches a final state, which determines its limit behavior.

Then, all the f i constructed in Main Theorem 11.0.2 are stable. Fix x PM . Either
there exists some stage s such that bis ą x, in which case f ipx, yq “ 0 for all y ě s
(because, by definition of f bn, we have f bnpx, yq “ 0 whenever x ă b), or no such stage
exists. In the latter case, we must have i P I, and the sequence pbisqsPN eventually
reaches a final value b such that gbpiq “ gpiq. Hence, for sufficiently large s, we have
f ipx, sq “ f bgpxq

px, sq, and fpx, ¨q and f bgpxq
px, ¨q have the same limit behavior.

Finally, f is stable. Fix x P N. For each i ă k there exists a stage bi beyond
which f ipx, ¨q has reached its limit behavior. By BΣ0

2, there is a uniform bound b
after which all the f ipx, ¨q have reached their limit behavior for i ă k. Thus, f has
also reached its limit behavior at stage b.

For each i ă 2, let Ai :“ tx P M : @8yfpx, yq “ iu be the set of elements
having limit behavior i. Each set Ai is Σ2, and since A0 \ A1 “ M by stability of
f , both are in fact ∆2. By the discussion following Statement 6.2.7 concerning the
equivalence between the stable Ramsey theorem for pairs and the statement D2

2, every
M -unbounded subsetG of either A0 or A1 computes anM -unbounded f -homogeneous
set.

The assumption that f admits no ∆1 solution ensures that A0 has no ∆1 M -
unbounded subset. In particular, A1 must itself be M -unbounded, since otherwise
there would exist some k PM such that tk, k` 1, k` 2, . . . u Ď A0, yielding a ∆1 M -
unbounded subset of A0. Nevertheless, our construction cannot add an M -unbounded
subset of A1. Indeed, let ℓ PM be such that there is no M -finite f -homogeneous set
for color 1 of size ℓ. Then every model M ( RCA0 with first-order part M containing
an M -unbounded subset of A1 would also contain an M -unbounded f -homogeneous
set for the color 1. By IΣ0

1, this is impossible as every M-infinite set has an M -finite
set of size ℓ, contradicting the fact that there is no M -finite f -homogeneous set for
the color 1 of size ℓ.
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The property for an infinite set of not having an infinite computable set is called
immunity.

Definition 11.2.2 (immune). Fix a set Z. An infinite set X Ď N is said to be
Z-immune if it has no infinite Z-computable subset (or equivalently no infinite Z-
computably enumerable subset).

The goal is thus to ensure that A0 remains G-immune after adding a solution G
to our model. To be able to force this property, we require a more effective notion of
immunity, in which we additionally restrict the finite subsets of X whose cardinalities
are too large.

Definition 11.2.3. Fix a function h : N Ñ N and a set Z. A set A is said to
be h-effectively Z-immune if for every Turing index e P N, cardWZ

e ě hpeq implies
WZ

e Ę A.

A0 can be shown to be h-effectively immune for someH1-computable function h. In
order to execute a Shore blocking argument, we need to consider a slight modification
of the definition of an h-effectively Z-immune function in which the function h is
constant on large blocks. The adequate notion of immunity which we will be able to
preserve will be the following, where 2npaq is defined inductively by 20paq “ 1 and
2n`1paq “ 22npaq for a P N.

Definition 11.2.4. Fix a set Z, an unbounded ∆2pZq set B and some standard n P ω.
A set A Ď M is B-block Z-immune with cost n if for every b P B, and every x ă b,
cardWZ

x ě 2npbq implies WZ
x Ę A.

For every set Z, every n P ω and every ∆2pZq set B, if a set A is B-block Z-immune
with cost n, then A is h-effectively Z-immune for some Z 1-computable function h. In
particular, A is Z-immune.

Proposition 11.2.5. Let f be the coloring constructed in the proof of Corollary 11.1.3
and A0 “ tx P M : @8yfpx, yq “ 0u. Then, there exists some M -unbounded ∆2 set
B ĎM such that A0 is B-block immune with cost 1.

Proof. Let I be the Σ2 cut used in the construction of f , and let B be the image of
the corresponding Σ2-definable cofinal function g : I Ñ M . Let pgsqsPM be the ∆1

approximation of g.
Fix b P B. By definition of B, there exists some i P I such that b “ gpiq. By

Proposition 11.1.1, the least stage s P M such that gspiq “ gpiq is s “ b. Hence,
the coloring f i constructed in Main Theorem 11.0.2 satisfies f ipx, yq “ f bb px, yq for
every y ě b. Consequently, if x ă b is such that cardWx ě 22

b

ě b ` b2, then
cardpWx X rb,`8qq ě b2. Therefore, cardWx X rb,`8q must contain an element
having limit behavior 1 for f i and thus also for f , by the definition of f bb .

11.2.2 The SADS step
We now prove the existence of ω-extensions which add solutions to instances of SADS
while preserving the fact that the instance of BRT2

2 has no solution.

Proposition 11.2.6. Let M “ pM,Sq ( RCA0 ` BΣ0
2 be a countable model topped

by some set Y . Let B be an M -unbounded ∆2pY q set and fix n P ω. Then, for every
set A Ď M that is B-block Y -immune with cost n and every instance L “ pM,ďLq

of SADS in S, there exists some M -unbounded set G Ď M and some M -unbounded
∆2pY q set B̂ such that:

• G is an M -infinite L-ascending or L-descending sequence;

• Y 1 ěT pG‘ Y q
1 and in particular MrGs ( RCA0 ` BΣ0

2;

• A is B̂-block pG‘ Y q-immune with cost n` 2.
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Proof. As in the proof of Proposition 10.3.18, we consider U0 ĎM and U1 ĎM , the
sets of elements that have a finite amount of predecessors and successors, respectively.
We also use the same notion of conditions, split pairs and the same forcing relations.

The difference is now that the requirements concerning the well-foundedness of an
ordinal α are replaced by requirements ensuring that A stays sufficiently immune.

We want our construction to force for some i ă 2 the following requirements for
every k PM :

• Ri
k: pGi ‘ Y q1æk is decided.

• Si
k: there exists some ℓ ą 22

k in B, such that, for every x ă log2plog2pℓqq, if
cardWGi‘Y

x ě 2npℓq, then, there exists some e ă ℓ such that cardWY
e ě 2npℓq

and WY
e Ď WGi‘Y

x (in particular, since A is B-block Y -immune with cost n,
this implies that WY

e Ę A, hence that WGi‘Y
x Ę A).

• T i
k : There exists some x ą k such that x P Gi.

The requirements Si
k are Σ0

2pGq-formulas, whereas the relations ,i have only been
defined for Σ0

1pGq- and Π0
1pGq-formulas. To handle this case, we write pσ0, σ1q ,i

DyΦGi‘Y
e pyqÒ if there exists some n PM such that pσ0, σ1q ,i Φ

Gi‘Y
e pnqÒ.

Again, we will use a pairing argument, and ensure that for every k P M , the
following requirements are met: R0

k _R1
k, R0

k _ S1
k , S0

k _R1
k, S0

k _ S1
k , and T 0

k ^ T 1
k ,

and therefore, that pR0
k ^ S0

k ^ T 0
k q _ pR1

k ^ S1
k ^ T 1

k q is met for every k PM . Then,
there will be one side i ă 2 such that Ri

k ^ Si
k ^ T i

k is satisfied for M -unboundedly
many values of k, hence that all requirements are satisfied for this side.

For simplicity of notation, the elements b P B will all be assumed to be of the
form 22

k for some k P M , which will then be used to construct B̂ such that B̂ Ď

tlog2plog2pbqq : b P Bu. The general case requires some care in handling integer parts
and inequalities, but does not change the argument.

We will define two sets G0 and G1 using an infinite ∆1pY
1q decreasing sequence of

conditions and then pick G to be equal to one of them. We will also define two ∆1pY
1q

sets Bi for i ă 2 so that, if G “ Gi, then A is Bi-block pG‘Y q-immune with cost n`2.

The tree T obtained in Lemma 10.3.25 is given by the limit of a uniformly Y -
computable increasing sequence pTsqsPM of M -finite pσ0, σ1q-trees. This sequence
can be uniformly Y -computed in the pair pφ0pG

0, xq, φ1pG
1, xqq and in the condition

pσ0, σ1q. Thus, there exists some computable function e : M Ñ M such
that WY

epxxφ0y,xφ1y,σ0,σ1,ρ,i,xyq
searches the split pair pσ0

ρ, σ
1
ρq in position ρ of the

corresponding pσ0, σ1q-tree T , and, if such a split pair exists, outputs the elements of
W

σi
ρ‘Y

x .
The pair pσ̂0, σ̂1q constructed in the proof of Lemma 10.3.26 has the property

that, for i ă 2 the side such that pσ̂0, σ̂1q ,i ␣φ
ipGi, pi` 1q, σ̂i is an element of some

split pair appearing in T , hence there exists some ρ P T such that σ̂i “ σi
ρ.

Lemma 11.2.7. Let k PM and pσ0, σ1q be a condition. Then, for every requirements
U0
k P tR0

k,S0
ku and U1

k P tR1
k,S1

ku, there exists some extension pσ̂0, σ̂1q ď pσ0, σ1q and
some i ă 2 such that pσ̂0, σ̂1q ,i U i

k. Such an extension is uniformly Y 1-computable
in U0

k ,U1
k and pσ0, σ1q.

Proof. We will define two Σ0
1pY q-formulas ΦtpG, xq and ΨtpG, xq as follows:

Let ΦtpG, xq be the formula: De0 ă e1 ă ¨ ¨ ¨ ă ex ă t such that ΦG‘Y
ei peiqÓ for

every i ď x, and let ΨtpG, xq be the formula: De0 ă e1 ă ¨ ¨ ¨ ă ex ă t such that
cardWG‘Y

ei ě 2n`2ptq for every i ď x.
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Consider the function S : M Ñ M which maps t to the largest value taken by
epxφ0y, xφ1y, σ0, σ1, ρ, i, xq for every φ0, φ1 P tΦt,Ψtu, every ρ P 2ď2pt´1q, every i ă 2
and every x ă t.

Assuming a reasonable encoding of e and of Φt and Ψt, this function is eventually
dominated by t ÞÑ 22

t , indeed, all the possible parameters of e either directly depend
on t (such as xφ0y and xφ1y), are smaller than t (such as x) or are in 2ď2pt´1q (like ρ),
hence, in any case they can be encoded using αt bits for some α P ω and the same
holds for the corresponding value taken by e. Hence, there exists some element ℓ in
B such that ℓ ą 22

k and such that ℓ1 :“ log2plog2pℓqq satisfies Spℓ1q ă 22
ℓ1
“ ℓ.

For every i ă 2, let φipG, xq be the formula Φℓ1pG, xq if U i
k “ Ri

k and Ψℓ1pG, xq
otherwise.

Let T be the maximal Σ1pY q pσ
0, σ1q-tree T satisfying pφ0pG, xq, φ1pG, xqq

obtained in Lemma 10.3.25. Since Φℓ1pG, ℓ1q and Ψℓ1pG, ℓ1q cannot hold, as there
are only ℓ1 Turing indexes smaller than ℓ1, the tree T cannot have a depth bigger than
2pℓ1 ´ 1q. Indeed, any ρ P T of length ą 2pℓ1 ´ 1q would make either |ρ| ´ card ρ or
card ρ bigger than ℓ1 ´ 1, contradicting the fact that T satisfies pφ0pG, xq, φ1pG, xqq.

Therefore, T , as a binary tree, has fewer than 22ℓ
1´1 elements, and the increasing

sequence pTsqsPM of computable trees approaching T must have a final stage after
which the approximation stabilizes and is equal to T , hence T is M -finite.

Therefore, by Lemma 10.3.26, there exists some extension pσ̂0, σ̂1q ď pσ0, σ1q,
some i ă 2 and some pi ď ℓ1 such that:

• pσ̂0, σ̂1q ,i φipG
i, pi ´ 1q

• pσ̂0, σ̂1q ,i ␣φipG
i, piq.

Again with the convention that pσ̂0, σ̂1q ,i φipG
i,´1q always holds.

There are two cases:
Case 1: If U i

k “ Ri
k, then φipG, xq “ Φℓ1pG, xq, and, since pσ̂0, σ̂1q ,i φipG

i, pi ´

1q, there exist indices e0 ă ¨ ¨ ¨ ă epi´1 ă ℓ1 such that Φσ̂i‘Y
ex pexqÓ for every x ă pi.

Since pσ̂0, σ̂1q ,i ␣φipG
i, piq, then, for every y ă ℓ1 not equal to one of the ex,

the condition pσ̂0, σ̂1q forces ΦGi‘Y
y pyqÒ. Hence, the condition pσ̂0, σ̂1q forces Ri

k as
ℓ1 ě k.

Case 2: If U i
k “ Si

k, then φipG, xq “ Ψℓ1pG, xq, and, since pσ̂0, σ̂1q ,i φipG
i, pi ´

1q, there exist indices e0 ă ¨ ¨ ¨ ă epi´1 ă ℓ1 such that cardW σ̂i‘Y
ex ě 2n`2pℓ

1q “ 2npℓq
for every x ă pi. Since pσ̂0, σ̂1q ,i ␣φipG

i, piq, then, for every y ă ℓ1 not equal to
one of the ex, the condition pσ̂0, σ̂1q forces cardWGi‘Y

y ă 2n`2pℓ
1q.

Let x ă pi and let ρ be the index of T such that σ̂i “ σi
ρ. Since the depth of T is

smaller than 2ℓ1´1, ρ P 2ď2pℓ1´1q and, by definition of ℓ1, epxφ0y, xφ1y, σ0, σ1, ρ, i, exq ă

22
ℓ1
“ ℓ. By definition of the function e, W σ̂i‘Y

ex equals WY
epxxφ0y,xφ1y,σ0,σ1,ρ,i,exyq

,
hence,

cardWY
epxxφ0y,xφ1y,σ0,σ1,ρ,i,exyq ě 2n`2pℓ

1q “ 2npℓq

and pσ̂0, σ̂1q ,i W
Y
epxxφ0y,xφ1y,σ0,σ1,ρ,i,exyq

ĎWGi‘Y
ex . Hence, pσ̂0, σ̂1q forces Si

k.

Construction We Y 1-computably construct a decreasing sequence pσ0
s , σ

1
sq of

conditions. In parallel, the sets pG0‘Y q1 and pG1‘Y q1 are approximated by sequences
pσ0

s
1
q and pσ1

s
1
q of finite binary sequences and each Bi by a sequence pBi

sq.
Let σ0

0 “ σ1
0 “ σ0

0
1
“ σ1

0
1
“ ε and B0

0 “ B1
0 “ H. Assume that σ0

s , σ
1
s , σ

0
s

1
, σ1

s
1
, B0

s

and B1
s have been defined for some s PM and let

ks “ 1`maxt|σ0
s |, |σ

1
s |, |σ

0
s

1
|, |σ1

s
1
|, |B0

s |, |B
1
s |u
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We will satisfy one of the five requirements R0
ks
_R1

ks
, S0

ks
_R1

ks
, R0

ks
_S1

ks
, S0

ks
_S1

ks

or T 0
ks
^ T 1

ks
, depending on the value of s modulo 5. There are two cases:

Case 1: The requirement is of the form U0
ks
_ U1

ks
, with U i

ks
P tRi

ks
,Si

ks
u.

In that case, by Lemma 11.2.7, there exists some i ă 2 and some extension pσ̂0, σ̂1q ď

pσ0
s , σ

1
sq forcing U i

ks
, we then let σ0

s`1 “ σ̂0 and σ1
s`1 “ σ̂1. Then, if U i

ks
“ Ri

ks
,

let σi
s`1

1 be such that pσ̂0, σ̂1q , pGi ‘ Y q1 “ σi
s`1

1 and let σ1´i
s`1

1, B0
s`1 and B1

s`1

unchanged. If U i
ks
“ Si

ks
, let Bi

s`1pxq “ 0 for every x P r|Bi
s|, log2plog2pℓqqq and

Bi
s`1plog2plog2pℓqqq “ 1, where ℓ is the bound obtained from the fact that pσ̂0, σ̂1q ,i

Si
ks

and let σ0
s`1

1, σ1
s`1

1 and B1´i
s`1 unchanged.

Case 2: The requirement is of the form T 0
ks
^T 1

ks
. Since both U0 and U1 are

M -unbounded, there exists some condition pτ0, τ1q ď pσ0
s , σ

1
sq with card τ i ą cardσi

s

for every i ă 2. Let σ0
s`1 “ τ0 and σ1

s`1 “ τ1 and leave σ0
s`1

1, σ1
s`1

1, B0
s`1 and B1

s`1

unchanged.

Even if the σ0
s , σ

1
s , σ

0
s

1
, σ1

s
1
, B0

s and B1
s are only defined on some cut I, the values

taken by the ks are unbounded in M , hence for every k P M , there exists some side
i ă 2 such that Ri

k ^ Si
k ^ T i

k is satisfied. Therefore, there exists some i ă 2 such
that, for every k PM , Ri

k ^ Si
k ^ T i

k is satisfied.
Let G “

Ť

sPI σ
i
s. By construction G is Y 1-computable and, as the Ri

k are satisfied,
pG‘Y q1 is equal to

Ť

sPI σ
i
s

1 and is also Y 1-computable, hence MrG‘Y s “MrGs (
RCA0 ` BΣ0

2. Since the requirements T i
k are satisfied, the set G is an M -infinite

L-ascending sequence if i “ 0 and an M -infinite L-descending sequence if i “ 1.
Let B̂ “

Ť

sPI B
i
s, then A is B̂-block pG ‘ Y q-immune with cost n ` 2. Indeed,

every b P B̂ was added because some requirement Si
ks

was forced (which happened M -
unboundedly many times, hence B is M -unbounded), hence there exists some ℓ P B
such that b “ log2plog2pℓqq and for every x ă b, if cardWG‘Y

x ě 2npℓq “ 2n`2pbq then
WY

e ĎWG‘Y
x and cardWY

e ě 2npℓq for some e ă ℓ, which implies that WY
e Ę A and

therefore WG‘Y
x Ę A by the B-block Y -immunity with cost n of A.

This completes the proof of Proposition 11.2.6.

In the proof of Proposition 11.2.6, the construction of the sets G and B̂ does not
depend on the set A. Therefore, for any other set Ã ĎM that is B-block Y -immune
with cost n, we also get that Ã is B̂-block pG‘ Y q-immune with cost n` 2.

11.2.3 The COH step
We now prove the existence of ω-extensions which add solutions to instances of COH
while preserving the fact that the instance of BRT2

2 has no solution. Again, we reuse
the same formalism as in the proof of Proposition 10.2.5.

Proposition 11.2.8. Let M “ pM,Sq ( RCA0 ` BΣ0
2 be a countable model topped

by some set Y . Let B be an M -unbounded ∆2pY q set and fix n P ω. Then, for every
set A ĎM that is B-block Y -immune with cost n, every instance R⃗ of COH in S and
every P " Y 1 such that MrP s ( RCA˚

0 , there exists G Ď M and some M -unbounded
pG‘ Y q1-computable set B̂ such that:

• G is R⃗-cohesive

• MrGs ( RCA0 ` BΣ0
2

• A is B̂-block pG‘ Y q-immune with cost n` 2.

Proof. As in the proof of Proposition 10.2.5, we let

R⃗σ “
č

σpiq“0

NzRi X
č

σpiq“1

Ri
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for every σ P 2ăM and let T be the Σ1pY q tree tσ P 2ăM : Dxpx ą |σ| ^ x P R⃗σqu.
P computes a path Q through that tree and we then consider the same notions of
conditions, compatibility, and the same forcing relation using this Q.

As in Proposition 11.2.6, we will assume that all the elements of B are of the form
22

k for some k PM . We will define the set G using an infinite ∆1pQ‘Y
1q decreasing

sequence of conditions. To ensure that Q ‘ Y 1 ěT pG ‘ Y q1 and that A is B̂-block
pG‘ Y q-immune with cost n` 2, we will also construct pG‘ Y q1 and B̂ in parallel.

For this, we will need to satisfy three kinds of requirements for every k PM :

• Rk: there exists some σ1 P 2k such that pG‘ Y q1æk “ σ1.

• Sk: there exists some ℓ ą 22
k in B, such that, for every x ă log2plog2pℓqq, if

cardWG‘Y
x ě 2npℓq, then there is some e ă ℓ such that cardWY

e ě 2npℓq and
WY

e ĎWG‘Y
x .

• Tk: for every e ă k, G Ď˚ Re or G Ď˚ NzRe and there exists some x ą k such
that x P G.

By Lemma 10.2.9, for every condition pσ, ρq and every k P M , there exists an
extension forcing Rk. And similarly for the Tk by Lemma 10.2.8. Remains the Sk.

Lemma 11.2.9. For every condition pσ, ρq and every k P M , there exists some
extension pτ, ρq ď pσ, ρq such that pτ, ρq , Sk.

Proof. For every finite set F ĂM , every x P F and every t PM , let WY
epxF,x,tyq

search
the smallest τ compatible with pσ, ρq such that cardW τ‘Y

x1 ě 2n`2ptq for every x1 P F
and output the elements of W τ‘Y

x .
Let S : M Ñ M be the function which sends t to the largest value taken by

epxF, x, tyq for every F Ď t0, . . . , t ´ 1u and x ă t. Assuming a reasonable encoding
of e, this function is eventually dominated by t ÞÑ 22

t , indeed, every F Ď t and every
x P t can be encoded using less than αt bits for some α P ω and the same holds for
the corresponding value taken by e.

Hence, there exists some ℓ P B such that ℓ ą 22
k and such that ℓ1 :“ log2plog2pℓqq

satisfies Spℓ1q ă 22
ℓ1
“ ℓ.

Let F “ tF Ď ℓ1 : p@x P F q cardWY
epxF,x,ℓ1yq

ě 2n`2pℓ
1qu. The set F is Σ1pY q, non-

empty (contains H) and bounded, hence, by IΣ0
1 we can pick some F P F maximal

for the inclusion.
Since F P F , there exists some τ compatible with pσ, ρq such that cardW τ‘Y

x ě

2n`2pℓ
1q “ 2npℓq for every x P F . The condition pτ, ρq thus forces cardWG‘Y

x ě 2npℓq
for every x P F and, by the maximality assumption, forces cardWG‘Y

x ă 2npℓq for
every x P t0, . . . , ℓ1 ´ 1uzF , as otherwise F Y txu would be in F . Moreover, for every
x P F , we have cardWY

epxF,x,ℓ1yq
ě 2npℓq and WY

epxF,x,ℓ1yq
“W τ‘Y

x ĎWG‘Y
x .

Thus, pτ, ρq , Sk.

Construction: We Q ‘ Y 1-computably construct a decreasing sequence pσs, ρsq
of conditions. In parallel, the sets pG ‘ Y q1 and B̂ will be approached by sequences
pσ1

sq and pBsq of finite binary sequences.
Let σ0 “ ρ0 “ σ1

0 “ B0 “ H. Assume that σs, ρs, σ1
s and Bs have been defined for

some s PM and let
ks “ 1`maxt|σs|, |ρs|, |σ

1
s|, |Bs|u

Using Lemma 10.2.9, Lemma 11.2.9 and Lemma 10.2.8, there exists some
extension pτ, ρ1q ď pσs, ρsq forcing Rks ,Sks and Tks . Furthermore, such an extension
can be found pQ‘Y 1q-effectively. We then let σs`1 “ τ , ρs`1 “ ρ1, σ1

s`1 “ σ1 where σ1

is the sequence obtained from the fact that Rks
is forced and let Bs`1pxq “ 0 for every

x P r|Bs|, log2plog2pℓqqq and Bs`1plog2plog2pℓqqq “ 1 where ℓ is the bound obtained
from the fact that Sks

is forced. We then proceed to the next stage of the construction.
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The σs, σ1
s, ρs and Bs may only be defined on some cut I but are nonetheless of

length unbounded in M .
Thus, this construction defines two sets G “

Ť

sPI σs and B̂ “
Ť

sPI Bs that are
pQ‘Y 1q-computable and such that pG‘Y q1 is also pQ‘Y 1q-computable. We also get
that pG‘ Y q1 ě Q, indeed, using pG‘ Y q1, we can check if G Ď˚ Ri or if G Ď˚ NzRi

for every i PM and thus find the value of Qpiq, hence pG‘ Y q1 ”T Q‘ Y 1 and B̂ is
∆2pG ‘ Y q. Since the requirements Tk are satisfied, the set G is M -unbounded and
R⃗-cohesive. Finally, for the same reasons as in Proposition 11.2.6, we get that A is
B̂-block pG‘ Y q-immune with cost n` 2.

As in Proposition 11.2.6, the previous construction makes no reference to the set
A. Thus, every set Ã ĎM that is B-block Y -immune with cost n will also be B̂-block
pG‘ Y q-immune with cost n` 2.

Corollary 11.2.10. Let M “ pM,Sq ( RCA0`BΣ0
2 be a countable model topped by

some set Y . Let B be an M -unbounded ∆2pY q set and fix n P ω. Then, for every set
A ĎM that is B-block Y -immune with cost n and every instance R⃗ of COH in S, there
exists some M -unbounded set G ĎM and some M -unbounded pG‘ Y q1-computable
set B̂ such that:

• G is R⃗-cohesive

• MrGs ( RCA0 ` BΣ0
2

• A is B̂-block pG‘ Y q-immune with cost n` 2.

Proof. By Theorem 9.2.5, there exists a set P Ď M such that P " Y 1 and MrP s (
RCA˚

0 . The conclusion then follows from Proposition 11.2.8.

11.2.4 Main result
We are now ready to prove Main Theorem 11.0.1.

Proposition 11.2.11. Every countable topped model of RCA0 ` BΣ0
2 ` ␣IΣ

0
2 can be

ω-extended into a model of RCA0 ` ADS`␣BRT2
2.

Proof. Let M0 “ pM,S0q be a countable model of RCA0 ` BΣ0
2 ` ␣IΣ

0
2, topped by

a set Z0 P S0. Let I Ď M be a Σ2pZ0q-definable proper cut, witnessing that M0 (

␣IΣ0
2, and let B0 Ď M be a ∆2pM0q-definable M -unbounded set with cardinality I.

By the proof of Main Theorem 11.0.2, M0 contains a stable instance f : rM s2 Ñ 2
of BRT2

2 with no ∆1pZ0q-definable solution, and such that the set A “ tx P M :
@8yfpx, yq “ 0u is B0-block Z0-immune with cost 1 by the same reasoning as in
Proposition 11.2.5.

Since M is countable, there is a (not necessarily computable) reordering pΓnqnPω of
the sequence pΦxqxPM of all Turing functionals with codes inM . By Proposition 11.2.6
and Corollary 11.2.10, define a sequence pMnqnPω of countable models of RCA0`BΣ0

2

such that for every n P ω,

(1) Mn`1 is topped by some set Zn`1 and ω-extends Mn;

(2) A is Bn-block Zn-immune with some cost cn P ω;

(3) if n “ x0, a, by and ΓZb
a is an instance L “ pM,ďLq of SADS, then Mn`1

contains an M -unbounded L-ascending or L-descending sequence;

(4) if n “ x1, a, by and ΓZb
a is an instance R⃗ of COH, then Mn`1 contains an M -

unbounded R⃗-cohesive set.
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Let N “
Ť

nPω Mn. Then N ( RCA0 ` BΣ0
2. By (1), N ω-extends M0. By (2) A is

immune relative to every set in N , so f is an instance of BRT2
2 with no solution in N .

It follows that N * BRT2
2. By (3) and (4), N ( SADS` COH, so by Hirschfeldt and

Shore [63], N ( ADS.

Main Theorem 11.0.1. RCA0 ` ADS & BRT2
2

Proof. Let M be a countable model of IΣ1 ` BΣ2 ` ␣IΣ2. Let M “ pM,Sq be the
model whose second-order part S consists of the ∆1-definable sets with parameters
in M . By Friedman [48], M ( RCA0 ` BΣ0

2 `␣IΣ
0
2. Moreover, M is countable, and

topped by H, so by Main Theorem 11.2.11, there is an ω-extension N of M such that
N ( RCA0 ` ADS`␣BRT2

2. Thus, RCA0 ` ADS & BRT2
2.

Corollary 11.2.12. RCA0`ADS`␣BRT
2
2 is Π1

1-conservative over RCA0`BΣ
0
2`␣IΣ

0
2.

Proof. Let φ “ @XψpXq be a Π1
1-sentence such that RCA0`BΣ0

2`␣IΣ
0
2 & φ. By the

completeness theorem and the downward Löwenheim-Skolem theorem, there exists a
countable model M “ pM,Sq ( RCA0 ` BΣ0

2 `␣IΣ
0
2 `␣φ. Let X P S be such that

M ( ␣ψpXq and Y P S be such that IΣ0
2pY q fails. Let M1 “ pM,∆1-DefpM,X, Y qq.

By Friedman [48], M1 ( RCA0 ` BΣ0
2. Moreover, since ψ is arithmetic, M1 (

␣ψpXq, and since Y P M1, M1 ( ␣IΣ0
2. Lastly, M1 is topped by X ‘ Y , so

one can apply Main Theorem 11.2.11 to get an ω-extension N of M1 such that
N ( RCA0 ` BΣ0

2 ` ADS ` ␣BRT2
2. In particular, X P N and N ( ␣ψpXq, so

RCA0 ` BΣ0
2 ` ADS`␣BRT2

2 & φ.
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Chapter 12

Cuts

In order to remove the use of the infinite in a proof of a finitary result, one idea could
be to analyze the proof and replace each use of an infinitary statement by a finite
cardinality version of it for a sufficiently large value. Unfortunately, this idea does
not work in the general case. One reason is that there are (computable) properties
of infinite sets that cannot be reduced simply to the fact that every finite set is of
cardinality at least k for every k P N.

One example of such a property is ω-largeness. A finite set F is said to be ω-large
if cardF ą minF . It is clear that every infinite subset of N has an ω-large subset,
but there exist finite sets of arbitrarily large cardinalities that are not ω-large (e.g.,
tk, k` 1, . . . , 2k´ 1u for every k). Thus, a finitary proof involving an infinite set and
using the fact that it has an ω-large subset cannot directly be replaced by a proof
invoking a finite set of size k for some sufficiently large k.

Paris and Harrington [108] were the first to introduce the notion of ω-large set,
in order to produce a variation of the finite Ramsey theorem that is true, but not
provable in Peano arithmetic:

Definition 12.0.1 (Paris-Harrington principle). Let PH be the following Π2-
statement:
“For every n, k,m P N, there exists some N P N such that, for every f : rN sn Ñ k,
there exists some ω-large and f -homogeneous subset F Ď t0, . . . , N´1u with cardF ě
m.”

Theorem 12.0.2 (Paris-Harrington [108]). PA & PH

Nevertheless, PH is a true statement that can be deduced from the infinite Ramsey
theorem via a compactness argument.

Proposition 12.0.3 (Paris-Harrington [108]). WKL0 ` RT $ PH

Proof. We can apply the same compactness argument as in the proof of the finite
Ramsey theorem (Theorem 6.0.3). However, instead of considering the tree of all
finite colorings for which no homogeneous subset of cardinality m exists, we consider
the tree of colorings for which there is no homogeneous subset of cardinality at least
m that is also ω-large.

We then conclude by using the fact that every infinite set contains a subset of
cardinality greater than m which is ω-large.

In particular, RCA0 ` RT is not Π2-conservative over PA (it is in fact not even
Π1-conservative, as the original proof of Paris and Harrington showed that PA`PH $
ConpPAq).

In this part, we will go in the opposite direction. Rather than constructing finite
combinatorial statements that follow from their infinitary version, but are not provable
by finitary means, we shall investigate the first-order consequences of statements from
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Ramsey theory, such as Ramsey’s theorem for pairs or the ordered variable word
theorem. For this, we shall prove, in RCA0 or in RCA0 ` BΣ0

2, finite combinatorial
theorems that capture some of these first-order consequences.

In this chapter, we provide a general overview of the techniques used to obtain
partial conservation results over theories such as PRA,RCA0 and RCA0 ` BΣ0

2. We
begin in Section 12.1 by introducing the notion of semi-regular cut, due to Kirby and
Paris [73], which can be used to prove Π2-conservation results over PRA. Next, in
Section 12.2, we present a generalization by Ketonen and Solovay [72] of the notion
of ω-large set to other countable ordinals (called α-largeness) that was then used by
Patey and Yokoyama [115] to prove @Π0

3-conservation results over RCA0. Finally, in
Section 12.3, we introduce a parameterized version of α-largeness and see how to use
it to obtain @Π0

4-conservation results above RCA0 ` BΣ0
2. Here, a @Γ-formula is any

formula of the form @XφpXq where φ P Γ.

12.1 Cuts and Π2-conservation
Contrary to the previous parts where the new models built were ω-extensions of
the initial model (either in non-implication proofs over ω-models, or in the Π1

1-
conservation proofs), here we will modify the first-order part of our models by
removing some elements from it. The first-order part of the resulting model will
form a cut, whose definition we now recall:

Definition 12.1.1 (Cut). A cut in a model M of first-order arithmetic is a nonempty
subset I ĎM which is closed under successor, and is an initial segment of M , that is,
if a P I and b ď a, then b P I.
A cut I ĎM is proper if I ‰M .

As in Part III, it becomes even more important to distinguish between the formal
set N, used in formulas to denote the first-order part of the model under consideration,
and the set ω of standard integers. An additional layer of complexity arises from the
fact that we are also dealing with ordinals inside non-standard models. To address
this, we use the notations ω and ε0 within formulas to denote the ordinals ω and ε0
as they are interpreted in a given model.

Once a cut I is defined, the second-order part of the resulting model will be given
by the sets coded by M .

Definition 12.1.2 (Coded sets). For I Ď M a proper cut, a set X Ď I is said to be
M -coded on I if X “ I XX 1 for some M -finite set X 1. Let CodpM{Iq be the set of all
the sets that are M -coded on I.

If some proper cut I of a first-order structure pM, 0M , succM ,`M ,ˆM ,ăM q is
closed under addition and multiplication, then

pI,CodpM{Iq, 0M , succMæI,`MæI
2,ˆMæI

2,ăM æI2q

(which we will simply write pI,CodpM{Iqq), is also a first-order structure.
Inside this structure, the infinite sets are of the form XXI for some M -finite set X

that is unbounded in I. Similarly, for b ą I, and n, k P ω, the colorings f : rIsn Ñ k
are those of the form gærIsn for some M -finite coloring g : rbsn Ñ k.

For conservation proofs, our goal will be to build suitable cuts I such that, when
starting from a model M “ pM,Sq of RCA0 ` ψ for some first-order sentence ψ, the
structure pI,CodpM{Iqq remains a model of RCA0 ` ψ plus some other axioms such
as RT2

2. In contrast to Part III where the second-order part of both models was the
same, here some care is required for pI,CodpM{Iqq to remain a model of ψ. In fact,
our constructions only work for formulas up to Π0

4 in the arithmetical hierarchy.
As in Part III, we can also treat the case where ψ contains second-order parameters

from M. Consequently, in the same way that we obtained Π1
1-conservation results

in Part III instead of arithmetical conservation, here we will obtain @Π0
4-conservation
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theorems. However, when ψ contains second-order parameters, we cannot directly
claim that pI,CodpM{Iqq ( ψ, since these second-order parameters are not elements
of CodpM{Iq. Instead, we obtain that pI,CodpM{Iqq ( ψ̂, where ψ̂ is the formula
obtained from ψ by replacing each second-order parameter with its restriction to I,
which will be sufficient for our purpose. For simplicity, we will often identify ψ with
the corresponding ψ̂ and omit the distinction in proofs.

To do so, not every cut will do. Indeed, as IΣ0
1 proves the totality of every primitive

recursive function, the cut I also has to be closed under all primitive recursive
functions for pI,CodpM{Iqq to be a model of IΣ0

1. The notion of semi-regular cut
encapsulates the properties needed to build a model of WKL0.

Definition 12.1.3 (Semi-regular cut [73]). A proper cut I Ď M is said to be semi-
regular if for every M -finite set E Ď M such that cardE P I, E X I is bounded in I
(i.e., there exists a P I such that E X I ă a).

Proposition 12.1.4 (Scott [123] and Kirby and Paris [73, Proposition 1]. See also
Simpson [128, Lemma IX.3.11]). Let M ( PRA and let I ĎM be a proper cut. Then,
I is semi-regular if and only if pI,CodpM{Iqq (WKL0.

The Π2-conservation of WKL0 over PRA can then be derived by model-theoretic
means, providing an arguably simpler proof, albeit a non-constructive one.

Theorem 12.1.5 (See Simpson [128, Theorem IX.3.16]). WKL0 is Π2-conservative
over PRA.

The model-theoretic proof of that result proceeds as follows: if PRA & @xDyθpx, yq
for some Σ0-formula θ, then there exists a countable non-standard model M of PRA`
Dx@y␣θpx, yq. Letting a P M be such that M ( @y␣θpa, yq, we can construct some
semi-regular cut I containing a. Thus, the resulting model pI,CodpM{Iqq will be a
model of WKL0 ` @y␣θpa, yq, thereby proving that WKL0 & @xDyθpx, yq.

For pI,CodpM{Iqq to be a model of RT2
2, the semi-regularity on the cut I is

not sufficient, stronger assumptions are required. Indeed, any instance of RT2
2 in

pI,CodpM{Iqq has the form færIs2 for f : rcs2 Ñ 2 an M -finite coloring with c ą I.
In order for pI,CodpM{Iqq to contain a solution to this instance, we must find an
f -homogeneous set X Ď t0, . . . , c´ 1u such that X X I is unbounded in I.

However, a direct application of the finite Ramsey theorem for pairs and two colors
only guarantees the existence of a homogeneous set X Ď t0, . . . , c´ 1u of size at least
log4pcq (using the bound R2pnq ď 4n of Erdős and Szekeres [42]). This does not
ensure that X X I is unbounded in I for some semi-regular cut I. Indeed, suppose X
is of the form tc ´ log4pcq, . . . , c ´ 1u with I ă c. If d P X X I for some d, then by
closure of I under multiplication, we would have 2d P I, but 2d ą c, contradiction.

In the next section, we will introduce α-large sets and study finite variants of RT-
like statements that will put more weight on the smallest integers and guarantee that
the resulting sets X contain sufficiently many ‘small’ elements so that a semi-regular
cut I in which X is cofinal can be found.

12.2 Largeness and @Π0
3-conservation

12.2.1 Largeness notions and α-large sets
A subset X Ď N being infinite guarantees that we can find, for every k P N, finite
subsets of X of size k. But, as shown before with the example of ω-largeness, these
are not the only examples of Σ0

1 properties that hold true for every infinite set.

Definition 12.2.1. A family L of finite subsets of N is a largeness notion if any infinite
set has a subset in L and L is closed under supersets (i.e., if F P L and G Ďfin N is
such that F Ď G, then G P L).
Any finite set in L is said to be L-large.
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A particular family of largeness notions that will be of interest to us is the α-
largeness, for some ordinal α. It is possible to define α-large sets for very large
countable ordinals as long as we have a system of ordinal notations at our disposal.
For our purpose, it will be sufficient to define α-large sets only for α of the form ωn ¨k
for some n, k P N.

Definition 12.2.2 (α-largeness). A set F Ďfin N is

(1) ω0-large iff F ‰ H

(2) ωpn`1q-large iff F ztminF u is pωn ¨minF q-large

(3) ωn ¨ k-large iff there are k ωn-large subsets of F

F0 ă F1 ă ¨ ¨ ¨ ă Fk´1

For every n P ω, RCA0 is powerful enough to prove that ωn-largeness is a largeness
notion.
Proposition 12.2.3. For every n P ω, RCA0 proves that every infinite set has an
ωn-large subset.

However, RCA0 is not strong enough to prove that for every n P N, ωn-largeness
is a largeness notion. If that were the case, then RCA0 would prove that ωω-largeness
is a largeness notion, where a set X is ωω-large if XztminXu is ωminX -large. And,
by the following result, this is not the case.

Theorem 12.2.4 (Generalized Parsons theorem for WKL0 [115, Corollary 3.5]). Let
L be a Σ1 notion of largeness, provably in WKL0. Then there exists some n P ω such
that IΣ0

1 proves that every ωn-large set is in L.

This provides further justification for using ωn-largeness in the study of infinite
sets within RCA0. For sufficiently large n, ωn-large sets become increasingly difficult
to distinguish from genuinely infinite sets in a model of WKL0 (and in particular, in
models of RCA0).

We are interested in the closure of largeness notions under combinatorial
statements coming from Ramsey theory (i.e., how large must a finite set X be, so
that every instance of our problem on X has a solution that is L-large for some
largeness notion L).

Given a function f : rNsn Ñ k and a finite set G “ tx0 ă ¨ ¨ ¨ ă xℓ´1u, let
fG : rℓsn Ñ k be defined by fGpi0, . . . , in´1q “ fpxi0 , . . . , xin´1

q. Most statements we
are interested in will be Π1

2 problems of the following form:

Definition 12.2.5. Given n, k P N, an RT-like statement is a Π1
2-formula of the form

p@f : rNsn Ñ kqpDY qrΦpf,Nq Ñ pY is infinite^Ψpf, Y qqs

where Φpf, Y q and Ψpf, Y q are of the form p@G Ďfin Y qΘpfGq with Θ a Σ0
0-formula.

For example, RT2
2, ADS and EM are all RT-like statements.

Definition 12.2.6. Let P be an RT-like statement with witnesses n, k,Φ and Ψ, and
let L be a largeness notion. A finite set F is P-L-large if for every coloring f : rF sn Ñ k
such that Φpf, F q holds, there is an L-large subset E Ď F such that Ψpf,Eq holds.

By extension, if pPkqkPN is a family of RT-like statements, then we say that a
finite set F is P-L-large if it is Pk-L-large for every k ď minF . For instance, a set
F is RT1-L-large if for every k ď minF and every coloring f : N Ñ k, there is an
L-large f -homogeneous subset of F . Equivalently, since L is closed under supersets,
F is RT1-L-large if for every k ď minF and every k-partition E0 \ ¨ ¨ ¨ \ Ek´1 “ F ,
there is some i ă k such that Ei is L-large.



12.2. LARGENESS AND @Π0
3-CONSERVATION 149

As an example, we present the following bounds for RT1
k and RT1, which will be

proven in Chapter 13.

Proposition 12.2.7. RCA0 proves that, for every n ě 0 and a, k ě 1:

(1) If X is ωn ¨ ak-large, then it is RT1
k-ωn ¨ a-large.

(2) If X is ωn`1-large, then it is RT1-ωn-large.

With an argument similar to that of Proposition 12.0.3, we can see that WKL0`P
proves that if L is a largeness notion, then so is P-L-largeness. As we will see with
Theorem 12.2.9, the ability for RCA0 itself to prove this statement gives a good
criterion for the @Π0

3-conservativity of P over RCA0.
In a theory able to prove that P-L-largeness is a largeness notion for every largeness

notion L, then for every m P ω we can prove the existence of so-called m-densepPq sets
(defined below). In contrast to P-α-largeness, which concerns how large a solution to
a single instance of P can be, m-densitypPq is a notion of largeness which involves m
successive applications of P. And we will see in Theorem 12.2.9 how the existence of
a c-densepP,RT1

q set for some non-standard element c PM can then be used to build
the desired cut.

Definition 12.2.8 (m-density). Let P0, . . . ,Pi´1 be RT-like statements and letm P N.
A finite set F is m-dense(P0, . . . ,Pi´1) if either:

• m “ 0 and F is ω-large;

• m ą 0 and the following two conditions are satisfied:

1. for every j ă i, every instance of Pj on F admits a solution that is pm´1q-
dense(P0, . . . ,Pi´1);

2. there exist subsets F0 ă ¨ ¨ ¨ ă FminF´1 Ď F ztminF u that are pm ´ 1q-
dense(P0, . . . ,Pi´1).

12.2.2 @Π0
3-conservation of RT-like statements

We now have sufficient tools to establish a general proof scheme for @Π0
3-conservation

over RCA0.

Theorem 12.2.9 (Patey and Yokoyama [115, Theorem 3.1]). Let P be an RT-like
statement with witnesses n, k,Φ and Ψ. If for every ℓ P ω there exists some ℓ1 P ω
such that RCA0 proves that every ωℓ1-large set is P-ωℓ-large, then WKL0 ` P is @Π0

3-
conservative over RCA0.

Proof. Let φ :“ @X@xDy@zθpXæz, x, y, zq be a @Π0
3-sentence in Kleene normal form

and assume that RCA0 & φ.
By compactness, completeness, and the Löwenheim-Skolem theorem, there exists

some countable non-standard model M “ pM,Sq ( RCA0 ` ␣φ. Let a P M and
A P S be such that M ( RCA0 ` @yDz␣θpAæz, a, y, zq.

Consider the following set Y “ ty0, y1, . . . u defined inductively by:
y0 “ a and, for every i P M , yi`1 is the smallest element ą yi such that
@y ă yiDz ă yi`1␣θpAæz, a, y, zq. Since M ( BΣ0

1 and M ( @yDz␣θpAæz, a, y, zq, Y
is infinite, and since Y is ∆0

1, we have Y P S.

By external induction on m P ω, we can prove that there exists some bound
ℓm such that RCA0 proves that every ωℓm -large set is m-densepP,RT1

q. Indeed, for
m “ 0, simply take ℓ0 “ 1. And, assuming that there exists such an ℓm for some
m P ω, let ℓ1

m be such that RCA0 proves that every ωℓ1
m -large set is P-ωℓm -large and

pick ℓm`1 “ maxtℓ1
m ` 1, ℓm ` 1u “ ℓ1

m ` 1, by Proposition 12.2.7, RCA0 proves that
every ωℓ1

m`1-large set is pm` 1q-densepP,RT1
q.
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The property of being m-densepP,RT1
q is Σ0

1 and M ( IΣ0
1, hence, by overspill

(see Proposition 9.1.5), there must exist some non-standard element c PM and some
c-dense(P,RT1) subset F of Y . We can also assume that minF ě 2.

Fix pEiqiPω an enumeration containing all the M -finite sets infinitely many times,
and fix pfiqiPω an enumeration of all the M -finite functions from rt0, . . . ,maxF usn to
k.

Consider the following decreasing sequence F “ F´1 Ě F0 Ě F1 Ě . . . of M -finite
sets, such that, for every i P ω:

(1) Fi is pc´ 2i´ 2q-dense(P,RT1).

(2) Φpfi, t0, . . . ,minF2iuq doesn’t hold, or Ψpfi, F2iq holds.

(3) If cardEi ă minF2i`1 then rminF2i`2,maxF2i`2q X Ei “ H.
Assume Fi has already been defined for some i P ω Y t´1u.
If i ` 1 “ 2j for some j P ω, then, since Fi is pc ´ 2i ´ 2q-dense(P,RT1) and

minFi ě 2, there exist F 0
i ă F 1

i Ď Fi that are pc ´ 2i ´ 3q-dense(P,RT1). If
Φpfj , t0, . . . ,maxF 0

i uq holds, let Fi`1 Ď F 0
i be some pc ´ 2i ´ 4q-densepP,RT1

q set
such that Ψpfj , Fi`1q holds. Otherwise, let Fi`1 “ F 1

i . Since minF 1
i ą maxF 0

i , this
ensures that Φpfj , t0, . . . ,minFi`1uq does not hold.

If i` 1 “ 2j ` 1 for some j P ω: if minFi ď cardEj then let Fi`1 “ Fi otherwise,
consider the coloring g : Fi Ñ minFi defined by gpxq “ cardty P Ej : y ă xu and
let Fi`1 be some g-homogeneous and pc´ 2i´ 3q-densepP,RT1

q subset of Fi, in that
case we have rminFi`1,maxFi`1q X Ej “ H as gpminFi`1q “ gpmaxFi`1q implies
that cardty P Ej : minFi`1 ď y ă maxFi`1u “ 0.

By p1q, this construction can be carried out for every i P ω. Let I “ suptminpFiq :
i P ωu :“ tx P M : Di P ω, x ă minFiu. Notice that, as the Fi form a decreasing
sequence of sets, every Fi is cofinal in I.

I forms a semi-regular cut of M . Indeed, consider some M -finite set E ĎM with
cardE P I. By definition of I, there exists some j P ω such that cardE ă minFj .
Then, since pEiqiPω contains all the M -finite sets infinitely many times, there exists
some i ě j such that E “ Ei, and, as F2i`1 Ď Fj (since 2i ` 1 ě j), we also have
cardE ă minF2i`1. By p3q, this implies that rminF2i`2,maxF2i`2q X Ei “ H, and
hence that EXI is bounded in I (as minF2i`2 P I and maxF2i`2 ą I by construction).
By Proposition 12.1.4, the semi-regularity of I implies pI,CodpM{Iqq (WKL0.

For every i P M such that yi P Y X I, we have that yi`1 P Y X I. Hence,
@y P IDz P I␣θpAæz, a, y, zq holds. Since minY “ a, we have that a P I, and letting
A1 “ A X I denote the M -coded set by A on I, it follows that pI,CodpM{Iqq (
@yDz␣θpA1æz, a, y, zq, and therefore pI,CodpM{Iqq ( ␣φ.

Finally, for every instance f : rIsn Ñ k of P in pI,CodpM{Iqq, there exists some
index i P ω such that f “ fiærIs

n. If Φpfi, t0, . . . ,minF2iuq doesn’t hold, then neither
does Φpfi, Iq as minF2i P I, contradicting our assumption that f is an instance of P
in pI,CodpM{Iqq. Thus, by p2q we have that Ψpfi, F2iq holds, and hence Ψpf, F2iXIq
holds, and, as F2i is cofinal in I, the set F2i X I is infinite in pI,CodpM{Iqq, thus
pI,CodpM{Iqq ( P.

Thus, pI,CodpM{Iqq (WKL0 ` P`␣φ, and WKL0 ` P & φ.

The original proof by Patey and Yokoyama of the @Π0
3-conservation of RT2

2 over
RCA0 [115] did not provide explicit bounds for the amount of ωℓ1 -largeness required
for a set to be RT2

2-ωℓ-large. Such bounds were later obtained by Kołodziejczyk and
Yokoyama [79], who showed that every ω144pn`1q-large set is RT2

2-ωn-large.
Deriving explicit bounds can be of theoretical interest. Indeed, the fact that the

function n ÞÑ 144pn`1q is polynomial in n was exploited by Kołodziejczyk et al. [78].
Adapting the general scheme of forcing interpretation as introduced by Avigad [4],
they proved that every proof of a @Π0

3-statement in RCA0 ` RT2
2 could be translated

to a proof of that same statement in RCA0 with at most a polynomial increase in size.
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12.3 Largenesspθq and @Π0
4-conservation

To move from a proof of @Π0
3-conservation to one of @Π0

4-conservation, several
adjustments are required. When, starting with a model M that satisfies an DΣ0

4-
formula, or equivalently, after fixing witnesses for the existential quantifiers, a Π0

3-
formula, we aim to construct a cut that preserves this property. The main difficulty
is that for @xDy@zθpx, y, zq a Π0

3-formula, there is no guarantee that there exists an
infinite set Y “ ty0, y1, . . . u such that M ( @x ă yiDy ă yi`1@zθpx, y, zq for every
i P N as such a set would require Π0

1-comprehension to exist. Instead, we will modify
our notion of α-largeness so that it now depends on the formula θ.

Another point to consider is that RCA0 ` RT2
2 proves BΣ0

2 (and the same holds
for many other Ramsey-like statements). Since BΣ0

2 is a @Π0
4-statement not provable

in RCA0, it follows that we cannot prove the @Π0
4-conservativity of RT2

2 over RCA0.
Instead, we will establish @Π0

4-conservativity results over the stronger base theory
RCA0 ` BΣ0

2.

12.3.1 Definitions and combinatorial properties

Definition 12.3.1. Let θpx, y, zq be a Σ0
0-formula and let b P N be the largest first-

order constant appearing in θ. Two finite sets b ď X ă Y are θ-apart if

@x ă maxXDy ă minY @z ă maxY θpx, y, zq

Note that θ-apartness is a transitive relation. Moreover, if X ă Y are θ-apart and
X0 Ď X and Y0 Ď Y , then X0, Y0 are θ-apart.

The use of the largest first-order constant appearing in θ in the definition of θ-
apartness and α-largenesspθq is to ensure that the cut constructed will contain all
first-order constants appearing in θ.

Definition 12.3.2 (α-largenesspθq). Let θpx, y, zq be a Σ0
0-formula and let b P N be

the largest first-order constant appearing in θ. A set X Ďfin N with b ď minX is

• ω0-largepθq if X ‰ H.

• ωpn`1q-largepθq if XztminXu is pωn ¨minXq-largepθq

• ωn ¨ k-largepθq if there are k pairwise θ-apart ωn-largepθq subsets of X

X0 ă X1 ă ¨ ¨ ¨ ă Xk´1

Likewise, we can define what it means for a set to be P-α-largepθq and m-
densepθ,P0, . . . ,Piq:

Definition 12.3.3 (m-densitypθq). Let θpx, y, zq be a Σ0
0-formula and let P0, . . . ,Pi´1

be RT-like statements. A finite set F is m-dense(θ,P0, . . . ,Pi´1) if either:

• m “ 0 and F is ω-largepθq;

• m ą 0 and the following two conditions are satisfied:

1. for every j ă i, every instance of Pj on F admits a solution that is pm´1q-
dense(θ,P0, . . . ,Pi´1);

2. there exists pairwise θ-apart subsets F0 ă ¨ ¨ ¨ ă FminF´1 Ď F ztminF u
that are pm´ 1q-dense(θ,P0, . . . ,Pi´1).

Clearly, every α-largepθq set is also α-large. The main combinatorial difference
between α-largenesspθq and ordinary α-largeness is that α-largepθq sets cannot easily
be grouped together (if a set A is θ-apart from two sets B and C, then A is not
necessarily θ-apart from B Y C), giving us worse bounds for RT1-largenesspθq. In
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what follows, we will often use the term bound to refer specifically to the exponent n
when discussing how much ωn-largenesspθq is required for a given result. For instance,
we shall say that P admits a polynomial bound if there is a polynomial Q such that
every ωQpnq-largepθq set is P-ωn-largepθq.

The following statement, whose proof is deferred to Chapter 14, gives a 4n ` 4
bound for a set to be RT1-ωn-largepθq. In contrast to the case of RT1-ωn-largeness
(see Proposition 12.2.7), it is not possible to obtain a bound of the form n ` Op1q.
Indeed, for every n P N, there is a set F and a formula θF depending on F such that
F is ω2n´1-largepθF q but not RT1

2-ωn-largepθF q (see [88, Section 7]).

Lemma 12.3.4. IΣ0
1 proves that, for every Σ0

0-formula θpx, y, zq and every b P N, if
F Ďfin N is ω4b`4-largepθq, then it is RT1-ωb-largepθq.

Just as RCA0 proved that ωn-largeness is a largeness notion for every n P ω, we
have that, for every n P ω, RCA0 ` BΣ0

2 proves that ωn-largenesspθq is a largeness
notion when @xDy@zθpx, y, zq holds.

Lemma 12.3.5. RCA0`BΣ0
2 proves that, if @xDy@zθpx, y, zq holds, then, for every b P

N, if ωb-largenesspθq is a largeness notion, then

1. For every c P N, ωb ¨ c-largenesspθq is a largeness notion ;

2. ωb`1-largenesspθq is a largeness notion.

Proof. Suppose that @xDy@zθpx, y, zq holds and that ωb-largenesspθq is a largeness
notion.

Fix an infinite set X. We prove by internal Σ0
1pXq-induction over c ě 1, that

X contains an ωb ¨ c-largepθq subset. The case c “ 1 follows from the fact that
ωb-largenesspθq is a largeness notion. Assume the case c holds. Let F Ď X be an
ωb ¨ c-largepθq set. Since @xDy@zθpx, y, zq holds, then, by BΣ0

2, there is some d P X
such that

@x ă maxFDy ă d@zθpx, y, zq

Since Xzr0, ds is infinite and ωb-largenesspθq is a largeness notion, there is an ωb-
largepθq subset G Ď Xzr0, ds. Then F Y G is an ωb ¨ pc ` 1q-largepθq subset of X.
Since every infinite set X contains an ωb ¨ c-largepθq subset, then ωb ¨ c-largenesspθq is
a largeness notion.

Suppose now that for every c ě 1, ωb ¨ c-largenesspθq is a largeness notion.
In particular, for every infinite set X, there is an ωb ¨ pminXq-largepθq set F Ď

XztminXu, hence tminXu Y F is an ωb`1-largepθq subset of X. Thus, ωb`1-
largenesspθq is a largeness notion.

Proposition 12.3.6. For every n P ω, RCA0`BΣ0
2 proves that, for every Σ0

0-formula
θpx, y, zq such that @xDy@zθpx, y, zq holds, then for every c ě 1, ωn ¨ c-largenesspθq is
a largeness notion.

Proof. We prove by external induction over n that ωn-largenesspθq is a largeness
notion. The statement of the proposition then follows from Lemma 12.3.5. For the
base case, since every non-empty finite set X ą b is ω0-largepθq for b the largest
first-order constant appearing in θ, then ω0-largenesspθq is a largeness notion. The
induction case is the second item of Lemma 12.3.5.

12.3.2 @Π0
4-conservation of RT-like statements

Similarly, we have the following proof scheme for @Π0
4-conservation over RCA0`BΣ0

2.

Theorem 12.3.7. Let P be an RT-like statement with witnesses n, k,Φ and Ψ. If
for every ℓ P ω there exists some ℓ1 P ω such that RCA0 ` BΣ0

2 proves, for every Σ0
0-

formula θpx, y, zq, that every ωℓ1-largepθq set is P-ωℓ-largepθq, then WKL0 ` BΣ0
2 ` P
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is @Π0
4-conservative over RCA0 ` BΣ0

2.

Proof. Let φ :“ @X@xDy@zDtθ1pXæt, x, y, z, tq be a @Π0
4-formula in Kleene normal

form and assume that RCA0 ` BΣ0
2 & φ.

By compactness, completeness, and the Löwenheim-Skolem theorem, there exists
some countable non-standard model M “ pM,Sq ( RCA0`BΣ0

2`␣φ. Let a PM and
A P S be such that M ( @yDz@t␣θ1pAæt, a, y, z, tq. Let θpy, z, tq be the Σ0

0-formula
␣θ1pAæt, a, y, z, tq.

Since M ( RCA0 ` BΣ0
2 ` @yDz@tθpy, z, tq, then, by Proposition 12.3.6, there

exist ωℓ-largepθq subsets of M for every ℓ P ω. Thus, by assumption, there exist
P-ωℓ-largepθq subsets of M for every ℓ P ω, and by Lemma 12.3.4, there exist RT1-
ωℓ-largepθq subsets of M for every ℓ P ω. Thus, there exist m-densepθ,P,RT1

q sets
for every m P ω.

By overspill, (as the property of being m-densepθ,P,RT1
q is Σ0

1 and M ( IΣ0
1)

there must exist some non-standard element c P M and some c-dense(θ,P,RT1) set
F Ďfin M .

Fix pEiqiPω an enumeration containing all the M -finite sets infinitely many times,
and fix pfiqiPω an enumeration of all the M -finite functions from rt0, . . . ,maxF usn to
k.

Consider the following decreasing sequence F “ F´1 Ě F0 Ě F1 Ě . . . such that,
for every i P ω:

(1) Fi is pc´ 2i´ 2q-dense(θ,P,RT1).

(2) Φpfi, t0, . . . ,minF3iuq doesn’t hold, or Ψpfi, F3iq holds.

(3) If cardEi ă minF3i then rminF3i`1,maxF3i`1q X Ei “ H.

(4) @y ă minF3i`1Dz ă minF3i`2@t ă maxF3i`2θpy, z, tq holds.
Assume Fi has already been defined for some i P ω Y t´1u.
If i ` 1 “ 3j for some j P ω, then, since Fi is pc ´ 2i ´ 2q-dense(θ,P,RT1) and

minFi ě 2, there exist F 0
i ă F 1

i Ď Fi that are pc ´ 2i ´ 3q-dense(θ,P,RT1). If
Φpfj , t0, . . . ,maxF 0

i uq holds, let Fi`1 Ď F 0
i be some pc´ 2i´ 4q-densepθ,P,RT1

q set
such that Ψpfj , Fi`1q holds. Otherwise, let Fi`1 “ F 1

i . Since minF 1
i ą maxF 0

i , this
ensures that Φpfj , t0, . . . ,minFi`1uq does not hold.

If i` 1 “ 3j ` 1 for some j P ω: if minFi ď cardEj then let Fi`1 “ Fi otherwise,
consider the coloring g : Fi Ñ minFi defined by gpxq “ cardty P Ej : y ă xu and let
Fi`1 be some g-homogeneous and pc ´ 2i ´ 3q-densepθ,P,RT1

q subset of Fi, in that
case we have rminFi`1,maxFi`1q X Ej “ H.

If i ` 1 “ 3j ` 2 for some j P ω: as Fi is pc ´ 2i ´ 2q-densepθ,P,RT1
q

and minFi ě 2, let F 0
i ă F 1

i Ď Fi be pc ´ 2i ´ 3q-densepθ,P,RT1
q and

θ-apart and let Fi`1 “ F 1
i . By the θ-apartness of F 0

i and F 1
i , we have

@y ă maxF 0
i Dz ă minF 1

i @t ă maxF 1
i θpy, z, tq, and, as maxF 0

i ą minFi, we
have that @y ă minFiDz ă minFi`1@t ă maxFi`1θpy, z, tq holds.

By assumption p1q, this construction can be carried out for every i P ω. Let
I “ suptminpFiq : i P ωu. Then, as in the proof of Theorem 12.3.7, by p3q, I forms a
semi-regular cut of M , hence pI,CodpM{Iqq (WKL0 and as the Fi form a decreasing
sequence, every Fi is cofinal in I. By definition of α-largepθq sets, we have that
a ă minF , hence a P I. By p2q, we have pI,CodpM{Iqq ( P.

Finally, let y P I, by definition of I there exists some i P ω such that y ă minF3i`1.
Then, as p4q holds, there exists some z ă minF3i`2 such that θpy, z, tq holds for
every t ă maxF3i`2. As z ă minF3i`2, we have z P I, and as maxF3i`2 ą I,
we have that @y P IDz P I@t P I␣θ1pAæt, a, y, z, tq holds, hence, as a P I, we have
pI,CodpM{Iqq ( ␣φ.

Thus, pI,CodpM{Iqq (WKL0 ` BΣ0
2 ` P`␣φ, and WKL0 ` BΣ0

2 ` P & φ.
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Chapter 13

α-largeness

Before proving bounds for RT2
2-largenesspθq in the next chapter, we shall first

familiarize ourselves with the standard notion of α-largeness, as developed by Ketonen
and Solovay [72]. To do so, we will first study the general definition of α-largeness for
ordinals smaller than ε0 and prove the following partition theorem. Here, ‘ denotes
the natural (or Hessenberg) sum over ordinals, as introduced in Chapter 10. Moreover,
a set F is said to be at most α-large if F “ H or if F ztmaxF u is not α-large.

Main Theorem 13.0.1. Let β, γ ă ε0 be two ordinals, and B,C Ď Nzt0u be at most
β-large and γ-large respectively. Then B Y C is at most pβ ‘ γq-large.

This theorem has several consequences, including a generalization of Ketonen
and Solovay [72, Lemma 4.6] and pigeonhole generalizations of Bigorajska and
Kotlarski [8, Theorem 12] for α-largeness. For this, we introduce a Hardy-like
hierarchy of fast-growing functions, and adapt and generalize the techniques of
Bigorajska and Kotlarski.

Then, in the rest of this chapter, we shall focus on ordinals α ă ωω and give a
tight upper bound (up to additive constant) for RT2

k-ωn-largeness.

Main Theorem 13.0.2. Let n, k ě 1. If X Ďfin N is ωkn`4-large and minX ě 2,
then it is RT2

k-ωn-large.

In the case k “ 2, we obtain ω2n`4-largeness, improving over the ω144pn`1q-
largeness upper bound of Kołodziejczyk and Yokoyama [79]. This bound is tight,
in the sense that Kotlarski et al. [82, Theorem 5.4] proved (in a slightly different
formalism) that every RT2

k-ωn-large set is ωkn´1-large.
The proof of Main Theorem 13.0.2 goes through the computation of upper bounds

of closure for the usual decomposition of RT2
2 into ADS`EM, or rather to one of their

generalization to k-colorings in the form of the transitive Ramsey theorem trRT2
k and

the fallow Erdős-Moser theorem (fEM) due to Towsner and Yokoyama [139].
We prove in particular that trRT2

k is solely responsible for the lower bound of
RT2

k-ωn-largeness, in that every ωn`3-large set X with minX ě 7 is fEM-ωn-large
(Corollary 13.2.14). This latter result improves the ω18n-largeness upper bound of
Towsner and Yokoyama for fEM-ωn-largeness.

This chapter is of purely combinatorial nature, with no meta-mathematical
considerations. Although improving the bounds for RT2

2-ωn-largeness can have
theoretical consequences (with most notably, the proof of Kołodziejczyk et al. [78]
of the absence of speedup between RCA0 ` RT2

2 and RCA0 for @Π0
3-formulas), there

are, to our knowledge, no further theoretical implications arising from refining the
bound 144n`Op1q to 2n`Op1q.

In general, the statement “α-largeness is a largeness notion” is equivalent,
over RCA0, to the statement WF0

pαq, asserting the well-foundedness of α. Many

155
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proofs in Section 13.1 rely on induction up to ε0 and therefore cannot be formalized
directly in RCA0. Nevertheless, the results in this chapter are still formalizable in
RCA0, indeed, most of them are of the form “For every α ă ε0, every α-large set
X…” or similar. Such statements are usually provable in RCA0, as the existence of
the α-large set is assumed rather than derived.

13.1 Largeness below ε0

In this section, we study the general definition of α-largeness as introduced by Ketonen
and Solovay in [72], which applies for every ordinal α ă ε0 and establish some of
its combinatorial properties. By Ketonen and Solovay [72, Lemma 4.6], the two
definitions of α-largeness coincide for α of the form ωn ¨ k.

Recall that every ordinal α ă ε0 admits a unique Cantor normal form

α “ ωαs ¨ as ` ¨ ¨ ¨ ` ωα0 ¨ a0

for some α0 ă α1 ă ¨ ¨ ¨ ă αs ă α and a0, . . . , as P Nzt0u. Given two ordinals
α, β ă ε0, we write α ! β1 if either α or β equals 0, or if the smallest exponent of β
is at least the largest exponent of α in their Cantor normal form. If α ‰ 0, we shall
also use its short Cantor normal form α “ β ` ωγ with β " ωγ .

Definition 13.1.1. Given a non-zero ordinal α ă ε0 with short Cantor normal form
α “ β ` ωγ , and x P N, let

tαupxq “

$

’

&

’

%

β if γ “ 0,

β ` ωγ´1 ¨ x if γ is successor ,
β ` ωtγupxq if γ is limit.

Finally, let t0upxq “ 0.

The sequence ptαupxqqxPN is called the (canonical) fundamental sequence of α.
When α is a limit ordinal, then it is a distinguished increasing sequence of ordinals
that is cofinal in α.

The " relation admits two desirable properties. First, if β " α, then the sum
β`α coincides with the natural sum (or Hessenberg sum) β‘α corresponding to the
component-wise sum of the multiplicative factors. Second, if β " α and α ‰ 0, then
the operation tβ ` αupxq can be reduced to a computation of tαupxq:

Lemma 13.1.2 (Ketonen and Solovay [72]). Let α, β ă ε0 be such that β " α and
α ‰ 0. Then tβ ` αupxq “ β ` tαupxq.

In general, fundamental sequences are not compatible with ordinal inequality, in
the sense that there exist some ordinals β ą α and some x P N such that tβupxq ă
tαupxq. For instance, if β “ ω and α “ 10, then tωup1q “ 1 ă t10up1q “ 9. However,
this is the case if x is larger than every coefficient appearing in the Cantor normal
form of α. This motivates the definition of the pseudo-norm:

Definition 13.1.3 (Bigorajska and Kotlarski [9]). The pseudo-norm psnpαq of α of
Cantor normal form ωαs ¨ as ` ¨ ¨ ¨ ` ωα0 ¨ a0 is defined as

psnpαq “ maxppsnpα0q, . . . , psnpαsq, a0, . . . , asq

The following lemma is an immediate consequence of Bigorajska and Kotlarski [9,
Lemma 2.1].

1The notation B ! A was introduced in Chapter 4 and used in Chapter 10 to denote that A is
PA over B. As there is no risk of notational conflict, we will overload the symbol ".
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Lemma 13.1.4 (Bigorajska and Kotlarski [9]). Let α ă β ă ε0 and x P N such that
psnpαq ă x. Then tβupxq ě α (with equality if and only if β “ α` 1).

The following easy lemma relates psnptαupnqq to psnpαq for any n P N.

Lemma 13.1.5. Let α ă ε0 and let n P Nzt0u. Then psnpαq ´ 1 ď psnptαupnqq ď
maxtpsnpαq, nu

Proof. The result is clear for α “ 0, then, if α ‰ 0, the operation tαupnq can only add
n1s and decrease coefficients by 1 in the (recursive) Cantor normal form of α.

The notion of fundamental sequence generalizes to finite sets as follows:

Definition 13.1.6 (Ketonen and Solovay [72]). Given an ordinal α ă ε0 and a finite
set X “ tx0 ă ¨ ¨ ¨ ă xsu, let

tαupXq “ t¨ ¨ ¨ ttαupx0qupx1q ¨ ¨ ¨ upxsq

A set X is α-large if tαupXq “ 0, otherwise, it is α-small.

Accordingly, a finite set X is exactly α-large if it is α-large and XztmaxXu is
α-small. A finite set X is at most α-large if XztmaxXu is α-small. By convention,
we consider that H is at most 0-large.

Note that a set X might be α-large, α ` 1-small, but not at most α-large. For
instance, t3, 5, 6, 7, 8u is ω-large, not ω` 1-large, and not at most ω-large.

Ketonen and Solovay [72] proved many of the basic properties of α-large sets. In
particular:

Proposition 13.1.7 (Ketonen and Solovay [72, Section 4.5]). Let α ă ε0 and X “

tx0, . . . , xn´1u Ďfin N be α-large.

• (Closure by superset) If Y Ďfin N is such that X Ď Y , then Y is also α-large.

• (Regularity) If Y “ ty0, . . . , yn´1u with yi ď xi for every i ă n, then Y is also
α-large.

13.1.1 Hardy-like hierarchy
Ratajczyk [120, Section 5] defined a notion of largeness based on the Hardy hierarchy
of functions [59]. As noted by Ratajczyk, this notion is slightly different from Ketonen
and Solovay’s α-largeness, and was extensively studied by Bigorajska and Kotlarski [8,
9, 81]. We now define a Hardy-like hierarchy whose induced notion of largeness
corresponds exactly to Ketonen and Solovay’s definition.

Definition 13.1.8. Fix an increasing function h : AÑ N for some A Ď N with hpaq ą
a for every a P A. We define inductively a sequence of partial functions hα for every
α ă ε0 as follows: for x P N and α ą 0, let h0pxq “ x and let hαpxq “ htαupxqphpxqq
if hpxq P domphtαupxqq and x P domphq, otherwise leave hαpxq undefined. We write
hαpxqÓ if x P domhα and hαpxqÒ otherwise.

Note that for every α ă ε0 and x P domhα, there is some n P N such that
hαpxq “ hpnqpxq. However, this n depends on x: if α ě ω, there is no n such that
hα “ hpnq.

Remark 13.1.9. In the definition of the original Hardy hierarchy [59] based on h,
if α is limit, then hαpxq “ htαupxqpxq, while in our Hardy-like hierarchy, we define
hαpxq “ htαupxqphpxqq. This variation reflects the main difference between the notion
of largeness from Ratajczyk [120, Section 5] and the one of Ketonen and Solovay [72].
In the former case, a set A is α-large for a limit ordinal α if it is tαupminAq-large,
while in the latter case, a set A is α-large if AztminAu is tαupminAq-large. Some
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further differences exist: in the finite case, a set A is n-large in the sense of Ratajczyk
if cardA ě n`1 while in Ketonen and Solovay’s sense, a set A is n-large iff cardA ě n.
As a consequence, under both definitions, a set A is ω-large iff cardA ą minA.

Lemma 13.1.10. If hαpxqÓ for some α ă ε0 and x P Nzt0u, then hαpxq ě psnpαq`x.
Furthermore, the inequality is strict when α ě ω.

Proof. By induction on α. For α “ 0, let x P Nzt0u be such that h0pxqÓ, then
h0pxq “ x “ psnp0q ` x. Let α ă ε0 and assume the property to hold for every
α1 ă α. Let x P N be such that hαpxqÓ, then hαpxq “ htαupxqphpxqq. By the inductive
hypothesis, we have htαupxqphpxqq ě psnptαupxqq ` hpxq, but, as hpxq ě x ` 1 and
as psnptαupxqq ě psnpαq ´ 1 by Lemma 13.1.5, we have htαupxqphpxqq ě psnpαq ` x.
This concludes our induction.

For strictness: when α “ ω, we have tαupxq “ x, so psnptαupxqq “ psnpxq “ x ą
psnpαq ´ 1 “ 0. Thus, the inequality psnptαupxqq ě psnpαq ´ 1 used above is strict,
and hence so is hαpxq ě psnpαq ` x. The remaining cases α ą ω follow by the same
induction as above, propagating strictness upward.

Fix an increasing function h : A Ñ N for some A Ď N, with hpxq ą x for
every x P A. The Hardy-like iterations of h yield faster-growing functions on a
restricted domain, that is, if α ą 0, then domhα Ď domh and hα dominates h on
domhα (see Lemma 13.1.14(4)).

On the other hand, given two ordinals α ď β ă ε0 and some x P domhβ , it is not
true in general that x P domhα, nor that if x P domhβXdomhα, then hβpxq ě hαpxq.
However, if x is sufficiently large – x ą psnpαq suffices –, then this is the case (see
Lemmas 13.1.12 and 13.1.14). However, the x ą psnpαq hypothesis is too strong for
our purposes, so we will use a more general relation β ñx α which depends on both
β and α, and such that if β ñx α, then β ě α and hβpxq ě hαpxq.

Definition 13.1.11 (Ketonen and Solovay [72]). Given two ordinals α, β ă ε0 and
x ě 0, let β ñx α if either β “ α, or tβupxq ñx α.

Bigorajska and Kotlarski [8, Lemma 2(viii)] proved that the definition is
unchanged if one replaces tβupxq by tβupyq for some y ď x. As one expects from
the previous discussion, the relation β ñx α coincides with the inequality β ě α
whenever x ą psnpαq. The whole interest of this relation is therefore in the case
x ď psnpαq.

The following lemma strengthens Ketonen and Solovay [72, Proposition 2.8.1] and
is an immediate consequence of Bigorajska and Kotlarski [9, Lemma 2.1]. It appears
in this form in the posthumous book of Kotlarski [81, Lemma 1.4.3].

Lemma 13.1.12 (Kotlarski [81]). Let α ď β ă ε0 and x P N such that psnpαq ă x,
then β ñx α.

Ketonen and Solovay [72] proved many properties about the relation ñx. The
following lemma compiles a list of basic facts that shall be useful to prove our main
theorem.

Lemma 13.1.13 (Ketonen and Solovay [72]). Let α, β, λ ă ε0 and x ě 0.

(1) If λ " α and αñx β, then pλ` αq ñx pλ` βq;

(2) If k ă ℓ P N, then ωα ¨ ℓñx ωα ¨ k;

(3) If αñx β and α ą β ` 1, then αñx`1 β ` 1.

(4) If αñx β and x ě 1, then ωα ñx ωβ;

(5) If x ě 1 and k ă ℓ P N, then tαupℓq ñx tαupkq.
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Proof. (1) is [72, Lemma 1, part 2.4], (2) is [72, Lemma 3, part 2.4], (3) is [72, Lemma
2, part 2.6], (4) is [72, Lemma 5, part 2.4], (5) is [72, Theorem 2.4] for α limit. If α
is 0 or successor, then tαupℓq “ tαupkq.

The following lemma states that the ñx relation is a sufficient hypothesis for the
Hardy-like hierarchy of functions to behave nicely. Lemma 13.1.14(1,3) is a Ketonen-
Solovay counterpart of Bigorajska and Kotlarski [8, Lemma 4]:

Lemma 13.1.14. Let h be as above. Let 0 ă α, β ă ε0 and x P N. Then:

(1) hβ is increasing

(2) if x P domh and hpxq P domhβ then x P domhβ

(3) if β ñx α and x P domhβ then x P domhα and hαpxq ď hβpxq

(4) if x P domhβ, then hβpxq ě hpxq

Proof. We prove (1),(2) and (3) by mutual induction on β. If β “ 1 then the property
holds as h1 “ h is increasing and the only 0 ă α ă ε0 such that β ñx α is α “ 1.

Let β ą 1 and assume that p1q, p2q and p3q hold for every 0 ă β1 ă β. Let
x, y P domhβ such that x ă y, then hβpyq “ htβupyqphpyqq. As tβupyq ă β and
as, by Lemma 13.1.13(5), tβupyq ñhpyq tβupxq, then by p3q for tβupyq we have
hpyq P domhtβupxq and htβupyqphpyqq ě htβupxqphpyqq. From x P domhβ we get
hpxq P domhtβupxq, hence, by p1q for tβupxq, we get htβupxqphpyqq ą htβupxqphpxqq.
Thus, hβpyq ą hβpxq and hβ is increasing. Thus p1q holds for β.

Let x P domh be such that hpxq P domhβ . Then we have hβphpxqq “
htβuphpxqqphphpxqqq hence hphpxqq P domhtβuphpxqq. By p2q for tβuphpxqq we have
hpxq P domhtβuphpxqq. Then, as Lemma 13.1.13(5) tβuphpxqq ñhpxq tβupxq, we also
have hpxq P domhtβupxq by p3q for tβuphpxqq, hence x P domhβ . Thus p2q holds for
β.

Let x P N and 0 ă α be such that β ñx α and hβpxqÓ. Since β ñx α, either β “ α
or tβupxq ñx α. If β “ α then hαpxqÓ and hαpxq “ hβpxq, in which case (3) holds.
If tβupxq ñx α, then as hβpxq “ htβupxqphpxqq, we have x P domhtβupxq by p2q for
tβupxq and htβupxqphpxqq ą htβupxqpxq by p1q for tβupxq. From tβupxq ñx α and p3q
for tβupxq, we get x P domhα and htβupxqpxq ě hαpxq. So hβpxq “ htβupxqphpxqq ą
htβupxqpxq ě hαpxq, Thus p3q holds for β.

Last, since β ñx 1 for every β ą 0 and x P N, then (4) follows from (3).

The following lemma is the Ketonen-Solovay counterpart of Bigorajska and
Kotlarski [8, Lemma 7]. Formulated in terms of largeness, it corresponds to Ketonen
and Solovay [72, Lemma 4.6].

Lemma 13.1.15. Let α ! β and x P N, if hβ`αpxqÓ then hβphαpxqqÓ and hβ`αpxq “
hβphαpxqq.

Proof. By induction on α. If α “ 0 then, for x P N and β " α such that hβ`αpxqÓ,
we have hβpxqÓ, then, as h0pxq “ x we have hβpxq “ hβphαpxqqÓ and hβphαpxqq “
hβ`αpxq .

Let α ą 0 and assume the property to hold for every α1 ă α. Let x P N and β " α,
if hβ`αpxqÓ then htβ`αupxqphpxqqÓ and htβ`αupxqphpxqq “ hβ`αpxq. By Lemma 13.1.2,
tβ`αupxq “ β`tαupxq, so hβ`tαupxqphpxqq “ hβ`αpxq. As tαupxq ă α and tαupxq !
β, by the induction hypothesis we have hβphtαupxqphpxqqqÓ and hβphtαupxqphpxqqq “
hβ`tαupxqphpxqq “ hβ`αpxq. And, as htαupxqphpxqq “ hαpxq, we have hβ`αpxq “
hβphαpxqq.

We now prove our core proposition. The intuition goes as follows: Suppose
0 ă λ ă ε0 and x ą 0. The evaluation of hλpxq unfolds into htλupxqphpxqq, then
httλupxquphpxqqphphpxqq, and so on. Thus, the ith iteration of the evaluation of hλpxq,
if defined, corresponds to hλi

pxiq, where xi and λi are defined inductively by x0 “ x,
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λ0 “ λ and xi`1 “ hpxiq, λi`1 “ tλiupxiq. Note that since the function h is increasing,
so is the sequence x0 ă x1 ă . . .

The definition of tλupxq is done by considering the short Cantor normal form, by
reducing first the smallest component of the Cantor normal form. The evaluation
either decreases a successor ordinal by one, or replaces a limit ordinal by a smaller
one, with coefficient x. Since the sequence λ0 ą λ1 ą . . . is defined by successive
evaluations with an increasing sequence x0 ă x1 ă . . . , the higher components will
be evaluated with larger values than the smaller components, and therefore this
evaluation order ensures that the sequence λ0 ą λ1 ą ¨ ¨ ¨ decreases as slowly as
possible.

Based on this evaluation order, if λ “ β ` α, with β " α, the sequence λ0 ą λ1 ą
¨ ¨ ¨ corresponds to evaluating α successively with x0, x1, . . . until we reach a stage i
such that αi “ 0. Then we evaluate β with xi`1, xi`2, . . . .

One could consider other evaluation orders, in which one would alternate some
evaluation steps of β, and some of α. In terms of the Hardy-like hierarchy, one
evaluation step of β corresponds to htβupxq‘αphpxqq while one evaluation step of α
corresponds to hβ`tαupxqphpxqq. Since the standard evaluation order is the one making
the sequence λ0 ą λ1 ą . . . decrease as slowly as possible, this translates into the
following inequality:

hβ`αpxq “ hβ`tαupxqphpxqq ě htβupxq‘αphpxqq

The following proposition formalizes this intuition in the case β " α. It will then
be proven in its most general form in Theorem 13.1.18.

Proposition 13.1.16. Let 0 ă α, β ă ε0 with β " α and x ą 0 an integer. If
hβ`αpxqÓ, then htβupxq‘αphpxqqÓ and hβ`αpxq “ hβ`tαupxqphpxqq ě htβupxq‘αphpxqq.

Proof. The proof is by case analysis on the Cantor normal forms, and not by induction.
Write α “ ωαn ¨an`¨ ¨ ¨`ωα0 ¨a0 and β “ ωβk ¨ bk`¨ ¨ ¨`ωβ0 ¨ b0 their Cantor normal
form. From the assumption β " α, we have β0 ě αn.

Case 1: n “ 0 and αn “ β0. In that case, β ` tαupxq “ tβupxq ‘ α, hence
htβupxq‘αphpxqqÓ and hβ`tαupxqphpxqq “ htβupxq‘αphpxqq.

If we are not in this case, we can freely assume that αn ă β0 in the Cantor normal
form of α and β. Indeed, if αn “ β0, we can consider α1 “ ωαn´1an´1 ` ¨ ¨ ¨ ` ωα0a0
and β1 “ ωβkbk ` ¨ ¨ ¨ ` ωβ0pb0 ` anq, we then have 0 ă α1, β1 ă ε0, α1 ! β1,
β ` α “ β1 ` α1, β ` tαupxq “ β1 ` tα1upxq and tβupxq ‘ α “ tβ1upxq ‘ α1, making it
sufficient to prove the result for α1 and β1.

Case 2: αn ă β0 and β0 is successor. Let β1
0 be such that β0 “ β1

0` 1. In that
case, write β “ δ ` ωβ1

0`1. By our assumption that αn ă β0, we have ωβ1
0`1 ą α and

ωβ1
0 " α. By Lemma 13.1.15, letting c “ htαupxqphpxqq “ hαpxq, we have

hβ`tαupxqphpxqq “ hβpcq “ h
δ`ωβ1

0 ¨c
phpcqq

Consider the following two subcases:
Subcase 2.1: α ă ω. In that case, α “ k for some k P N. This gives us

hβ`αpxq “ hβph
kpxqq “ htβuphkpxqqph

k`1pxqq (where hℓ denotes the composition of h
with itself ℓ times). Then, as h is increasing, we have tβuphkpxqq ñhk`1pxq tβupxq by
Lemma 13.1.13(5). Hence, by Lemma 13.1.14(3), we have htβupxqph

k`1pxqqÓ and

htβuphkpxqqph
k`1pxqq ě htβupxqph

k`1pxqq “ htβupxq`αphpxqq “ htβupxq‘αphpxqq

Hence hβ`αpxq ě htβupxq‘αphpxqq, which is what we wanted.
Subcase 2.2: α ě ω. In that case, we can use the strict inequality obtained in

Lemma 13.1.10 to get c ą psnpαq ` x.
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As β0 ą αn, we get β1
0 ě αn and therefore have ωβ1

0 ¨ppsnpαq`1q ą α by definition
of psnpαq. Thus, by Lemma 13.1.12, we have ωβ1

0 ¨ ppsnpαq ` 1q ñhpcq α (using the
fact that hpcq ą c ą psnpαq).

We have ωβ1
0 ¨ c ñhpcq ωβ1

0 ¨ px ` psnpαq ` 1q “ ωβ1
0 ¨ x ` ωβ1

0 ¨ ppsnpαq ` 1q

by Lemma 13.1.13(2). Then, as ωβ1
0 ¨ x " ωβ1

0 ¨ ppsnpαq ` 1q, we can apply
Lemma 13.1.13(1) and obtain ωβ1

0 ¨ x ` ωβ1
0 ¨ ppsnpαq ` 1q ñhpcq ωβ1

0 ¨ x ` α. Hence
that ωβ1

0 ¨ cñhpcq ωβ1
0 ¨ x` α.

By another application of Lemma 13.1.13(1) (using the fact that δ " ωβ1
0 ¨ c), we

obtain δ ` ωβ1
0 ¨ cñhpcq δ ` ωβ1

0 ¨ x` α.
By Lemma 13.1.14(3), we thus have h

δ`ωβ1
0 ¨x`α

phpcqqÓ and

h
δ`ωβ1

0 ¨c
phpcqq ě h

δ`ωβ1
0 ¨x`α

phpcqq

As hpcq “ hphαpxqq “ hℓphpxqq for some ℓ P N, we have, by several applications of
Lemma 13.1.14(2) that h

δ`ωβ1
0 ¨x`α

phpxqqÓ and that

h
δ`ωβ1

0 ¨x`α
phpcqq ě h

δ`ωβ1
0 ¨x`α

phpxqq “ htβupxq‘αphpxqq

Which is what we wanted.
Case 3: αn ă β0 and β0 limit. In that case, write β “ δ ` ωβ0 . Similarly, by

Lemma 13.1.2 and Lemma 13.1.15, letting c “ htαupxqphpxqq “ hαpxq, we have

hβ`αpxq “ hβ`tαupxqphpxqq “ hβpcq “ hδ`ωtβ0upcqphpcqq

Since c ą x, we have tβ0upcq ñy tβ0upxq`1 for every y ě 2 by Lemma 13.1.13(3,5).
By Lemma 13.1.10, c ě psnpαq ` x ą psnpαq. Thus, by Lemma 13.1.4, we have

tβ0upcq ą αn, and, by Lemma 13.1.12, tβ0upcq ñc αn. By Lemma 13.1.13(3), we
have tβ0upcq ñhpcq αn ` 1, as hpcq ą c.

Thus, we have both tβ0upcq ñhpcq tβ0upxq ` 1 and tβ0upcq ñhpcq αn ` 1.
Depending on whether αn or tβ0upxq appears first in the sequence tβ0upcq ñhpcq

ttβ0upcquphpcqq ñhpcq tttβ0upcquphpcqquphpcqq ñhpcq . . . , we either have tβ0upxq ñhpcq

αn or αn ñhpcq tβ0upxq.
We can then consider the following two subcases:
Subcase 3.1: αn ą tβ0upxq, in which case αn ñhpcq tβ0upxq. By

Lemma 13.1.13(2,4), we have

ωtβ0upcq ñhpcq ωαn`1 ñhpcq ωαn ¨ hpcq ñhpcq ωαn ¨ pc` 1q

Thus, by Lemma 13.1.13(1), since δ " ωtβ0upcq,

δ ` ωtβ0upcq ñhpcq δ ` ωαn ¨ pc` 1q

Therefore, by Lemma 13.1.14(3), hδ`ωαn ¨pc`1qphpcqqÓ, and, letting d “ hωαn phpcqq,

hδ`ωtβ0upcqphpcqq ě hδ`ωαn ¨pc`1qphpcqq “ hδ`ωαn ¨cpdq

As ωαn ñhpcq ωtβ0upxq by Lemma 13.1.13(4), we have hωtβ0upxqphpcqqÓ and d ě
hωtβ0upxqphpcqq by Lemma 13.1.14(3).

By Lemma 13.1.10, hωtβ0upxqphpcqq ě psnptβ0upxqq ` hpcq. Hence, we have d ě
psnptβ0upxqq ` hpcq ą psnptβ0upxqq ` psnpαq as hpcq ą c ą psnpαq.

Then, from c ą psnpαq and αn ą tβ0upxq, we get ωαn ¨ c ą ωtβ0upxq ‘ α, and, as
d ą psnpωtβ0upxqq ` psnpαq ě psnpωtβ0upxq ‘ αq, we have ωαn ¨ c ñd ωtβ0upxq ‘ α by
Lemma 13.1.12.

Again, as δ " ωtβ0upcq, we can apply Lemma 13.1.13(1) and obtain δ`ωαn ¨ cñd

δ ` pωtβ0upxq ‘ αq “ tβupxq ‘ α.
Thus, by Lemma 13.1.14(3), htβupxq‘αpdqÓ and

hδ`ωαn ¨cpdq ě htβupxq‘αpdq
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As d “ hℓphpxqq for some ℓ P N, we have, by several applications of
Lemma 13.1.14(2) that htβupxq‘αphpxqqÓ and that htβupxq‘αpdq ě htβupxq‘αphpxqq.

Combined with the other inequalities, we get hβ`αpxq ě htβupxq‘αphpxqq.
Subcase 3.2: αn ď tβ0upxq, in which case tβ0upxq ñhpcq αn. By

Lemma 13.1.13(2,4), we have

ωtβ0upcq ñhpcq ωtβ0upxq`1 ñhpcq ωtβ0upxq ¨ hpcq ñhpcq ωtβ0upxq ¨ pc` 1q

Then, from c ą psnpαq and αn ď tβ0upxq, we get ωtβ0upxq ¨ c ą α, hence, by
Lemma 13.1.12 we get ωtβ0upxq ¨ cñhpcq α. As ωtβ0upxq " α, Lemma 13.1.13(1) gives
us

ωtβ0upxq ¨ pc` 1q “ ωtβ0upxq ` ωtβ0upxq ¨ cñhpcq ωtβ0upxq ` α

Then, as δ " ωtβ0upcq, another application of Lemma 13.1.13(1) gives us

δ ` ωtβ0upcq ñhpcq δ ` ωtβ0upxq ` α “ pδ ` ωtβ0upxqq ‘ α “ tβupxq ‘ α

Thus, by Lemma 13.1.14(3), htβupxq‘αpxqÓ and

hδ`ωtβ0upcqphpcqq ě htβupxq‘αphpcqq

Again, by several applications of Lemma 13.1.14(2), we have htβupxq‘αphpxqqÓ and
htβupxq‘αphpcqq ě htβupxq‘αphpxqq.

Hence, we have hβ`αpxq ě htβupxq‘αphpxqq.

This completes our proof of Proposition 13.1.16.

Lemma 13.1.17. Let α, β ă ε0, then there exists α1, β1 ă ε0 with α1 ! β1 and such
that β ‘ α “ β1 ` α1 and tβupxq ‘ α “ tβ1upxq ‘ α1 for every x P N

Proof. If β “ 0 then take α1 “ α and β1 “ β. If β ‰ 0, then write α “ ωγn ¨

an ` ¨ ¨ ¨ ` ωγ0 ¨ a0 and β “ ωγn ¨ bn ` ¨ ¨ ¨ ` ωγ0 ¨ b0 with a0, . . . , an, b0, . . . , bn P N
and γ0 ă ¨ ¨ ¨ ă γn ă ε0. Let i ď n be the smallest index such that bi ‰ 0, and let
β1 “ ωγn ¨pbn`anq`¨ ¨ ¨`ωγi ¨pbi`aiq and α1 “ ωγi´1 ¨pbi´1`ai´1q`¨ ¨ ¨`ωγ0 ¨pb0`a0q.

We have β ‘ α “ β1 ` α1 “ ωγnpbn ` anq ` ¨ ¨ ¨ ` ωγ0pb0 ` a0q and tβ1upxq ‘ α1 “

pωγnpbn`anq` ¨ ¨ ¨`ωγipbi`ai´1q` ¨ ¨ ¨`ωγ0pb0`a0qq‘tωγiupxq “ tβupxq‘α

The following theorem informally states that the evaluation order of the
fundamental sequences is the one which makes the Hardy-like hierarchy grow the
fastest. In the case α ! β, β ` α “ β ‘ α, hence it generalizes Proposition 13.1.16.

Theorem 13.1.18 (Optimal growth). Let α, β ă ε0 with β ą 0 and x ą 0 an integer.
If hβ‘αpxqÓ then htβupxq‘αphpxqqÓ and hβ‘αpxq “ htβ‘αupxqphpxqq ě htβupxq‘αphpxqq.

Proof. Let α1, β1 ă ε0 be obtained from Lemma 13.1.17 applied on α, β. As β ‘ α “
β1 ` α1 and tβupxq ‘ α “ tβ1upxq ‘ α1, it is sufficient to show that htβ1upxq‘α1phpxqqÓ
and that hβ1‘α1pxq “ htβ1‘α1upxqphpxqq ě htβ1upxq‘α1phpxqq.

If α1 “ 0, then the result holds by definition of hβ1 .
If α1 ‰ 0, then the result is that of Proposition 13.1.16.

13.1.2 Partition theorem
We now translate this abstract study of the Hardy-like hierarchy into the framework
of α-largeness, to prove Main Theorem 13.0.1.

Definition 13.1.19. Let A “ tx0, . . . , xn´1u Ď N a finite set. We define hA :
AztmaxAu Ñ A by hApxiq “ xi`1 for every i ă n ´ 1. In other words, hA is
the successor operation on the ordered set pA,ăNq.

The following lemma is the heart of the correspondence between Hardy-like
hierarchies and of Ketonen and Solovay’s α-largeness.
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Lemma 13.1.20. Let 0 ă α ă ε0, then A is at most α-large iff hAα pminAqÒ.

Proof. By induction on α. The result holds for α “ 1, as hAα pminAqÒ if and only
if cardA ď 1. Let 1 ă α ă ε0 and assume the property holds for every β ă α.
Let A “ tx0, x1, . . . , xnu Ď N be such that hAα px0qÒ, then, hA

tαupx0q
px1qÒ and therefore

h
Aztx0u

tαupx0q
px1qÒ. By the inductive hypothesis, Aztx0u is therefore at most tαupx0q-large,

hence A is therefore not at most α-large.
Reciprocally, if hAα px0qÓ, then we also have hA

tαupx0q
px1qÓ, hence Aztx0u is not at

most tαupx0q-large by the inductive hypothesis, and A is not at most α-large.

The following theorem is an iterated counterpart of Theorem 13.1.18 in the
language of α-largeness. It has several consequences, such as the splitting property
(Theorem 13.1.21) and multiple versions of the pigeonhole principle (Theorems 13.1.22
and 13.1.23)

Main Theorem 13.0.1. Let β, γ ă ε0 be two ordinals, and B,C Ď Nzt0u be at
most β-large and at most γ-large respectively. Then B Y C is at most pβ ‘ γq-large.

Proof. Without loss of generality, we can assume that B X C “ H. By
assumption we have hBβ pminBqÒ and hCγ pminCqÒ. We want to show that
hBYC
β‘γ pmintminB,minCuqÒ.

Write B Y C “ tx0 ă x1 ă ¨ ¨ ¨ ă xk´1u and consider the sequences of ordinals
pβiqiăk and pγiqiăk defined inductively as follows: β0 “ β and γ0 “ γ and if βi and
γi have been defined, let βi`1 “ tβiupxiq and γi`1 “ γi if xi P B and βi`1 “ βi and
γi`1 “ tγiupxiq if xi P C.

Since B is at most β-large, then tβupBztmaxBuq ą 0, thus, if xi P B then βi ‰ 0,
similarly, if xi P C then γi ‰ 0. Hence, if xk´1 P B then βk´1 ‰ 0 and if xk´1 P C
then γk´1 ‰ 0, in every case βk´1 ‘ γk´1 ‰ 0.

If hBYC
β0‘γ0

px0qÓ, then, by induction on i ă k, using Theorem 13.1.18, we claim
that for every i ă k, we have hBYC

βi‘γi
pxiqÓ and hBYC

βi‘γi
pxiq ě hBYC

βi`1‘γi`1
pxi`1q. Thus,

if hBYC
β0‘γ0

px0qÓ then hBYC
βk´1‘γk´1

pxk´1qÓ, which is only possible if βk´1 ‘ γk´1 “ 0,
contradiction. Thus hBYC

β0‘γ0
px0qÒ and B Y C is at most pβ ‘ γq-large.

The following splitting property generalizes [72, Lemma 4.6]. Note that the
reversal holds if β " α.

Theorem 13.1.21 (Splitting property). Let X Ď Nzt0u be pα‘βq-large for α, β ă ε0,
then there exists X0 ă X1 Ď X such that X0 is α-large and X1 is β-large.

Proof. Let X0 be the prefix of X that is exactly α-large, i.e., if X “ tx0, . . . , xk´1u,
we let X0 “ tx0, . . . , xiu for i ă k the smallest index such that tαupx0, . . . , xiq “ 0.
Such a set X0 exists, as every coefficient in the Cantor normal form of α ‘ β is at
least as big as the corresponding one in the Cantor normal form of α.

Let X1 “ XzX0, ‹ “ maxX ` 1 and let X 1 “ X Y t‹u. By the contrapositive of
Main Theorem 13.0.1, since X 1 “ X0YpX1Yt‹uq is not at most pα‘βq-large, either
X0 is not at most α-large or X1 Y t‹u is not at most β-large. Thus, X1 Y t‹u is not
at most β-large, and X1 is therefore β-large.

We now deduce two versions of the pigeonhole principle.

Theorem 13.1.22 (First pigeonhole principle). Let X “ X0YX1 Ď Nzt0u be pα‘βq-
large for some α, β ă ε0, then either X0ztmaxX0u is α-large or X1ztmaxX1u is
β-large or X0 and X1 are exactly α-large and exactly β-large, respectively.

Proof. Suppose X0 is at most α-large, otherwise X0ztmaxX0u is α-large and we are
done. Similarly, suppose X1 is at most β-large, otherwise X1ztmaxX1u is β-large and
we are done. Let ‹ “ maxX`1. The set X0YpX1Yt‹uq is not at most pα‘βq-large,
hence, by the contrapositive of Main Theorem 13.0.1, X1Yt‹u is not at most β-large.
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Since X1 is at most β-large, it is exactly β-large. By applying the contrapositive of
Main Theorem 13.0.1 on the partition pX0 Y t‹uq YX1, we get that X0 Y t‹u is not
at most α-large, hence since X0 is at most α-large, X0 is exactly α-large and we are
also done since both X0 and X1 are exactly β-large.

Theorem 13.1.23 (Second pigeonhole principle). Let X “ X0 YX1 Y t‹u Ď Nzt0u
be pα‘βq-large for some α, β ă ε0 and some ‹ ą X0YX1. Then either X0 is α-large
or X1 is β-large.

Proof. Let ‹1 “ maxX`1. The set XYt‹1u “ pX0Yt‹uqYpX1Yt‹
1uq is not at most

pα‘βq-large, hence, by the contrapositive of Main Theorem 13.0.1, either X0Yt‹u is
not at most α-large, in which case X0 is α-large, or X1 Y t‹

1u is not at most β-large,
in which case X1 is β-large.

Since α-largeness is closed under supersets, if X0 YX1 is pα‘ βq-large, then so is
X0YX1Yt‹u for any ‹ ą maxX1, in which case either X0 is α-large or X1 is β-large.
This formulation of the pigeonhole principle, although more natural, is less optimal
than Theorem 13.1.23.

13.2 Largeness below ωω

We now return to the study of α-largeness for ordinals below ωω. Although, for
our investigation of the first-order consequences of various theorems, we are mainly
interested in ordinals of the form ωn ¨ k (or even ωn) for some n, k P N. The general
definition of α-largeness will allow us to obtain tighter upper bounds that are of
independent combinatorial interest.

13.2.1 Construction and deconstruction
Any ωn`1-large set X can be seen as an increasing sequence of minX many ωn-large
blocks. In this section, we prove two important propositions: a construction property,
which quantifies how many ωn-large blocks are sufficient to produce an ωn`m-large
set, and a deconstruction property, which counts the number of ωn-large blocks which
can be extracted from an ωn`m-large set.

The quantification is expressed in terms of α-largeness. There are multiple ways to
give a meaning to the sentence “the sequence of blocks X0 ă ¨ ¨ ¨ ă Xd´1 is α-large”.
One could ask that tmaxXi : i ă du is α-large, or that any sequence in X0ˆ¨ ¨ ¨ˆXd´1

is α-large. Thanks to the regularity of α-largeness (see Proposition 13.1.7), the two
definitions are equivalent. However, this is no longer the case with largenesspθq. In the
next chapter, we prove in Lemma 14.0.3 the decomposition property for largenesspθq
in the strongest setting, where any sequence in X0 ˆ ¨ ¨ ¨ ˆ Xd´1 is required to be
α-largepθq.

Proposition 13.2.1 (Construction). For every n,m, d P N and for every sequence
of ωn-large sets X0 ă ¨ ¨ ¨ ă Xd´1 such that tmaxXi : i ă du is ωm-large, then
X0 Y ¨ ¨ ¨ YXd´1 is ωn`m-large.

Proof. By induction on m. The case m “ 0 is immediate, since any ω0-large set is non-
empty, so d ě 1 and X0 is ωn-large. Suppose it holds for m. If Y “ tmaxXi : i ă du is
ωm`1-large, then Y ztminY u is ωm ¨minY -large. Let Y0 ă ¨ ¨ ¨ ă YminY ´1 be ωm-large
subsets of Y ztminY u. For every i ă minY , let Zi “

Ť

maxXjPYi
Xj . By induction

hypothesis, each Zi is ωn`m-large, so tminY uYZ0Y ¨ ¨ ¨YZminY ´1 is ωn`m`1-large.
By upward-closure of α-largeness, X0 Y ¨ ¨ ¨ YXd´1 is ωn`m`1-large.

The following deconstruction proposition is an adaptation of Kołodziejczyk and
Yokoyama [79, Lemma 2.1]. Note that the hypothesis requires an extra ωn-large set,
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while the conclusion also contains some extra ωn-large set. This might seem sub-
optimal but the ωn-large set of the hypothesis is on the left part of X, while the one
from the conclusion is on the right, which is weaker.

Proposition 13.2.2 (Deconstruction). For every n,m P N and for every ωn`m`ωn-
large set X, there are some d P N and some ωn-large subsets X0 ă ¨ ¨ ¨ ă Xd of X
such that tmaxXi : i ă du is ωm-large.

Proof. By induction on m. The case m “ 0 is immediate by Ketonen and Solovay [72,
Lemma 4.6], as X is ωn ¨ 2-large, so there are two ωn-large sets X0 ă X1 Ď X. Note
that tmaxX0u is non-empty, hence ω0-large.

Suppose it holds for m. Let X be ωn`m`1`ωn-large. By Ketonen and Solovay [72,
Lemma 4.6] (or by Theorem 13.1.21), there are some A ă B Ď X such that A is ωn-
large and B is ωn`m`1-large. Let Z0 ă ¨ ¨ ¨ ă ZminB´1 be ωn`m-large subsets of
BztminBu.

Let d´1 “ 0 and X´1
d´1

“ Z0. Note that X´1
d´1

is ωn`m-large, hence ωn-large.
We are going to build inductively for every i ă minB ´ 1 a family of ωn-large sets
Xi

0 ă ¨ ¨ ¨ ă Xi
di

such that

(1) Xi
0 Y ¨ ¨ ¨ YX

i
di
Ď Xi´1

di´1
Y Zi;

(2) tmaxXi
j : j ă diu is ωm-large.

Assuming Xi´1
di´1

ă Zi is defined, the set Xi´1
di´1

YZi is ωn`m`ωn-large, so by induction
hypothesis, there is a sequence Xi

0, . . . , X
i
di

of ωn-large sets satisfying (1) and (2). It
follows that tmaxXi

j : i ă minB ´ 1, j ă diu is ωm ¨ pminB ´ 1q-large. Since
maxA ă minB, then tmaxAu Y tmaxXi

j : i ă minB ´ 1, j ă diu is ωm`1-large, so
altogether, these ωn-large sets form the desired sequence.

Corollary 13.2.3 (Generalized deconstruction). For every n, k, ℓ ě 1 and m ě 0, for
every ωn`m ¨ pkℓ ` 1q-large set X such that kpℓ ` 1q ď minX, there are some d P N
and some ωn ¨ k-large subsets X0 ă ¨ ¨ ¨ ă Xd´1 of X such that tmaxXi : i ă du is
ωm ¨ ℓ-large.

Proof. Suppose m “ 0. Then X is ωn ¨ pkℓ`1q-large, and a fortiori ωn ¨kℓ-large hence
there is a sequence X0 ă ¨ ¨ ¨ ă Xkℓ´1 of ωn-large subsets of X. For every i ă ℓ, let
Zi “ Xki Y ¨ ¨ ¨ YXkpi`1q´1. Each Zi is ωn ¨ k-large, and tmaxZi : i ă ℓu is ℓ-large.

Suppose m ą 0. In particular, X is ωn`m ¨kℓ`ωn`1-large. Since kpℓ`1q ď minX,
then X is ωn`m¨kℓ`ωn¨kpℓ`1q-large. By Theorem 13.1.21, there is a sequence X´1 ă

X0 ă ¨ ¨ ¨ ă Xkℓ´1 of subsets of X such that X´1 is ωn ¨ k-large and X0, . . . , Xkℓ´1

are ωn`m ` ωn-large. By Proposition 13.2.2, for each i such that 0 ď i ă kℓ, there is
a sequence X0

i ă ¨ ¨ ¨ ă Xdi´1
i of ωn-large subsets of Xi such that tmaxXj

i : j ă diu

is ωm-large. Let W0, . . . ,Wp´1 be the sequence pXj
i qiăkℓ,jădi . In particular, the set

Z “ tmaxWi : i ă pu is ωm¨kℓ-large. Let g : Z Ñ k be such that gpxq is the remainder
of the Euclidean division of i by k, where x “ maxWi. By Theorem 13.1.23, there is
an ωm ¨ ℓ-large g-homogeneous subset H “ tx0 ă ¨ ¨ ¨ ă xd´1u Ď Z. For each s ă d,
let is be such that maxWis “ xs. Let H0 “ X´1 YWi0 and Hs`1 “

Ť

isăjďis`1
Wj .

Note that for each s ă d, maxHs “ xs, so tmaxHs : s ă du is ωm ¨ ℓ-large. Since
X´1 is ωn ¨ k-large, so is H0. By g-homogeneity of H, is`1 ě is ` k, so Hs`1 is
ωn ¨ k-large.

13.2.2 Sparsity
Every notion of largeness L induces a dual notion of L-sparsity as follows:

Definition 13.2.4. Let L be a largeness notion, a set X Ď N is L-sparse if for
every x, y P X such that x ă y, px, ysN P L.
In the special case of α-largeness, we will talk about α-sparse sets.
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By closure of largeness notions under supersets, any subset of an L-sparse set is
again L-sparse. Any increasing function g : N Ñ N induces a notion of largeness
Lg “ tF : gpminF ´1q ă maxF u. Then, an Lg-sparse set X is such that for x, y P X
with x ă y, gpxq ă y. We simply say that X is g-sparse. We will be particularly
interested in g-sparsity for primitive recursive functions g. Indeed, by the following
theorem, g-sparse sets for primitive recursive functions g are closely linked to α-sparse
sets for α ă ωω.

Theorem 13.2.5 (Ketonen and Solovay [72]). For every primitive recursive function
g : NÑ N, there is some n P N such that for every ωn-large set F , maxF ą gpminF q.
Thus, every ωn-sparse set is also g-sparse.

In particular, y ą 2x whenever px, ys is ω-large and y ą x2x whenever px, ys is
ω2-large. We shall be particularly interested in ω2 ¨ 3-sparse sets as they provide
sufficient sparsity to bound Ramsey numbers.

Recall that we have the following upper bounds on Rkpmq, the least number R
such that for every coloring f : rRs2 Ñ k, there is an f -homogeneous set of size m.
By Erdős and Szekeres [42], R2pmq ď

`

2m´1
m´1

˘

ď 4m, and this bound generalizes to
Rkpmq ď kkm (see Graham, Rothschild and Spencer [53, Section 1.1]).

Lemma 13.2.6. If X is ω2 ¨ 3-sparse and minX ě 7, then it is px ÞÑ xRxp2x`2qq-
sparse.

Proof. Any ω2-sparse set is px ÞÑ x2xq-sparse, so any ω2 ¨ 3-sparse set is px ÞÑ

x2x`x2x`x2x`x2x

q-sparse, and in particular px ÞÑ 2x2
x2x

q-sparse. Whenever x ě 7,
then xp2x ` 2q ď 2x, so 2x2

x2x

ě x2
x2p2x`2q

ě xx
xp2x`2q . Thus X is px ÞÑ xx

xp2x`2q
q-

sparse.
Since Rxp2x ` 2q ď xxp2x`2q (see Graham, Rothschild and Spencer [53, Section

1.1]), xRxp2x`2q ď xx
xp2x`2q , so X is px ÞÑ xRxp2x`2qq-sparse.

Thanks to the deconstruction proposition Proposition 13.2.2, one can relate
largeness to sparsity.

Proposition 13.2.7. For every primitive recursive and increasing function g : NÑ N,
there exists some bound n P N such that, for every m P N, every ωn`m-large set X
with minX ě 2 contains an ωm-large and g-sparse subset.

Proof. By Theorem 13.2.5, there exists some n1 P N such that every ωn1 -sparse set
is g-sparse. Let n “ n1 ` 1 and let X Ďfin N be ωn`m-large. As minX ě 2, X
is also ωn1`m ¨ 2-large and therefore ωn1`m ` ωn1 -large, hence, by Proposition 13.2.2
there are some d P N and some ωn1 -large subsets X0 ă ¨ ¨ ¨ ă Xd of X such that
Y :“ tmaxXi : i ă du is ωm-large.

We claim that Y is ωn1 -sparse and therefore g-sparse. Indeed, let x ă y P Y ,
there exists some i ă d such that y “ maxXi, hence Xi Ď px, ys and px, ys is thus
ωn1 -large.

The following lemma specifies this bound in the case of ω2 ¨ 3-sparsity.

Lemma 13.2.8. For every ℓ ě 1 and m ě 0, for every ωm`3-large set X such that
3ℓ` 2 ď minX, there is some ω2 ¨ 3-sparse ωm ¨ ℓ` 1-large subset of X.

Proof. Since 3ℓ` 2 ď minX, then XztminXu is ωm`2 ¨ p3ℓ` 2q-large, hence ωm`2 ¨

p3ℓ` 1q ` ωm`2-large. Then there are two subsets A ă B Ď X such that A is ωm`2-
large and B is ωm`2 ¨ p3ℓ` 1q-large. Since 3ℓ` 2 ď minA, then 3pℓ` 1q ď maxB, so
by Corollary 13.2.3 applied to B, there is a sequence X0 ă ¨ ¨ ¨ ă Xd´1 of ω2 ¨ 3-large
subsets of B such that Z “ tmaxXi : i ă du is ωm ¨ ℓ-large. The set tminXu Y Z is
ωm ¨ ℓ` 1-large, and ω2 ¨ 3-sparse.
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Although sparsity can be translated into some largeness assumption, it is
convenient to separate the largeness and sparsity hypothesis in the ordinal
computation of largeness, as sparsity has a better behavior with respect to
composition of RT-like statements and yields better bounds.

13.2.3 Largeness for combinatorial theorems
Bounds for Ramsey’s theorem for pairs were extensively studied. Ketonen and
Solovay [72] proved that every ωk`4-large set is RT2

k-ω-large when k ě 2. Patey and
Yokoyama [115] proved that for every k P N, there is some n P N such that every ωn-
large set is RT2

2-ωn-large. Kołodziejczyk and Yokoyama [79] computed some explicit
bounds, and proved that every ω144pn`1q-large set is RT2

2-ωn-large. Our goal is to
give a tight bound to RT2

k-ωn-largeness, up to an additive constant.
To do so, we will again use the decomposition of Bovykin and Weiermann [11] of

Ramsey’s theorem for pairs and two colors into EM`ADS. More precisely, the bounds
obtained for EM-ωn-largeness actually apply to a stronger statement called fEMk,
formally introduced by Towsner and Yokoyama [139], but already used in Patey [111,
Theorem 8.2.1]:

Definition 13.2.9. Given a coloring f : rNs2 Ñ k, a set H Ď N is f -fallow if for
every x ă y ă z P H, fpx, zq P tfpx, yq, fpy, zqu.

Clearly, any f -fallow set is f -transitive, but the converse is not true. Both EM and
ADS therefore admit two generalized statements, based on transitivity and fallowness.
We shall only consider the stronger version of each statement, that is, the fallow
version of the Erdős-Moser theorem and transitive Ramsey theorem for pairs.

Statement 13.2.10 (Fallow Erdős-Moser theorem). Given k P N, fEMk is the
statement “For every coloring f : rNs2 Ñ k, there is an infinite f -fallow set”. And fEM
is the statement @kfEMk.

Statement 13.2.11 (Transitive Ramsey theorem for pairs). Given k P N, trRT2
k

is the statement “For every transitive coloring f : rNs2 Ñ k, there is an infinite
f -homogeneous set”.

The statements fEMk and trRT2
k admit largeness counterparts, as does Ramsey’s

theorem. In the remainder of this chapter, we shall compute bounds for fEM-ωn-
largeness and trRT2

k-ωn-largeness, and deduce bounds for RT2
k-ωn-largeness.

13.2.4 Pigeonhole principle
We already studied α-large versions of the pigeonhole principle for α ă ε0
in Section 13.1. The following proposition is an immediate consequence of
Theorem 13.1.23, restricted to the setting of ωn-largeness. It is however useful to
state it under this form as it will be used all over the remainder of the chapter. This
strengthens Kołodziejczyk and Yokoyama [79, Lemma 2.2] by improving the bounds
and removing the sparsity assumptions.

Proposition 12.2.7. Fix n ě 0 and a, k ě 1.

(1) If X is ωn ¨ ak-large, then it is RT1
k-ωn ¨ a-large.

(2) If X is ωn`1-large, then it is RT1-ωn-large.

Proof. (1) By induction on k. The case k “ 1 is trivial. Suppose it holds for k. Let
X be ωn ¨ apk ` 1q-large, and let f : X Ñ k ` 1. Let Y0 “ tx P X : fpxq ă ku and
Y1 “ tx P X : fpxq “ ku. By Theorem 13.1.23, either Y0 is ωn ¨ ak-large, in which
case by induction hypothesis, there is an f -homogeneous set which is ωn ¨ a-large, or
Y1 is ωn ¨ a-large, and is f -homogeneous for color k by definition.
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(2) Let f : X Ñ minX. Since X is ωn`1-large, XztminXu is ωn ¨minX-large. By
(1), XztminXu is RT1

minX -ωn-large, so there is an ωn-large f -homogeneous subset.

13.2.5 Grouping principle
The inductive proofs of Kołodziejczyk and Yokoyama for largeness for EM heavily
depended on the notion of grouping. We shall only use the following lemma, which,
in the terminology of grouping, means that every ωn ¨R2p2dq-large px ÞÑ x2xq-sparse
set admits an pωn ` 1, dq-grouping. This decomposed their ωn`3 bound [79, Lemma
2.6] into a largeness and a sparsity assumption.

Lemma 13.2.12. Let k ą 0 and let X Ďfin N be ωn ¨ Rkp2dq-large and px ÞÑ xkxq-
sparse, for some d P N such that kRkp2dq ď minX and let f : rXs2 Ñ k be a coloring.
Then, there exists a sequence Y0 ă ¨ ¨ ¨ ă Yd´1 of ωn ` 1-large subsets of X and some
color c ă k such that fpx, yq “ c for every x P Ys and y P Yt for s ă t ă d.

Proof. If n “ 0, the result holds by definition of R and ω0-largeness. Indeed, let
f : rXs2 Ñ k be a coloring. Since cardX ě Rkp2dq, by finite Ramsey theorem
for pairs, there is an f -homogeneous set ty0 ă y1 ă ¨ ¨ ¨ ă y2d´1u Ď X. Since any
singleton element is ω0-large, the set Yi “ ty2i, y2i`1u is ω0 ` 1-large. Assume from
now on that n ą 0.

Let X0 ă ¨ ¨ ¨ ă XRkp2dq´1 be a decomposition of X into ωn-large sets. Consider
the sequence pfiqiăRkp2dq of colorings and the sequence Z0 ă ¨ ¨ ¨ ă ZRkp2dq´1 of sets
defined inductively as follows:

Assume that Zi`1, . . . , ZRkp2dq´1 have been defined for some i ă Rkp2dq, and
consider the coloring fi : Xi Ñ kRkp2dq´1´i`

ř

jăi cardXj defined by

fipxq “ pfpy, xqqyP
Ť

jăi Xj
\ pfpx, yqqyPtminZj :iăjăRkp2dqu

As minX0 ě Rkp2dq and as the Xi are disjoint, we get that for i ą 0, Rkp2dq `
ř

jăi cardXj ď maxXi´1. By px ÞÑ xkxq-sparsity of X, kmaxXi´1 ¨ maxXi´1 ď

minXi, so kRkp2dq`
ř

jăi cardXj ¨maxXi´1 ď minXi. By Proposition 12.2.7(1), there
exists some ωn´1 ¨ pmaxXi´1q-large and fi-homogeneous subset Zi Ď Xi. For i “ 0,
since kRkp2dq ď minX0, by Proposition 12.2.7(1), there exists some ωn´1-large and
f0-homogeneous subset Z0 Ď X0.

The pZiqiăRkp2dq are defined such that, for every i ă j ă Rkp2dq and x P Zi,
y P Zj , we have fpx, yq “ fpminZi,minZjq. By definition of Rkp2dq, there exists
some subset ti0 ă ¨ ¨ ¨ ă i2d´1u Ď t0, . . . , Rkp2dq´ 1u and some color c ă k such that,
for every j ă ℓ ă 2d, x P Zij and y P Ziℓ , fpx, yq “ c.

Finally, let Yj “ tz02j , z12ju Y Zi2j`1
for every j ă d, where z02j and z12j are the two

last elements of Zi2j . Every Yj is ωn ` 1-large.

13.2.6 Erdős-Moser theorem
The goal of this section is to prove that every ωn`3-large set X with minX ě 5 is
fEM-ωn-large (and thus EM-ωn-large). The previous known bound of Kołodziejczyk
and Yokoyama [79] was ω36n`4-largeness.

Proposition 13.2.13. Let n ě 0 and k, d ě 2, let X Ďfin N be px ÞÑ xRxp2xqq-sparse,

(1) If X is ωn ` 1-large with 2 ď minX, then it is fEM-ωn-large.

(2) If X is ωn ¨Rkp2dq-large with kRkp2dq ď minX, then it is fEMk-ωn ¨ d-large.

(3) If X is ωn ¨ 2k-large, then it is fEMk-ωn ` 1-large.
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Proof. We prove (1) and (2) by mutual induction on n. (1) holds trivially for n “ 0,
as any ω0-large set is non-empty, and any singleton is fEM-ω0-large.

Suppose (1) holds for n. Let us show that p2q holds for n. Let k, d P N, let
X Ďfin N be px ÞÑ xRxp2xqq-sparse, pωn ¨Rkp2dqq-large and such that kRkp2dq ď minX
and fix some coloring f : rXs2 Ñ k. As kRkp2dq ď minX, we have k ď minX,
hence X is px ÞÑ xkxq-sparse, and by Lemma 13.2.12, there exists some sequence
Z0 ă ¨ ¨ ¨ ă Zd´1 of ωn ` 1-large subsets of X and some color c ă k such that
fpx, yq “ c for every x P Zs and y P Zt for s ă t ă d. By (1) for n, for each i ă d,
there is an f -fallow ωn-large subset Wi Ď Zi. Then, the set W “

Ť

iădWi is ωn ¨ d-
large and f -fallow.

Indeed, pick by contradiction some x ă y ă z P W such that fpx, zq R
tfpx, yq, fpy, zqu. We cannot have Zi X tx, y, zu “ txu or Zi X tx, y, zu “ tzu for
some i ă d as it would imply fpx, yq “ fpx, zq “ c or fpx, zq “ fpy, zq “ c by our
application of Lemma 13.2.12. Similarly, we cannot have ZiXtx, y, zu “ tyu for some
i ă d as it implies the existence of some j ă d such that Zj X tx, y, zu “ tzu, since
x ă y ă z. And finally, we cannot have Zi X tx, y, zu “ tx, y, zu for some i ă d by
our application of the inductive hypothesis.

Suppose (2) holds for n. Let us show (1) holds for n ` 1. Let X Ďfin N be
px ÞÑ xRxp2xqq-sparse and pωn`1 ` 1q-large and let x0 “ minX. Fix some coloring
f : rXs2 Ñ x0, then, Xztx0u is ωn ¨ x0Rx0

p2x0q-large as x0Rx0
p2x0q ď x

Rx0 p2x0q

0

when x0 ě 2 and x
Rx0

p2x0q

0 ď minXztx0u. By Proposition 12.2.7(1), there exists
some ωn ¨ Rx0p2x0q-large subset Y Ď Xztx0u such that fpx0, yq “ fpx0, zq for every
y, z P Y . By (2) for n, there is some f -fallow ωn ¨ x0-large subset Z Ď Y . Then, the
set W “ tx0u Y Z is f -fallow and ωn`1-large.

Indeed, pick by contradiction some x ă y ă z P W such that fpx, zq R
tfpx, yq, fpy, zqu. We cannot have x “ x0 as fpx0, yq “ fpx0, zq for every y, z P Y .
And we cannot have x P Z, otherwise tx, y, zu Ď Z, contradicting the fact that Z is
f -fallow.

(3) For n “ 0, if X is ω0 ¨ 2k-large, then cardX ě 2k. In particular, any two-
element subset of X is fEM-ω0` 1-large. Suppose n ą 0. Fix a coloring f : rNs2 Ñ k.
Let x0 “ minX and g : X Ñ k be defined by gpx0q “ 0 and gpyq “ fpx0, yq for y ‰ x0.
By Proposition 12.2.7(1), there is an ωn ¨ 2-large g-homogeneous subset Y Ď X. Let
Y0 ă Y1 be its decomposition into ωn-large sets. Let x1 “ maxY0. Since n ą 0,
cardY0 ě 2, so x1 ą x0 and tx1u Y Y1 is ωn ` 1-large. By (1), there is a ωn-large
f -fallow subset Z Ď tx1u Y Y1. Since Z is g-homogeneous, then tx0u Y Z is f -fallow,
and ωn ` 1-large.

Corollary 13.2.14. Let n ě 0. If X Ďfin N is ωn`3-large and minX ě 7, then it is
fEM-ωn-large.

Proof. Since minX ě 5, then by Lemma 13.2.8, there is an ω2 ¨ 3-sparse ωn` 1-large
subset Y Ď X. By Lemma 13.2.6, since minX ě 7, Y is px ÞÑ xRxp2x`2qq-sparse, so
by Proposition 13.2.13, Y is fEM-ωn-large.

13.2.7 Transitive colorings
The strategy to compute bounds for transitive Ramsey theorem for pairs and
k-colors is different from the one for fallow Erdős-Moser theorem. Patey and
Yokoyama [115, Lemma 4.4] proved that every ω2n`6-large set is ADS-ωn-large, using
a slightly modified notion of largeness. The proof consisted in defining a coloring
f : rNs2 Ñ 2n`2 and applying Ketonen and Solovay’s bound [72]. Kołodziejczyk and
Yokoyama [79, Theorem 2.11] gave a more direct but less optimal proof by getting
rid of the intermediate notion of largeness, and showed that any ω4n`4-large set X
with minX ě 3 is trRT2

2-ωn-large.
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In this section, we give a direct and optimal proof, by generalizing the bound of
Ketonen and Solovay to ω-g-largeness. Given an increasing function g : NÑ N, a set
X is ω-g-large if cardX ą gpminXq. Whenever g is the identity function, this yields
the standard notion of ω-largeness. The following proposition is a generalization
of Ketonen and Solovay [72, Lemma 6.3] and of Kołodziejczyk and Yokoyama [79,
Theorem 1.5]:

Proposition 13.2.15. Fix a primitive recursive function g : NÑ N. If X is pωk`1q-
large and g-sparse for k “ 1 and px ÞÑ kRkp2gpxqqq-sparse for k ě 2, then it is RT2

k-ω-
g-large.

Proof. By induction on k. Suppose k “ 1. Let f : rXs2 Ñ 1 be the trivial constant
coloring. Then X is f -homogeneous. Since X is ωk`1-large, then, letting X “ tx0 ă
x1u\Y , then cardY ě x1 and by g-sparsity of X, x1 ą gpx0q, so cardX ą gpminXq.

Assume the property to be true for some k ą 0. Let X be pωk`1 ` 1q-large
and px ÞÑ pk ` 1qRk`1p2gpxqqq-sparse and consider a coloring f : rXs2 Ñ k ` 1. Let
x0 “ minX, by sparsity, minpXztx0uq ě pk ` 1qRk`1p2gpx0qq and Xztx0u is an pωk ¨

pk ` 1q ˆRk`1p2gpx0qqq-large set.
Consider the coloring h : Xztx0u Ñ k ` 1 defined by hpyq “ fpx0, yq. By

Proposition 12.2.7(1), there exists some pωk ¨Rk`1p2gpx0qqq-large and h-homogeneous
subset Y of Xztx0u, and let c0 ď k be the corresponding color.

By Lemma 13.2.12, as minY ě pk ` 1qRk`1p2gpx0qq, there exists a sequence Y0 ă
¨ ¨ ¨ ă Ygpx0q´1 of ωk ` 1-large subsets of Y and some color c1 such that fpx, yq “ c1
for every x P Ys and y P Yt for s ă t ă gpx0q.

If c0 “ c1, then the set tx0uYtminY0 ă ¨ ¨ ¨ ă minYgpx0q´1u is f -homogeneous and
ω-g-large and we are done. So assume c0 ‰ c1 and consider the coloring f 1 : rXs2 Ñ k
to be the same coloring as f , except that the colors c0 and c1 are fused into one. By
the inductive hypothesis, there exists some ω-g-large f 1-homogeneous subset Z1 Ď Y1.

If Z1 is f homogeneous, then we are done. Otherwise, fprZ1s
2q “ tc0, c1u, and,

since minZ1 ą R2pgpminY0qq by sparsity of X, there exists some f -homogeneous
subset W Ď Z1 of size ě gpminY0q. If fprW s2q “ tc0u, then tx0u Y W is f -
homogeneous, and if fprW s2q “ tc1u, then tminY0u Y W is f -homogeneous, and
both of these sets are ω-g-large.

By generalizing the proof of Patey and Yokoyama [115, Lemma 4.4] to trRT2
k and

replacing the bound of Ketonen and Solovay by Proposition 13.2.15, we obtain the
following proposition:

Proposition 13.2.16. Let n P N, k ě 1 and let X Ď N be pωkn ` 1q-large and
px ÞÑ pknqRknp2x`2qq-sparse, then it is trRT2

k-ωn-large.

Proof. Consider a transitive coloring f : rXs2 Ñ k and let f̄ : rXs2 Ñ kn be defined
by f̄px, yq “ kj ` i if fpx, yq “ i and if j is the smallest index such that there is no
ωj`1-large subset H Ď rx, yqXX with x P H and such that HYtyu is f -homogeneous
for color i, or, if no such index exists, take j “ n´ 1.

By Proposition 13.2.15, take Y Ď X such that Y is ω-px ÞÑ x ` 1q-large and
f̄ -homogeneous. Write Y “ ty0 ă y1 ă ¨ ¨ ¨ ă yℓu for some ℓ ą y0 and let f̄prY s2q “
kj` i. For every s ă ℓ, let Hs Ď rys, ys`1q be ωj-large, f -homogeneous for the color i
and such that ys P Hs. Let H “ ty0uY

Ťℓ´1
s“1Hs, then, as ℓ ą y0, H is ωj`1-large and

H Ytyℓu is f -homogeneous for the color i. Thus, we have j “ n as f̄py0, yℓq “ nj` i,
hence H is f -homogeneous and ωn-large.

Corollary 13.2.17. Let n P N, k ě 1. If X Ďfin N is ωnk`3-large and minX ě 8,
then it is trRT2

k-ωn-large.

Proof. Since minX ě 8, then by Lemma 13.2.8, there is an ω2 ¨ 3-sparse ωnk ¨ 2` 1-
large subset Y Ď X. By regularity, there are two subsets Y0 ă Y1 of Y such that Y0
is ωnk-large and Y1 is ωnk ` 1-large.
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By Lemma 13.2.6, since Y1 is ω2 ¨ 3-sparse and minX ě 7, then it is px ÞÑ
xRxp2x`2qq-sparse. Since Y0 is ωnk-large, then cardY0 ě nk, so minY1 ě nk. It
follows that Y1 is px ÞÑ pknqRknp2x`2qq-sparse, so by Proposition 13.2.16, Y1 is trRT2

k-
ωn-large.

Corollary 13.2.18. Let n P N. If X Ďfin N is ω2n`3-large and minX ě 8, then it is
ADS-ωn-large.

Proof. Immediate by Corollary 13.2.17.

Note that this bound is optimal, up to an additive constant, in that the coloring
witnessing the lower bound of RT2

2 by Kotlarski et al. [82, Theorem 5.4] is transitive.

13.2.8 Ramsey’s theorem for pairs
We now have all the necessary ingredients to prove our optimal bounds for RT2

k-ωn-
largeness, using the bounds for the fallow Erdős-Moser theorem and for transitive
Ramsey theorem for pairs. We first state it with largeness and sparsity assumptions,
and then use Section 13.2.2 to compute purely largeness bounds.

Theorem 13.2.19. Let n, k ě 1. If X Ďfin N is ωkn ¨ 2k-large and px ÞÑ xRxp2x`2qq-
sparse with kn ď minX, then it is RT2

k-ωn-large.

Proof. Let f : rXs2 Ñ k be a coloring. X is ωkn ¨ 2k-large and px ÞÑ xRxp2xqq-sparse,
hence, by Proposition 13.2.13(3), there exists some ωkn ` 1-large and f -fallow subset
Y Ď X. In particular, Y is f -transitive.

As kn ď minX, Y is px ÞÑ pknqRknp2x`2qq-sparse, and by Proposition 13.2.16
there exists some ωn-large f -homogeneous subset Z Ď Y .

Note that if we applied fEM and trRT2
k under their explicit largeness assumptions

(Corollaries 13.2.14 and 13.2.17) instead of their hybrid sparsity/largeness versions
(Propositions 13.2.13 and 13.2.16), this would have yielded significantly worse bounds.
It is therefore useful to keep a sparsity version of the statements in case of their use
as an intermediate object in the proof of a stronger combinatorial statement. When
translating the sparsity assumptions into largeness ones, we obtain our main theorem.

Main Theorem 13.0.2. Let n, k ě 1. If X Ďfin N is ωkn`4-large and minX ě 2,
then it is RT2

k-ωn-large.

Proof. Since minX ě 2, then there exist X0 ă X1 Ď XztminXu that are ωkn`3-
large. As X0 is ωkn`3-large, we have minX1 ą maxX0 ě 6k ` 2, hence there
is an ω2 ¨ 3-sparse and ωnk ¨ p2kq ` 1-large subset Y Ď X1 by Lemma 13.2.8. By
Lemma 13.2.6, Y is thus px ÞÑ xRxp2x`2qq-sparse.

We also have minY ą maxX0 ě kn, hence by Theorem 13.2.19, Y (and therefore
X) is RT2

k-ωn-large.
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Chapter 14

@Π0
4-conservation of Ramsey’s

theorem for pairs

In this chapter, we pursue the search for the first-order part of RT2
2 by extending

the characterization due to Patey and Yokoyama [115] of the @Π0
3-consequences of

RCA0 ` RT2
2 to a characterization of its @Π0

4-consequences, via the following result:

Main Theorem 14.0.1. WKL0 ` RT2
2 is @Π0

4-conservative over RCA0 ` BΣ0
2.

This constitutes a step toward a characterization of the full first-order part of
RT2

2, as well as toward resolving whether RT2
2 is Π1

1-conservative over RCA0 ` BΣ0
2.

By Fiori-Carones et al. [46], it would suffice to go one step further and prove the @Π0
5-

conservation of RT2
2 over RCA0 ` BΣ0

2, in order to obtain the full Π1
1-conservation.

The original article [88], which established the @Π0
4-conservation of RT2

2 `WKL0
over RCA0 ` BΣ0

2, derived bounds for RT2
2-ωn-largenesspθq (although the bound for

ADS-ωn-largenesspθq as initially given was flawed and later corrected in [86]). The
combinatorial arguments in [88] adapt those of Kołodziejczyk and Yokoyama [79] to
the setting of largenesspθq and are quite involved.

Fortunately, we can again exploit the decomposition of RT2
2 into EM ` ADS,

together with the fact that ADS is already known to be Π1
1-conservative over

RCA0`BΣ0
2 (Chong, Slaman and Yang [22]). This allows us to focus solely on bounds

for EM-ωn-largenesspθq (or rather, for fEM-ωn-largenesspθq) and, by Theorem 12.3.7,
to obtain the @Π0

4-conservation of WKL0`EM over RCA0`BΣ0
2. By an amalgamation

theorem of Patey and Yokoyama (Theorem 14.0.9), we can then combine those two
conservation results, yielding a proof of Main Theorem 14.0.1.

By restricting ourselves to EM, we can adapt the combinatorics used in
Section 13.2 to largenesspθq instead of those of Kołodziejczyk and Yokoyama [79],
leading to a shorter proof.

The following lemma is the analogue of Proposition 12.2.7 for largenesspθq. The
bound obtained here, 2n, is worse than the bound n`1 given in Proposition 12.2.7. It
was proved in [88, Section 7] that this bound is tight, in the sense that for every n P N,
there is a set F and a formula θF depending on F such that F is ω2n´1-largepθF q but
not RT1

2-ωn-largepθF q. This difference in the bounds propagates throughout the rest
of the proof, yielding an exponential bound for EM-ωn-largenesspθq in contrast to the
linear bound of Corollary 13.2.14.

This exponential bound prevents us from directly adapting the framework of
Kołodziejczyk et al. [78] to show that every proof of a @Π0

4-statement in WKL0`RT2
2

can be transformed into a proof of the same statement in RCA0 ` BΣ0
2 with only a

polynomial increase in size. Nevertheless, polynomial bounds for RT2
2-ωn-largenesspθq

can in fact be obtained, yielding such a result, as shown in [91]. The derivation
of these bounds relies on more involved combinatorics than those presented here,
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2

including a tree partition theorem based on Milliken’s tree theorem. Given the
elaboration of the argument and the complexity of the framework of Kołodziejczyk
et al. [78], we shall not present those results.

In this chapter, for every proposition, the formula θ is taken to be universally
quantified over all Σ0

0-formulas within the considered theory.

Lemma 14.0.2. IΣ0
1 proves that for all b P N, every ω2b-largepθq and px ÞÑ 4xq-sparse

set X is RT1-ωb-largepθq.

Proof. By induction over b.
Case b “ 0. For every ω0-largepθq set X and every f : X Ñ minX, every 1-element

subset of X is f -homogeneous and ω0-largepθq.
Case b ą 0. Fix an ω2b-largepθq px ÞÑ 4xq-sparse set X and f : X Ñ minX.

Since X is ω2b-largepθq, there are minX pairwise θ-apart ω2b´1-largepθq subsets X0 ă

¨ ¨ ¨ ă XminX´1 of XztminXu. Suppose X0 is not f -homogeneous, otherwise we are
done. Let t ă minX be maximal such that f r

Ť

iătXis Ě f rXts. Note that t ě 1
exists since otherwise,

2 ď card f rX0s ă card f rX0 YX1s ă ¨ ¨ ¨ ă card f rX0 Y ¨ ¨ ¨ YXminX´1s

and therefore card f rXs ě minX ` 1, contradicting the assumption that f : X Ñ

minX.
SinceXt is ω2b´1-largepθq, there are minXt pairwise θ-apart ω2b´2-largepθq subsets

Y0 ă ¨ ¨ ¨ ă YminXt´1 of XtztminXtu.
By induction hypothesis, for every j ă minXt, there is a ωb´1-largepθq subset Zj Ď

Yj which is f -homogeneous for some color cj ă minX. Since X is px ÞÑ 4xq-sparse,
4maxXt´1 ă minXt so pmaxXt´1q

2 ă minXt, thus minX ˆ maxXt´1 ă minXt.
Thus, by the finite pigeonhole principle, there is a subset J Ď t0, . . . ,minXt ´ 1u of
size at least maxXt´1 and some color c ă minX such that for every j P J , cj “ c. By
choice of t, f r

Ť

iătXis Ě f rXts, so there is some x P
Ť

iătXi with fpxq “ c. Thus,
the set txu Y

Ť

jPJ Zj is an ωb-largepθq f -homogeneous subset of X.

As explained in Section 13.2.1, there are two natural ways to define when a
sequence X0 ă ¨ ¨ ¨ ă Xd´1 of blocks is L-large, where L is a largeness notion. One
may either require that the set tmaxXi : i ă du is L-large, or instead require that
every sequence in X0ˆ¨ ¨ ¨ˆXd´1 is L-large. For α-largenesspθq, these two definitions
no longer coincide. The following lemma provides an analogue of Proposition 13.2.2
for largenesspθq when the second definition is used. As with Lemma 14.0.2, the 2b
in the bound is tight because of the apartness requirement. This allows us to prove
Proposition 14.0.4, a counterpart of Proposition 13.2.7 for largenesspθq which will be
used to obtain sufficiently sparse ωm-largepθq sets.

Lemma 14.0.3. IΣ0
1 proves that for every a, b and for every ωa`2b`1-largepθq set X,

there are some c P N and some ωa-largepθq pairwise θ-apart subsets X0 ă ¨ ¨ ¨ ă Xc´1

of X such that every H P
ś

iăcXi is ωb-largepθq (here, we abuse the product notation
and see H as a subset of N intersecting every Xi exactly once rather than a tuple in
the product X0 ˆ ¨ ¨ ¨ ˆXc´1).

Proof. By Π0
1-induction over b, we prove the following statement that directly implies

the lemma (since minX ě 2): for all a, for all θ-apart pairs Y0 ă Y1 of ωa`2b-largepθq
sets, there exists some c ă maxY1 and some ωa-largepθq subsets X1 ă ¨ ¨ ¨ ă Xc´1 of
Y1 such that, letting X0 “ Y0, every H P

ś

iăcXi is ωb-largepθq and X0, . . . , Xc´1 are
pairwise θ-apart. This is indeed a Π0

1-formula, as being θ-apart, or being ωa-largepθq
are Σ0

0-statements.
Case b “ 0. The result is clear, as every non-empty set is ω0-largepθq.
Case b ą 0. Let Y0 ă Y1 be ωa`2b-largepθq and θ-apart, let Z0 ă ¨ ¨ ¨ ă ZminY1´1

be ωa`2b´1-largepθq pairwise θ-apart subsets of Y1. For every i ă minY1, let Z0
i , Z

1
i

be ωa`2b´2-largepθq and θ-apart subsets of Zi.
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We can then apply the inductive hypothesis to the pairs

pZ0
0 , Z

1
0 q, pZ

0
1 , Z

1
1 q . . . , pZ

0
maxY0´1, Z

1
maxY0´1q

to get for every j ă maxY0, families of pairwise θ-apart ωa-largepθq subsets Z0
j “

Xj,0 ă ¨ ¨ ¨ ă Xj,cj of Z0
j Y Z

1
j such that every H P

ś

iďcj
Xj,i is ωb´1-largepθq.

Consider the family Y0 ă X0,0 ă X0,1 ă ¨ ¨ ¨ ă X0,c0 ă X1,0 ă X1,1 ă ¨ ¨ ¨ ă

XmaxY0´1,cmaxY0´1
. Every block of this family is ωa-largepθq. Since X0,0 Ď Y1, then

Y0 and X0,0 are θ-apart. Moreover, for all j ă maxY0 ´ 1, since Xj,cj Ď Zj and
Xj`1,0 “ Z0

j`1, Xj,cj and Xj`1,0 are θ-apart.
Let H P Y0 ˆX0,0 ˆ ¨ ¨ ¨ ˆX0,c0 ˆX1,0 ˆ ¨ ¨ ¨ ˆXmaxY0´1,cmaxY0´1

. Every element
of

ś

iăcj
Xj,i is ωb´1-largepθq, therefore H is ωb-largepθq.

This completes the proof.

Lemma 12.3.4. IΣ0
1 proves that, for every a P N, if X Ďfin N is ω4a`4-largepθq, then

it is RT1-ωa-largepθq.

Proof. By Lemma 14.0.3, there exists c P N and pairwise θ-apart subsets X0 ă ¨ ¨ ¨ ă

Xc´1 of X, each ω3-large, such that the set Y :“ tmaxXi : i ă cu is ω2a-largepθq.
The set Y is ω3-sparse and, in particular, px ÞÑ 4xq-sparse. By Lemma 14.0.2, it
follows that Y is RT1-ωa-largepθq, and hence X is also RT1-ωa-largepθq.

Proposition 14.0.4. For every primitive recursive and increasing function g : NÑ N,
there exists some bound n P ω such that IΣ0

1 proves that, for every b P N, every ωn`2b-
largepθq set F contains an ωb-largepθq and g-sparse subset.

Proof. By Theorem 13.2.5, there exists some n1 P N such that every ωn1 -sparse set
is g-sparse. Let n “ n1 ` 1 and let X Ďfin N be ωn`2b-largepθq. By Lemma 14.0.3,
there exists some c P N and some ωn1 -largepθq subsets X0 ă ¨ ¨ ¨ ă Xc´1 such that
Y :“ tmaxXi : i ă cu is ωb-largepθq.

We claim that Y is ωn1 -sparse and therefore g-sparse. Indeed, let x ă y P Y ,
there exists some i ă c such that y “ maxXi, hence Xi Ď px, ys and px, ys is thus
ωn1 -large.

The following proof follows Lemma 13.2.12 but with the bound obtained in
Lemma 14.0.2 instead of the one of Proposition 12.2.7.

Lemma 14.0.5. IΣ0
1 proves that, for ℓ ą 1, a, d P N, and X Ďfin N an ω2a ¨ Rℓpdq-

largepθq and px ÞÑ xℓxq-sparse set such that ℓRℓpdq ď minX, and for every coloring
f : rXs2 Ñ ℓ, there exists a sequence Y0 ă ¨ ¨ ¨ ă Yd´1 of pairwise θ-apart ωa-largepθq
subsets of X and some color c ă ℓ such that fpx, yq “ c for every x P Ys and y P Yt
for s ă t ă d.

Proof. For a “ 0: let tx0u ă ¨ ¨ ¨ ă txRℓpdq´1u Ď X be ω0-largepθq and pairwise θ-
apart. By definition of R there is an f -homogeneous subset ty0 ă y1 ă ¨ ¨ ¨ ă yd´1u Ď

tx0, . . . , xRℓpdq´1u and pick Yi “ tyiu for every i ă d. The Yi are ω0-largepθq and
θ-apart (as the txiu are θ-apart).

Assume from now on that a ą 0. Let X0 ă ¨ ¨ ¨ ă XRℓpdq´1 be a decomposition of
X into θ-apart ω2a-largepθq sets. Consider the sequence pfiqiăRℓpdq of colorings and
the sequence Z0 ă ¨ ¨ ¨ ă ZRℓpdq´1 of sets defined inductively as follows:

Assume that Zi`1, . . . , ZRℓpdq´1 have been defined for some i ă Rℓpdq, and
consider the coloring fi : Xi Ñ ℓRℓpdq´1´i`

ř

jăi cardXj defined by

fipxq “ pfpy, xqqyP
Ť

jăi Xj
\ pfpx, yqqyPtminZj :iăjăRℓpdqu

As minX0 ě Rℓpdq and as the Xi are disjoint, we get that for i ą 0, Rℓpdq `
ř

jăi cardXj ď maxXi´1. By px ÞÑ xℓxq-sparsity of X, ℓmaxXi´1 ¨ maxXi´1 ď

minXi, so ℓRℓpdq`
ř

jăi cardXj ¨ maxXi´1 ď minXi. By Lemma 14.0.2, there exists
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some ωa-largepθq and fi-homogeneous subset Zi Ď Xi. For i “ 0, since ℓRℓpdq ď

minX0, by Lemma 14.0.2, there exists some ωa-largepθq and f0-homogeneous subset
Z0 Ď X0.

The pZiqiăRℓpdq are defined such that, for every i ă j ă Rℓpdq and x P Zi, y P Zj ,
we have fpx, yq “ fpminZi,minZjq. By definition of Rℓpdq, there exists some subset
ti0 ă ¨ ¨ ¨ ă id´1u Ď t0, . . . , Rℓpdq ´ 1u and some color c ă ℓ such that, for every
j ă k ă d, x P Zij and y P Zik , fpx, yq “ c.

Finally, let Yj “ Zij for every j ă d. Every Yj is ωa-largepθq, and, as the Xi are
pairwise θ-apart, they are also pairwise θ-apart.

And finally, we can adapt Proposition 13.2.13 to largenesspθq, which gives us an
exponential bound.

Proposition 14.0.6. IΣ0
1 proves that, for a P N, and X Ďfin N an ω4a´1-largepθq

and px ÞÑ xRxpxqq-sparse set, X is fEM-ωa-largepθq.

Proof. We proceed by induction on a.
The result holds trivially for a “ 0, as any ω0-largepθq set is non-empty, and any

singleton is fEM-ω0-largepθq.
Suppose the property holds for some a. Let f : rXs2 Ñ minX be an instance

of fEM on X. Let X0 ă X1 be ω4a`1´2-largepθq subsets of X and let x0 “ minX0.
Consider the coloring g : X1 Ñ minX defined by gpyq “ fpx0, yq, by Lemma 14.0.2,
there exists some ω4a¨2´1-largepθq subset Y Ď X1 such that fpx0, yq “ fpx0, y

1q for
every y, y1 P Y .

As xRxpxq ą Rxpxq for every x ą 1, then, by px ÞÑ xRxpxqq-sparsity of X,
Y ztminY u is ω4a¨2´2 ¨ Rx0px0q-largepθq and x

Rx0
px0q

0 ď minY ztminY u. Then, as
xRxpxq ą xx`1 for every x ą 1, Y ztminY u is px ÞÑ xxxq-sparse, so, by Lemma 14.0.5,
there exists a color c ă x0 and a sequence Y0 ă ¨ ¨ ¨ ă Yx0´1 of pairwise θ-apart
ω4a´1-largepθq subsets of Y ztminY u such that fpx, yq “ c for every x P Ys and y P Yt
for s ă t ă x0.

We can then apply the inductive hypothesis on each of the Yi and obtain a sequence
Z0 ă ¨ ¨ ¨ ă Zx0´1 of f -fallow and pairwise θ-apart ωa-largepθq subsets of Y ztminY u.

Thus, the set Z :“ tx0u Y
Ť

iăx0
Zi is an ωa`1-largepθq subset of X. We claim

that Z is f -fallow. Suppose otherwise and let x ă y ă z P Z be such that fpx, zq R
tfpx, yq, fpy, zqu, then x cannot be equal to x0 as fpx0, yq “ fpx0, zq by definition of
Y , hence there exists some i ď j ď k ă x0 such that x P Zi, y P Zj and z P Zk. If
j ă k, then, by our use of Lemma 14.0.5, fpx, zq “ fpy, zq “ c which contradicts our
assumption, similarly, if i ă j, then fpx, yq “ fpx, zq “ c, again contradicting our
assumption. Hence, we necessarily have i “ j “ k, which is impossible since Zi is
f -fallow by our use of the inductive hypothesis. Hence, Z is indeed f -fallow.

Corollary 14.0.7. There exists some n P N such that IΣ0
1 proves that, for a P N,

every ω4a¨2`n-largepθq set is fEM-ωa-largepθq.

Proof. The function px ÞÑ xRxpxqq being primitive recursive, by Proposition 14.0.4
there exists some n P N such that, for every a P N, every ω4a¨2`n-largepθq set contains
an ω4a´1-largepθq and px ÞÑ xRxpxqq-sparse subset, and, by Proposition 14.0.6, is
therefore fEM-ωa-largepθq.

Proposition 14.0.8. WKL0 ` fEM is @Π0
4-conservative over RCA0 ` BΣ0

2.

Proof. By Theorem 12.3.7, using the bounds obtained in Corollary 14.0.7.

To obtain the @Π0
4-conservation of RT2

2 over RCA0`BΣ0
2, we will use the following

theorem of Patey and Yokoyama [115]. It is a generalization of an amalgamation
theorem for Π1

1-conservation by Yokoyama [142], that was used in Chapter 10
(Theorem 10.4.1).
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Theorem 14.0.9 (Amalgamation (Patey and Yokoyama [115, Theorem 3.6])). Fix
n ě 1. Let T be a theory extending IΣ0

1 which consists of sentences of the form
@XDY θpX,Y q where θ is Π0

n`2, and let Γ1 and Γ2 be sentences of the same form.
If T ` Γi is @Π0

n`2-conservative over T for i “ 1, 2, then T ` Γ1 ` Γ2 is @Π0
n`2-

conservative over T .

Main Theorem 14.0.1. WKL0 ` RT2
2 is @Π0

4-conservative over RCA0 ` BΣ0
2.

Proof. By a result of Chong, Slaman, and Yang [22], ADS is Π1
1-conservative over

RCA0 `BΣ0
2 (and therefore @Π0

4-conservative). By Theorem 14.0.8, so is EM`WKL.
Hence, by Theorem 14.0.9, WKL0 ` RT2

2 is @Π0
4-conservative over RCA0 ` BΣ0

2.

As discussed at the beginning of the chapter, it is possible to obtain polynomial
bounds for RT2

2-ωn-largenesspθq, as shown in [91], using more involved combinatorics.
Then, using the framework of Kołodziejczyk et al. [78], we obtain the following result,
which shows that the above conservation can be witnessed by a polynomial-time
procedure.

Theorem 14.0.10 ([91, Main Theorem 1.1]). We can effectively transform every proof
of a @Π0

4-statement in WKL0`RT2
2 into a proof of that same statement in RCA0`BΣ0

2

with only up to a polynomial increase in size.
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Chapter 15

@Π0
4-conservation of the

ordered variable word
theorem

15.1 Introduction
In this chapter, we will use the formalism introduced in Section 12.3 and in Chapter 14
to prove the @Π0

4-conservation over RCA0 ` BΣ0
2 of another statement from Ramsey

theory: the ordered variable word theorem (OVW). OVW is a so-called tree partition
theorem, i.e., a statement of the form

“For every finite coloring of the finite subtrees of an infinite tree-like
structure, there exists an isomorphic sub-structure whose finite subtrees
are monochromatic.”

Perhaps the simplest tree partition theorem is the tree theorem for singletons
(TT1), which says that for every finite coloring of 2ăN, there is a monochromatic
subset T Ď 2ăN such that pT,ĺq is isomorphic to p2ăN,ĺq.

Tree partition theorems do not fit exactly into the formalism of Ramsey-like
statements as defined in Definition 12.2.5. Nonetheless, applying the same approach
by considering finitistic versions of the theorems defined in terms of α-largeness and
α-largenesspθq also produces conservation results.

Tree partition theorems play an important role in structural Ramsey theory. Many
proofs of existence of big Ramsey numbers are reduced to higher-order versions of
these theorems. For example, the existence of big Ramsey numbers for partitions
of the rationals [33] or of the Rado graph [122] are both reduced to Milliken’s tree
theorem [101].

Both the tree theorem (TT) and Milliken’s tree theorem (MTT) have been
extensively studied from a reverse mathematical viewpoint (see [21, 24, 25, 30, 40, 112]
for TT and [1] for MTT). The restrictions of TT and MTT to colorings of singletons
are computably true, that is, every instance admits a solution computable in the
instance. Thus, as with our study of the bounded Ramsey theorem for pairs BRT2

2 in
Chapter 11, their strength can be measured only in terms of the amount of induction
necessary to prove them.

In this chapter, we study the first-order part of a stronger tree partition theorem,
due to Carlson and Simpson [13], called the ordered variable word theorem1. Fix a
finite alphabet A and a distinguished variable symbol ‹. A word over A is a finite

1This statement is also called Carlson-Simpson theorem in combinatorics [35], but should be
distinguished from the variable word theorem [100], also known as Carlson-Simpson lemma in reverse
mathematics, which is a similar statement, but where each variable type is allowed to appear infinitely
often.

179
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sequence w “ a0 . . . ak´1 where ai P A. Again, we write wpiq for ai and let |w| “ k.
A left variable word over A is a word w over A \ t‹u such that wp0q “ ‹. Given
a left variable word w and a letter a P A, we let wras be the word of length |w|
obtained from w by substituting every occurrence of ‹ by a. Beware, the notations
wpiq and wras should not be confused: the former yields a letter, while the latter is a
substitution.

Statement 15.1.1 (Ordered variable word theorem). OVW is the statement that:
For every finite alphabet A and every finite coloring f : AăN Ñ ℓ, there is a word c0
over A and an infinite sequence of left variable words w1, w2, . . . such that the following
set is monochromatic:

tc0w1ra1sw2ra2s ¨ ¨ ¨wkraks : k P N, a1, . . . , ak P Au

The ordered variable word theorem can be seen as a problem whose instances
are pairs pA, fq, where A is a finite alphabet and f is a finite coloring of AăN. A
solution to pA, fq is the giving of the sequence c0, w1, w2, . . . as above. The set T :“
tc0w1ra1sw2ra2s ¨ ¨ ¨wkraks : k P N, a1, . . . , ak P Au forms an f -homogeneous subtree
of the original tree AăN satisfying very strong structural properties. For example,
for every k P N, there exists a single n P N such that tc0w1ra1sw2ra2s ¨ ¨ ¨wkraks :
a1, . . . , ak P Au Ď An (i.e., T is a strong subtree of AăN). Moreover, the paths
between any two levels of T are all generated by instantiating the same left variable
word.

The ordered variable word theorem was used as a pigeonhole principle by Carlson
and Simpson to prove a dual version of Ramsey’s theorem [13]. It was later used by
Hubička [65] to give a simple proof of the existence of big Ramsey degrees for the
universal triangle-free graph. See the monograph of Dodos and Kanellopoulos [34]
for an extensive combinatorial analysis of variable word theorems. Friedman and
Simpson [47] asked about its reverse mathematical strength.

Contrary to the tree theorem for singletons and Milliken’s tree theorem for
singletons, which are computably true, Miller and Solomon [100] proved that OVW
admits a computable instance with no ∆2 solutions. Therefore, OVW cannot be
proved in WKL0, as there exists a model of WKL0 containing only low (and hence ∆2)
sets by the low basis theorem (Theorem 4.2.7). Later, Liu, Monin, and Patey [97]
constructed a computable instance of OVW whose solutions compute a H1-DNC
function, that is, a total function f : NÑ N such that @efpeq ‰ ΦH1

e peq. On the other
hand, Anglès d’Auriac et al. [2] proved that every computable instance of OVW admits
a solution computable from any set PA over H1. The exact computable strength of
OVW therefore lies between H1-DNC degrees and PA degrees over H1. Note that
the existence of the former is strictly weaker than ACA0, while the latter implies
it. Whether OVW implies ACA0 over RCA0 was left open. We answer the question
negatively:

Theorem 15.1.2. WKL0 ` OVW does not imply ACA0.

Usually, separations from ACA0 are done using the so-called cone avoidance
property, like in Chapter 8, that is, by proving that for every non-computable
set A, every computable instance of the problem admits a solution which does not
compute A. In this chapter, we take a different approach, and prove the separation
through a partial conservation result.

Theorem 15.1.3. WKL0 ` OVW is @Π0
4-conservative over RCA0 ` BΣ0

2.

The tree theorem for singletons is strictly in between IΣ0
2 and BΣ0

2 over RCA0

(see [30, 21]). It is unknown whether TT1 is Π1
1-conservative over RCA0 ` BΣ0

2.
Chong, Wang, and Yang [24] obtained a partial conservation result by proving

that TT1 is @Π0
3-conservative over RCA0. Theorem 15.1.3 strengthens Chong, Wang,

and Yang’s result since TT1 follows from OVW.
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We defined largeness notions in terms of sets of integers, but the ordered variable
word theorem is a statement about words and variable words. We bridge the two
notions by defining an ordered X-variable word over a finite set X Ď N.

Definition 15.1.4 (Ordered Y -variable word). For Y “ ty0, . . . , yn´1u a finite set, an
ordered Y -variable word over A is a finite word w over the alphabet A\ txj : j ă nu
where for every j ă n, the first occurrence of xj is at position yj and for every j ă n´1
its last occurrence is before position yj`1.

Definition 15.1.5 (Substitution). For w a Y -variable word over an alphabet A and
u P AďcardY , the substitution wrus is defined as the word w where every occurrence
of xi for i ă |u| is replaced by upiq and cut just before the first occurrence of x|u|.

Example 15.1.6. On the alphabet A “ ta, bu, w “ abx0ax0bx1bb is a t2, 6u-variable
word, ax0bx1x0ab is not a variable word, since there is an occurrence of x0 after an
occurrence of x1 and aax1b is not a variable word either since there is no occurrence
of x0. wrεs “ ab (where ε is the empty word), wras “ abaaab and wrbas “ abbabbabb.

15.2 Hales-Jewett and Graham-Rothschild
theorems

The ordered variable word theorem belongs to a whole family of variable word
statements, whose pigeonhole principle is the Hales-Jewett theorem [58]. In its
simplest form, the Hales-Jewett theorem asserts the existence, for every finite
alphabet A and every finite coloring of AăN, of a variable word w such that
twras : a P Au is monochromatic. Its generalization to multiple dimensions is
known as the Graham-Rothschild theorem [53]. In this section, we define notions
of largeness for these theorems, and obtain explicit quantitative bounds for them.
This analysis will be reused in the next section to obtain quantitative bounds for the
ordered variable word theorem.

Definition 15.2.1. For Y a set, a combinatorial Y -space over an alphabet A is a set
of the form S “ twrus : u P AcardY u for some ordered Y -variable word w over A.
We call w its generating variable word. The dimension of a combinatorial Y -space is
cardY , and a combinatorial Y -line is a combinatorial Y -space of dimension 1.

Definition 15.2.2. For S a combinatorial X-space, a combinatorial subspace S1 of S
is a combinatorial Y -space included in S for some set Y .

A consequence of the definition is that if S1 is a combinatorial Y -subspace of a
combinatorial X-space S, then Y Ď X and the generating word w1 of S1 is equal to
wrus for w the generating word of S and u some I-variable word of length cardX,
where X “ tx0, . . . , xnu and Y “ txi : i P Iu.

The original proof of the following theorem by Hales and Jewett [58] had an
extremely fast-growing bound. A more recent proof by Shelah [125] uses only Σ0

1-
induction, and yields a primitive recursive bound, hence is provable in IΣ0

1.

Theorem 15.2.3 (Hales-Jewett [58], Shelah [125]). IΣ0
1 proves that there exists a

primitive recursive function HJpk, ℓq such that for every finite set X with cardX ě

HJpk, ℓq, every combinatorial X-space S over an alphabet A of size k and every
coloring f : S Ñ ℓ, there exists some x P X and an f -homogeneous combinatorial
txu-subspace of S.

As mentioned above, the Hales-Jewett theorem admits a multidimensional
generalization, known as the Graham-Rothschild theorem [53]. Its proof follows
from the Hales-Jewett theorem by elementary combinatorics. The original Graham-
Rothschild theorem allows the variable kinds to be unordered, that is the first
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occurrence of xi must appear before the first occurrence of xi`1, but the last
occurrence of xi might appear later. We are going to use a slightly modified version
of the Graham-Rothschild theorem, due to Dodos et al. [35, Theorem 2.1], which
requires the variable words to be ordered. The proof of its primitive recursive bound
is an adaptation of Shelah’s bound [125] for the original Graham-Rothschild theorem,
which can be found in Dodos and Kanellopoulos [34, Theorem 2.9, Theorem 2.15].

Theorem 15.2.4 (Graham and Rothschild [53], Dodos and Kanellopoulos [34]). IΣ0
1

proves that there exists a primitive recursive function GRpk, d,m, ℓq such that for
every finite set X with cardX ě GRpk, d,m, ℓq, every combinatorial X-space S over
an alphabet A of size k and every coloring f of the m-dimensional subspaces of S with
ℓ colors, there exists some d-dimensional subspace of S, all of whose m-dimensional
subspaces have the same color.

Definition 15.2.5. For θpx, y, zq a Σ0
0-formula, a set X Ďfin N is said to be GR-α-

largepθq if for every ℓ, k ă minX, every combinatorial X-space S over an alphabet A
of size k and every coloring f : S Ñ ℓ, there exists some α-largepθq subset Y Ď X and
an f -homogeneous combinatorial Y -subspace of S.

The following lemma states that if X is sufficiently large, then the size of X will
be large enough to be able to apply the Hales-Jewett theorem for minX ´ 1 colors
and alphabet of size minX ´ 1, and get a monochromatic combinatorial line.

As in the previous chapter, all occurrences of θ in the results of this chapter
are assumed to be universally quantified over all Σ0

0-formulas within the considered
theory.

Lemma 15.2.6. There exists some n0 P ω such that IΣ0
1 proves that if X is ωn0-

largepθq then X is GR-ω0-largepθq.

Proof. For X to be GR-ω0-largepθq, it is sufficient that cardX ě HJpminX ´

1,minX ´ 1q and that minX ą b for b the largest first-order constant appearing
in θ. By Theorem 15.2.3, x ÞÑ HJpx, xq is primitive recursive, so by Theorem 13.2.5
(and by regularity of α-largeness), there exists some n0 such that every ωn0 -large
set X satisfies cardX ě HJpminX ´ 1,minX ´ 1q. Thus, every ωn0 -largepθq set is
GR-ω0-largepθq.

In the following lemma, it might be helpful to see a combinatorial X-space over
an alphabet A as the set of leaves of a tree isomorphic to AďcardX .

Lemma 15.2.7. IΣ0
1 proves that for all b P N and every finite set X, if X is ω2b`n0`1-

largepθq and px ÞÑ xx
x

q-sparse then X is GR-ωb-largepθq.

Proof. Fix some b P N. Let X be ω2b`n0`1-largepθq, let ℓ, k ă minX, let S be a
combinatorial X-space over an alphabet A of size k with generating variable word w,
and let f : S Ñ ℓ be a coloring.

By Lemma 14.0.3, there exist pairwise θ-apart ωn0 -largepθq subsets of XztminXu
X0 ă ¨ ¨ ¨ ă Xa´1 such that any Y P

ś

iăaXi is ωb-largepθq. For simplicity, we will
assume that S is a combinatorial pX0 Y ¨ ¨ ¨ YXa´1q-space (this can always be done
by taking a subspace of the original space).

The coloring f induces a coloring on every combinatorial Xa´1-subspace of S. Let
na´1 be the number of such subspaces, there is one of them for every possible value
taken by the variables of X0 Y ¨ ¨ ¨ YXa´2, so

na´1 “ kcardX0`¨¨¨`cardXa´2 ă kmaxXa´2

We can consider the product of all those colorings f 1 : S1 Ñ ℓna´1 for S1 an arbitrary
combinatorial Xa´1-space. By px ÞÑ xx

x

q-sparsity of X,

ℓna´1 ă ℓk
maxXa´2

ă minXa´1
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And since Xa´1 is ωn0 -largepθq, by Lemma 15.2.6, there is some ya´1 P Xa´1

and an f 1-homogeneous combinatorial tya´1u-subspace of S1. By definition of f 1, for
every combinatorial Xa´1-subspace of S, there is an f -homogeneous combinatorial
tya´1u-subspace of it.

Consider Sa´1 an arbitrary combinatorial pX0 Y ¨ ¨ ¨ Y Xa´2q-subspace of S (for
example, by fixing an arbitrary value for the variables of Xa´1). There is a one-to-one
correspondence between the elements of Sa´1 and the combinatorial Xa´1-subspaces
of S: every element of Sa´1 corresponds to a possible value for the variables of
X0Y¨ ¨ ¨YXa´2 and therefore belongs to only one Xa´1-subspace of S and vice versa,
every Xa´1-subspace of S contains only one element of Sa´1. So consider fa´1 :
Sa´1 Ñ ℓ a coloring that takes any element of Sa´1 to the color of the f -homogeneous
combinatorial tya´1u-subspace of the corresponding combinatorial Xa´1-subspace.

We can then repeat the same argument and find some ya´2 P Xa´2

such that, for every combinatorial Xa´2-subspace of Sa´1 there is an fa´1-
homogeneous combinatorial tya´2u-subspace of it. Therefore, for every combinatorial
pXa´2YXa´1q-subspace of S, there is an f -homogeneous combinatorial tya´2, ya´1u-
subspace of it.

Iterate the construction to find a sequence y0 P X0, . . . , ya´1 P Xa´1 such that,
by letting Y “ ty0, . . . , ya´1u, there is an f -homogeneous combinatorial Y -subspace
of S. And Y is ωb-largepθq since Y P

ś

iăaXi.

15.3 Ordered variable word theorem
We now turn to the quantitative analysis of the target theorem of this chapter, namely,
the ordered variable word theorem. The main result of this section is Corollary 15.3.9,
which is then used to prove our conservation theorem.

Definition 15.3.1 (Ordered variable word Y -tree). For Y a set, an OVW Y -tree
over an alphabet A is a set of the form T “ twrus : u P AďcardY u for some ordered
Y -variable word w over A. We call w its generating variable word. The dimension
of an OVW Y -tree T over A is cardY and an OVW Y -line is an OVW Y -tree of
dimension 1.

Definition 15.3.2. For T an OVW X-tree, an OVW subtree T 1 of T is an OVW
Y -tree included in T for some set Y .

A consequence of the definition is that if T 1 is an OVW Y -subtree of an OVW
X-tree T , then Y Ď X and the generating word w1 of T 1 is equal to wrus for w
the generating word of T and u some I-variable word, where X “ tx0, . . . , xnu and
Y “ txi : i P Iu. We shall mainly consider two kinds of Y -subtrees: subtrees obtained
by instantiating some variables of the generating word, which doesn’t change its
length, and subtrees obtained by truncating the generating word.

The following theorem is a finitary version of an infinitary theorem due to
Carlson and Simpson [13]. The finitary version follows from its infinite version by
compactness (by an argument similar to that in the proof of the finite Ramsey
theorem (Theorem 6.0.3)). Dodos et al. [35, Theorem 4.1] gave an elementary proof
of a higher order variant of its finitary version, with a primitive recursive bound.
The finitary version of the ordered variable word follows easily from the Graham-
Rothschild theorem, and thus can almost be considered as folklore. The proof below
appears in Dodos and Kanellopoulos [34, Proposition 4.10].

Theorem 15.3.3 (Carlson and Simpson [13], Dodos and Kanellopoulos. [34]). IΣ0
1

proves that there exists a primitive recursive bound CSpk, d, ℓq such that for every
X Ďfin N with cardX ě CSpk, d, ℓq, every OVW X-tree T over an alphabet A of size
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k and every coloring f : T Ñ ℓ there exists some subset Y Ď X with cardY “ d and
an f -homogeneous OVW Y -subtree of T .

Proof. Let CSpk, d, ℓq :“ GRpk, d` 1, 1, ℓq and fix a set X with cardX ě CSpk, d, ℓq.
Fix an OVW X-tree T over an alphabet A of size k and a coloring f : T Ñ ℓ.
Let w be the generating variable word of T and consider the combinatorial X-space
S corresponding to the set of leaves of the tree T . A 1-dimensional subspace of S
corresponds to an instantiation of all the kinds of variables in w except one, so define
a coloring g that takes any 1-dimensional subspace of S to the color (by f) of its
generating variable word cut before the first appearance of its only kind of variables.
By definition of GRpk, d` 1, 1, ℓq, there is a pd` 1q-dimensional subspace S1 of S, all
of whose 1-dimensional subspaces are of the same color for g. Let w1 be the generating
word of S1, and let w2 be w1 cut before the first occurrence of its last variable: xd, let
Y be such that w2 is a Y -variable word (cardY “ d). Then tw2rus : u P AďcardY u is
an f -homogeneous OVW Y -subtree of T (The f -color of w2rus is the g-color of any
1-dimensional subspace of S1 whose non-instantiated variable is the |u|-th one).

Note that in the previous proof, we used the Graham-Rothschild theorem with
colorings of 1-dimensional spaces to prove the Carlson-Simpson theorem which is
about colorings of 0-dimensional OVW trees, that is, colorings of words. This can
be generalized to prove a higher order version of the finite Carlson-Simpson theorem
with primitive recursive bounds (see Dodos and Kanellopoulos [34, Theorem 4.21]).
However, only the 0-dimensional version will be used in this chapter.

Definition 15.3.4. Let θpx, y, zq be a Σ0
0-formula, a set X Ďfin N is said to be

OVW-α-largepθq if for every ℓ, k ă minX, every OVW X-tree T over an alphabet A
of size k and every coloring f : T Ñ ℓ, there is an α-largepθq subset Y Ď X and an
f -homogeneous OVW Y -subtree of T .

Note that by definition of an ordered Y -variable word w, |w| ě maxY .

Lemma 15.3.5. There exists some n1 P ω such that IΣ0
1 proves that if X is ωn1-

largepθq then X is OVW-ω0 ¨ pminX ´ 1q-largepθq.

Proof. For X to be OVW-ω0 ¨ pminX ´ 1q-largepθq, it is sufficient to have cardX ě

CSpminX´1,minX,minX´1q and have X ą b for b the largest first-order constant
appearing in θ. By Theorem 15.3.3, the function x ÞÑ CSpx, x ` 1, xq is primitive
recursive, so by Theorem 13.2.5 (and by regularity of α-largeness), there exists some n1
such that if X is ωn1 -largepθq, then cardX ě CSpminX´1,minX,minX´1q. Thus,
every ωn1 -largepθq set is OVW-ω0 ¨ pminX ´ 1q-largepθq.

Lemma 15.3.6. IΣ0
1 proves that for every b, r P N, if the following statement holds:

• “Every ωb-largepθq px ÞÑ xx
x

q-sparse set is OVW-ωr-largepθq”

then the following statement holds:

• “Every ω2b`n0`3-largepθq px ÞÑ xx
x

q-sparse set X is OVW-ωr ¨ pminX ´ 1q-
largepθq”.

Proof. Fix r, b P N such that the first statement holds. Let X be ω2b`n0`3-largepθq
and px ÞÑ xx

x

q-sparse. Let us prove that X is OVW-ωr ¨ pminX ´ 1q-largepθq:

Consider ℓ, k ă minX, an OVW X-tree T over an alphabet A of size k and a
coloring f : T Ñ ℓ. The set XztminXu is ω2b`n0`2-largepθq, so there exist pairwise
θ-apart ω2b`n0`1-largepθq subsets of XzpminX YminpXztminXuqq, X0 ă ¨ ¨ ¨ ă Xa

with a “ ℓ ˆ pminX ´ 2q ă pminXq2 ă minpXztminXuq (by px ÞÑ xx
x

q-sparsity).
For simplicity, we will assume that T is an OVW pX0 Y ¨ ¨ ¨ Y Xaq-tree (this can
always be done by taking a subtree of the original tree).
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Above every σ P AminXa XT is an OVW Xa-subtree of T . The number na of such
subtrees satisfies na “ kcardX0`¨¨¨`cardXa´1 (there is one subtree for each instantiation
of the variables of X0 Y ¨ ¨ ¨ YXa´1), so na ď kmaxXa´1 .

The coloring f induces a coloring on each of those trees, and since all these trees
are isomorphic (not only isomorphic as trees, but they share the same structure as
OVW trees: their generating words only differ for indexes less than |σ|), consider
the product coloring f 1 : T 1 Ñ ℓna of all those colorings (for T 1 an arbitrary such
Xa-subtree). By px ÞÑ xx

x

q-sparsity of X, ℓna ď ℓk
maxXa´1

ă minXa.
Since Xa is ω2b`n0`1-largepθq and px ÞÑ xx

x

q-sparse, then it is OVW-ωr-largepθq,
so there exists some ωr-largepθq subset Ya Ď Xa and some f 1-homogeneous OVW
Ya-subtree S1 Ď T 1. Therefore, by definition of f 1, there exists an instantiation of the
variables in XazYa making f -homogeneous the corresponding OVW Ya-subtrees of T
above each σ P AminXaXT . Let T 1

a be the corresponding OVW pX0Y¨ ¨ ¨YXa´1YYaq-
subtree of T . T 1

a has the property that above every σ P T 1
a X AminXa , there is

a color cσa P ℓ such that all the τ in the OVW Ya-tree above σ have that same color cσa .

Let Ta “ T XAďminXa . Note that Ta is an OVW pX0Y ¨ ¨ ¨ YXa´1q-subtree of T .
Let Sa be the corresponding combinatorial pX0Y ¨ ¨ ¨YXa´1q-space, every element of
Sa corresponds to one instantiation of the variables of X0 Y ¨ ¨ ¨ YXa´1 and therefore
to exactly one of the OVW Xa-subtrees considered before. So, consider the coloring
fa : Sa Ñ ℓ sending any element of Sa to the color cσa of its corresponding OVW
Xa-subtree.

There are at most kcardpX0Y¨¨¨YXa´2q ď kmaxXa´2 combinatorial Xa´1-subspaces
of Sa (one for each instantiation of the variables in X0 Y ¨ ¨ ¨ YXa´2) and fa induces
a coloring on each of them. So, by using the same trick of considering the product
coloring, we can apply Lemma 15.2.7 to get an ωb-largepθq subset Za´1 Ď Xa´1

such that there exists an instantiation of the variables in Xa´1zZa´1 making fa-
homogeneous the corresponding combinatorial Za´1-subspaces of each combinatorial
Xa´1-subspace of Sa.

Since Za´1 is ωb-largepθq, then it is OVW-ωr-largepθq, so there exists some ωr-
largepθq subset Ya´1 Ď Za´1 and some instantiation of the variables in Za´1zYa´1

making f -homogeneous the corresponding OVW Ya´1-subtrees of Ta above each σ P
AminXa´1 X Ta (again by considering a product coloring).

Let T 1
a´1 be the corresponding OVW pX0Y ¨ ¨ ¨ YXa´2YYa´1YYaq-subtree of T .

T 1
a´1 has the property that for every σ P T 1

a´1 X AminXa´1 there is a tuple of colors
pcσa´1, c

σ
aq such that all the τ in the OVW pYa´1YYaq-tree above σ have color cσa´1 if

|τ | P Ya´1 (by construction of Ya´1) and color cσa if |τ | P Ya (by construction of Za´1).

We can then iterate the construction and obtain a sequence of ωr-largepθq subsets
Yi Ď Xi and of OVW pX0Y¨ ¨ ¨YXi´1YYiY¨ ¨ ¨YYaq-subtrees T 1

i of T , where each T 1
i

has the property that for every σ P T 1
i XA

minXi there is a pa´ i` 1q-tuple of colors
pcσi , . . . , c

σ
aq such that all the τ in the OVW pYiY¨ ¨ ¨YYaq-tree above σ have color cσj if

|τ | P Yj . At each step of the construction, we consider the tree Ti “ T XAďminXi , the
corresponding combinatorial subspace Si, a coloring fi : Si Ñ ℓa`1´i (The coloring
fi gives the tuple of colors corresponding to the OVW pYi`1Y¨ ¨ ¨YYaq-subtree above
every element of Si), an fi-homogeneous combinatorial Zi-subspace of Si for some
Zi Ď Xi ωb-largepθq, and finally an ωr-largepθq subset Yi Ď Zi satisfying the desired
properties and T 1

i , the corresponding OVW pX0Y¨ ¨ ¨YXi´1YYiY¨ ¨ ¨YYaq-subtree of T .

Therefore, the color of every τ P T 1
0 is determined by the index j ď a such that

|τ | P Yj . By the finite pigeonhole principle, there is one color that appears at least
pminX ´ 1q times, since a` 1 “ ℓˆ pminX ´ 2q ` 1. Let i0 ă ¨ ¨ ¨ ă iminX´2 ď a be
indices witnessing the pigeonhole principle, and let Y “ Yi0 Y ¨ ¨ ¨ Y YiminX´2

. The set
Y is ωr ¨ pminX ´ 1q-largepθq and any OVW Y -subtree of T 1

0 is f -homogeneous.
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Lemma 15.3.7. IΣ0
1 proves that for every b, r P N, if the following statement holds:

• “Every ωb-largepθq px ÞÑ xx
x

q-sparse set X is OVW-ωr ¨ pminX ´ 1q-largepθq”

then the following statement holds:

• “Every ω2b`n0`2-largepθq px ÞÑ xx
x

q-sparse set is OVW-ωr`1-largepθq”.

Proof. Fix r, b P N such that the first statement holds. Let X be ω2b`n0`2-largepθq
and px ÞÑ xx

x

q-sparse. Let us prove that X is OVW-ωr`1-largepθq:

Consider ℓ, k ă minX, an OVW X-tree T over an alphabet A of size k and a
coloring f : T Ñ ℓ.

Let X0 ă ¨ ¨ ¨ ă Xℓ be ω2b`n0`1-largepθq subsets of X. By the same construction
as in the proof of Lemma 15.3.6, but replacing OVW-ωr-largenesspθq by OVW-ωr ¨

pminXi´1q-largenesspθq, we obtain for each i ď ℓ an ωr ¨ pminXi´1q-largepθq subset
Yi Ď Xi, and an OVW pY0 Y ¨ ¨ ¨ Y Yℓq-tree T 1

0 such that the color of every ρ P T 1
0 is

determined by the index j ď ℓ such that |ρ| P Yj . Since ℓ ` 1 ą ℓ, there are indices
i ă j such that all the ρ P T 1

0 with |ρ| P Yi Y Yj have the same color. Take some
y P Yi, since y ď minYj ´ 1 and Yj is ωr ¨ pminXj ´ 1q-largepθq, then tyu Y Yj is
ωr`1-largepθq and any OVW ptyu Y Yjq-subtree of T 1

0 is f -homogeneous.

Lemma 15.3.8. IΣ0
1 proves that for every b, r P N, if the following statement holds:

• “Every ωb-largepθq px ÞÑ xx
x

q-sparse set is OVW-ωr-largepθq”

then the following statement holds:

• “Every ω4b`3n0`8-largepθq px ÞÑ xx
x

q-sparse set is OVW-ωr`1-largepθq”.

Proof. Immediate by Lemma 15.3.6 and Lemma 15.3.7.

Corollary 15.3.9. IΣ0
1 proves that for every b P N, every ωOp4bq-largepθq px ÞÑ xx

x

q-
sparse set is OVW-ωb-largepθq.

Proof. The Op4bq notation can actually be replaced by a complicated explicit bound
ppbq, computed from the bounds in Lemma 15.3.5, Lemma 15.3.7, and Lemma 15.3.8.
One can prove the explicit bound version of the statement by a simple Π0

1-induction
over b, using Lemma 15.3.5 and Lemma 15.3.7 for the base case, and Lemma 15.3.8
for the induction step. The inductive formula is of the form “for every finite set F
which is ωppbq-largepθq and px ÞÑ xx

x

q-sparse, F is OVW-ωb-largepθq”. Since being
ωppbq-largepθq, px ÞÑ xx

x

q-sparse and OVW-ωb-largepθq are Σ0
0 properties, the overall

formula is Π0
1.

Theorem 15.1.3. WKL0 ` OVW is @Π0
4-conservative over RCA0 ` BΣ0

2.

Proof. As stated in the introduction of this chapter, OVW is not an RT-like statement,
and we cannot apply Theorem 12.3.7 with the bounds obtained in Corollary 15.3.9.
Nevertheless, a similar argument can be applied in our case, as it was done in [87,
Theorem 1.4].

In particular, OVW is finitistically reducible.

Corollary 15.3.10. WKL0`OVW is @Π0
3-conservative over RCA0 and Π2-conservative

over PRA.

And we obtain the following separation result.

Corollary 15.3.11. WKL0 ` OVW does not imply ACA0.
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