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Abstract

We conduct a computability-theoretic study of Ramsey-like theorems
of the form “Every coloring of the edges of an infinite clique admits an
infinite sub-clique avoiding some pattern”, with a particular focus on tran-
sitive patterns. As it turns out, the patterns corresponding to separable
permutations play an important role in the computational features of the
statement. We prove that the avoidance of any separable permutation
is equivalent to the existence of an infinite homogeneous set in standard
models, while this property fails for any other pattern. For this, we de-
velop a novel argument for relativized diagonal non-computation.

1 Introduction

Ramsey’s theorem for pairs and k colors (RT?) is a foundational theorem from
combinatorics, stating in its graph-theoretic form that every edge-coloring of
an infinite clique using k colors admits an infinite monochromatic sub-clique.
From a meta-mathematical viewpoint, Ramsey’s theorem for pairs stands out in
reverse mathematics, as it constitutes the first counter-example of an important
structural phenomenon known as the “Big Five” [39, 15].

In this article, we pursue the computability-theoretic study of weakenings
of Ramsey’s theorem for pairs by considering infinite sub-cliques avoiding some
finite coloring patterns instead of monochromatic sub-cliques. For instance, the
weakening of RT% to cliques avoiding the following two patterns yields the Erdés-
Moser theorem (EM), a statement from graph theory on infinite tournaments.

We also consider dual weakenings of Ramsey’s theorem for pairs by restricting
the colorings to those avoiding some pattern. For instance, RT% for colorings
avoiding (1) yields the Ascending Descending Sequence theorem (ADS), stat-
ing that every infinite linear order admits an infinite ascending or descending
sequence. The statements RTg, EM and ADS have been extensively studied



in reverse mathematics [38, 6, 16, 28]. More recently, there has been a more
systematic study of Ramsey-like theorems for arbitrary patterns [36, 5, 31].
We give a particular focus on transitive forbidden patterns, that is, patterns
which do not include (1). These patterns are in one-to-one correspondence
with permutations. Among these, the class of separable permutations intro-
duced by Bose, Buss and Lubiw [4] plays an important role in studying the
computability-theoretic features of Ramsey-like statements. Our main result is
a characterization of the patterns whose avoidance implies Ramsey’s theorem
for pairs, as the separable permutations (Main Theorem 1.7). For this, we use
an elaborate computability-theoretic analysis of a probabilistic construction.

1.1 Reverse mathematics

Reverse mathematics is a meta-mathematical program founded by Harvey Fried-
man, whose goal is to find optimal axioms to prove ordinary theorems. It uses
the framework of subsystems of second-order arithmetic, with a base theory,
RCAy, capturing computable mathematics. More precisely, the A{-comprehension
scheme is the following scheme, for every %{-formula () and every I19-formula
b(a):

Va(p(z) <> ¢¥(z)) — JAVz(z € A + ¢(x))

The X9-induction scheme is the following scheme, for every X9-formula o(z):

@(0) AVa(p(z) = @z + 1)) = Vye(y)

RCAq consists of Robinson arithmetic (in other words, Peano arithmetic without
induction), together with the A{-comprehension scheme and the Y{-induction
scheme. See Simpson [39] for an extensive study of early reverse mathematics,
and Dzhafarov and Mummert [12] for a modern presentation with a particular
focus on combinatorics.

A structure in the language of second-order arithmetic is of the form

(M7 S,O, 1,+a Yy <)

where M denotes the set of integers of the model, S C P(M) is a collection of
sets of integers representing the second-order part, 0,1 € M are distinguished
constants, and +, - and < represent the addition, multiplication and order, re-
spectively. We are particularly interested in w-structures, that is, structures
where M = w are the standard integers, and 0,1, +, -, < have the usual inter-
pretation. An w-structure is therefore fully specified by its second-order part S.

w-models of RCAg admit a nice characterization in terms of Turing ideals. A
Turing ideal T is a non-empty class of sets which is closed downward under the
Turing reduction (if X € Z and Y <p X, then Y € 7), and closed under the
effective join (if X, Y € Z, then X @Y ={2n:ne X}U{2n+1:n e Y} € I).
An w-structure is a model of RCA( if and only if its second-order part is a Turing
ideal. We shall exclusively consider w-structures which are models of RCAg, and
simply call them w-models.



1.2 RTi-patterns

Given a finite or infinite set X C N, we write [X]? for the set of all unordered
pairs over X. We identify any integer ¢ with the set {0,...,¢— 1} and write [¢]?
for the set of all unordered pairs of elements smaller than ¢. We also identify
the set [X]? with the set of all increasing ordered pairs over X. Therefore, given
a function f : [X])? — k, we write f(x,y) for f({x,y}), assuming x < y. A set
H C Nis f-homogeneous (for color i < k) if for every {z,y} € [H]?, f(z,y) =i.

Statement 1.1 (Ramsey’s theorem for pairs). RT; is the statement “For every
coloring f : [N]?> — k, there exists an infinite homogeneous set.”

An RT3-pattern or simply pattern (of size £) is a function p : [(]> — 2. We
then write |p| for its size £. Fix a function f : [N]? — 2. We say that a finite set
F={xg<---<axy_1} f-realizes p if for every i < j, f(z;,z;) = p(i,j). We say
that H C N f-avoids the pattern p if no subset of H f-realizes p. When H = N,
we simply say that the coloring f avoids p. We are primarily interested in the
following two families of statement:

Statement 1.2. Given a pattern p, RT%(p) is the statement “For every coloring
[ [N]2 = 2, there exists an infinite set f-avoiding p.”

Statement 1.3. Given a pattern p, coRTg (p) is the statement “For every col-
oring f : [N]?> — 2 avoiding p, there exists an infinite homogeneous set.”

Note that if the pattern p is a constant function ¢ < 2, then the statement
RT% (p) is combinatorially false, as witnessed by the function f : [N]? — 2 also
equal to ¢ on its whole domain. By Ramsey’s theorem for pairs, RT%(p) is
true for any other pattern p. The statements RT3(p) and coRT3(p) play a dual
role with respect to RT3, as RCAg - RT3 < RT2(p) 4+ coRT3(p) for any non-
constant pattern p. At first sight, the following Erdés-Moser theorem cannot be
cast as one of the previous statements, as it requires to avoid multiple patterns
simultaneously.

Statement 1.4 (Erdds-Moser theorem). EM is the statement “For every col-
oring f : [N]2 — 2, there exists an infinite set f-avoiding both non-transitivity
patterns (see (1))

Every pattern p : [(]*> — 2 admits a dual pattern p : [{]> — 2 defined by
p(z,y) = 1 — p(x,y). In particular, the non-transitivity patterns (1) are dual.
Over RCAg, RT3(p) and RT3(p) are equivalent, as given a coloring f : [N]2 — 2,
one can always consider the dual coloring f : [N]> — 2 and apply RT5(p). This
enables to define the Erdés-Moser theorem as a Ramsey-like statement: Over
RCAg, EM is equivalent to the statement RT3(p), where p is any of (1).

1.3 Permutations

A permutation on £ is a bijection 7w : £ — £. A permutation 7 can be seen as a
linear order £, = (¢,<,) defined for every {z,y} € [{]*> by z <, y iff 7(z) <n



7(y). There is therefore a one-to-one correspondence between permutations on £
and patterns of size ¢ avoiding both non-transitivity patterns (see (1)).

Indeed, given a permutation 7 on ¢, one can define a unique pattern p, :
[()> — 2 coding the graph of <., that is, for x <y y <y ¢, px(z,y) = 0 if
x <r y and pr(x,y) = 1 otherwise. Thanks to this correspondence, we shall
consider permutations as particular RTg—patterns7 and will use either represen-
tation when most convenient. Permutations enjoy a simple notation as their
range sequence. For instance, the sequence 2031 denotes the permutation w
on 4 defined by 7(0) =2, 7(1) =0, 7(2) = 3 and 7(3) = 1. Under the pattern
representation, this corresponds to

Permutations enjoy two natural associative operators, namely, the skew sum
© and the direct sum &, combining shorter permutations into longer ones.
They are defined as follows: for m and o two permutations of size m and n,
respectively,

w(z)+n forx <m,

(roo)(x) = {

olx—m) form <z <m-+n,

7(x) for z < m,
(r®o)(zx) =
ol@—m)+m form<z<m+n.
These sums enable to define the class of separable permutations, which will
play a central role in this article.

Definition 1.5. A permutation is separable if it can be obtained from the trivial
permutation 0 by direct sums and skew sums.

Bose, Buss and Lubiw [4] studied separable permutations, and gave a very
nice characterization in terms of pattern avoidance, that we shall study in Sec-
tion 2. As it turns out, many lower bounds on the strength of RT3(p) for
separable permutations are uniform in p, motivating the following definition.

Statement 1.6. Sep—RT% is the statement “For every coloring f : [N]? — 2,
there exists an infinite set f-avoiding some separable pattern.”

In particular, for every separable permutation p, RCAg RT% (p) — Sep—RTg.
Moreover, RCAg  (Sep-RT3 A Vp separable permutation coRT3(p)) — RTj.
Note that in non-standard models, separable permutations might be of non-
standard size, so the quantification is internal.

We prove that Sep-RTg implies RT% over w-models, and combine this result
with a theorem from Mimouni and Patey [31] to deduce the following charac-
terization.



Main Theorem 1.7. For every pattern p, RT% (p) implies RT; over w-models
if and only if p is a separable permutation.

1.4 Organization

In Section 2, we state multiple combinatorial characterizations of the class of
separable permutations, and derive some computability-theoretic consequences
which will be useful for the remainder the article. In Section 3, we prove that
Sep—RTg implies ADS over w-models, and deduce that RT% forms a minimal
cover of EM in the partial order of Ramsey-like statements. Then, in Section 4,
we define the notion of k-fractal, which is a family of canonical separable permu-
tations enjoying some basis properties. This notion is used in Section 5 to prove
that coRT3(p) admits probabilistic solutions for every separable permutation p.
The argument is then refined in Section 6 to prove that every ('-DNC degree
computes a solution to coRT5(p), and deduce Main Theorem 1.7. In Section 7,
we study the role of randomness in computing infinite ascending or descending
sequences for computable linear orders, and combine it with Section 5 to obtain
new results. In Section 8, we study the first-order part of Ramsey-like theo-
rems for separable permutations. Finally, we conclude with open questions in
Section 9.

1.5 Notation

Throughout this article, we use the standard notations from computability the-
ory (see Soare [40]) and reverse mathematics (see Dzhafarov and Mummert [12]).
In particular, ®g, @1, ... is an enumeration of all Turing functionals.

Sets. We write in upper case latin letters X, Y, Z, ... sets of integers. Usually,
E, F denote finite sets. We write X <Y forVz € X Vy € Y = < y.

Binary strings. We let 2<N denote the set of all finite binary strings, and
2N denote the class of all infinite binary sequences. Note that 2V is in bijection
with P(N) and both are usually identified. Finite binary strings are written
with greek letters o, 7, u,.... The length of a binary string o is written |o],
and the concatenation of two binary strings ¢ and 7 is written o - 7. Given an
infinite binary sequence X € 2N and n € N, we write X [, for its initial segment
of length n. A string o is a prefix of a string 7, written o < 7, if there is some p
such that o - p = 7.

Coding. We write (-,-) : N> — N for the Cantor pairing function. This ex-
tends to arbitrary finite sequences by letting {(ag, . .., ax—1) = {(aog, (a1, ..., ax—1).
Accordingly, () denotes the empty sequence.

2 Irreducible and convergent patterns

Bose, Buss and Lubiw [4] introduced the notion of separable permutation as a
natural family for which multiple problems (sub-pattern decision, longest com-
mon sub-pattern) admit a polynomial time procedure. The goal of this section



is to state multiple (existing and new) combinatorial characterizations of the
class of separable permutations. We then derive some immediate computability-
theoretic consequences which will be useful for the remainder of this article.
Separable permutations admit the following historical characterization:

Theorem 2.1 (Bose, Buss and Lubiw [4]). A permutation is separable if and
only if it does not contain the permutations 1302 and 2031 as sub-patterns.

The main interest of this characterization in this article is the existence of a
finite number of patterns (the two non-transitivity patterns and the permuta-
tions 1302 and 2031) such that every coloring avoiding all of them also avoids all
non-separable patterns. Among the consequences, the following corollary states
that over RCAy, being a model of the Erdés-Moser theorem and of RT5(1302) is
sufficient to satisfy RT3 (p) for any other RT2-pattern p, except for the separable
permutations. This is actually an equivalence as EM and RT3(1302) are both
equivalent over RCAg to a statement of the form RT% (p) for such a pattern p.
Corollary 2.2 will be very useful for proving tightness of some theorems about
Sep-RT3 in Section 7.

Corollary 2.2. For every RT% -pattern p which is not a separable permutation,
RCA, + EM + RT3(1302) - RT3(p).

Proof. First, note that RCAg - RT3(1302) <+ RT5(2031) as these patterns are
dual. Fix an RTg-pattern p which is not a separable permutation. Let f :
[N]2 = 2 be a coloring. By EM, RT3(1302) and RT5(2031), there is an infinite
subset H C N f-avoiding the non-transitivity RT3-patterns (see (1)) and the
permutations 1302 and 2031. It follows from Theorem 2.1 that the only RT%—
patterns which f-appear in H are separable permutations, hence H is an RTg(p)—
solution to f. O

Mimouni and Patey [31] introduced two operators on RTg-patterns, playing
an important role in the computability-theoretic study of these statements. The
join pW q of two patterns p and ¢ is the pattern of size |p| + |¢| — 1 defined for
every . <y < |p| +|¢| — 1 by

p(z,y) if y < |p|
pye)(z,y) =19 qlz—|p|+1,y—Ip|+1) ifx>p[-1
p(z, |p| = 1) if x <|p|—1andy>|p|—1

They proved over RCA( that for every computable coloring f : [N]?2 — 2, every
infinite set H f-avoiding p W ¢ computes an infinite subset G C H f-avoiding
either p or ¢. Tt follows that RCAq - coRT5(p) A coRT5(g) — coRT5(p W q) for
every pair of patterns p and q.

Definition 2.3. A pattern p is reducible if it is of the form py W p1 for two
patterns py and p1 of size at least 2. Otherwise, p is irreducible.

Given a pattern p : [(]?> — 2 and a color ¢ < 2, we write p > ¢ for the pattern
of size £+ 1 such that (pr>¢)(x,y) = p(z,y) if z <y < Land (pr>c)(x,l) = cif
x < /.



Definition 2.4. A pattern p is convergent if it is of the form p>1i for some
pattern p and some i < 2. Otherwise, it is divergent.

The skew sum and direct sum can be reformulated in terms of the join and
convergence operators. Indeed, if p and g are two permutations, then p ® ¢ =
(p>0)Wgand pSq = (pr>1)Wq. Mimouni and Patey [31] gave a purely
computability-theoretic characterization of the patterns which admit a diverging
and irreducible sub-pattern, in terms of preservation of w hyperimmunities. A
function f : N — N is (X-)hyperimmune if it is not dominated by any (X-
Jcomputable function.

Definition 2.5. A problem P admits preservation of w hyperimmunities if for
every set Z, every countable sequence fo, f1,... of Z-hyperimmune functions
and every Z-computable P-instance X, there is a P-solution Y to X such that
fo, f1,... are all Y & Z-hyperimmune.

This notion of preservation and some variants were introduced by Patey [35]
who proved that the Erdds-Moser theorem (EM) admits preservation of w hyper-
immunities, while the Ascending Descending Sequence principle (ADS) does not.
More recently, Mimouni and Patey [31] characterized the Ramsey-like state-
ments admitting preservation of w hyperimmunities, in terms of irreducibility
and divergence:

Theorem 2.6 (Mimouni and Patey [31]). Let p be a pattern. RT5(p) admits
preservation of w hyperimmunities if and only if p contains a sub-pattern which
1s simultaneously diverging and irreducible.

We now prove that this class of patterns corresponds exactly to the separable
permutations.

Proposition 2.7. A permutation is separable if and only if it does not contain
any sub-pattern which is simultaneously diverging and irreducible.

Proof. 1t is clear that the permutations 2031 and 1302 are diverging and irre-
ducible. Thus, every permutation without a diverging irreducible sub-pattern
is separable.

For the other inclusion, it is sufficient to show that any diverging irreducible
permutation pattern admits 2031 or 1302 as a sub-pattern. Thus, consider such
a permutation xg, ..., x, and assume by symmetry that x,_1 < z, (the case
XTp—1 > T, yields the dual sub-pattern). Since this permutation is diverging,
there exists ¢ such that x; > x,, and consider the biggest such ¢. Then, consider
je{i+1,...,n— 1} such that x; is the smallest possible.

As the permutation is irreducible, it cannot be written as the join of {z, ...,
Ziy Tip1}t and {Ti41,...,2,}, meaning that there exists some element xj for
k < i that is bigger than one element of {x;11,...,2,} and smaller than one
other, thus z; < zj < z,, (by definition of x;, =, is the biggest element of that
set). It is not possible to have k = 4, as x; > x,, thus k < i < j < n and the
permutation type of xy, z;, x5, , is 1302. O



Corollary 2.8. Let p be a pattern. RT%(p) admits preservation of w hyperim-
munities if and only if p is not a separable permutation.

Proof. Immediate by Theorem 2.6 and Proposition 2.7. Note that if a pattern
is not a permutation, then it contains one of two non-transitivity patterns (see
(1)), which are both divergent and irreducible. O

The following corollary is a consequence of the fact that RT% (p) preserves
w hyperimmunities for every separable permutation p, while RT% does not, and
uses a general construction over preservation properties (see [34, Section 3.4,
Lemma 3.4.2]) We however reprove it in the particular case of hyperimmunities,
for the sake of completeness.

Hyperimmune degrees can also be defined in terms of sets. The canonical
code of a finite set I is the integer > _-2". A c.e. array is a c.e. sequence of
pairwise disjoint, canonically coded, non-empty finite sets. An infinite set A C N
is (X -)hyperimmaune if for every (X-)c.e. array (F,, : n € N), F, N A = ( for
some n € N. Equivalently, an infinite set A is X-hyperimmune if its principal
function is X-hyperimmune, where the principal function of A is the function
pa : N — N which to n associates its nth element.

Corollary 2.9. Let p be a pattern that is not a separable permutation. Then
RT3(p) does not imply RT3 over w-models.

Proof. First, notice that RT% does not even preserve 2 hyperimmunities. Indeed,
let A be a A9 set which is bi-hyperimmune (both A and A are hyperimmune).
By Shoenfield’s limit lemma, there is a computable function f : [N]> — 2 such
that for every x € N, lim,, f(z,y) = A(z). Consider f as a (stable) computable
instance of RT%. Note that every infinite f-homogeneous set H is a subset of A
or of A, in which case either A or A is not H-hyperimmune.

We now construct an w-model M of RT3(p) such that for every X € M, A
and A are both X-hyperimmune. Since f is computable, f € M, but M does
not contain any infinite f-homogeneous set, so M = RT%. More precisely, we
construct an infinite sequence Zy <p Z; <r ... of sets such that for every n € N,

(1) If n = {(a,b) and <I>bZ“ is a coloring g : [N]? — 2, then Z,,1 computes an
infinite set g-avoiding p;

(2) A and A are both Z,,-hyperimmune.

First, let Zg = (. Assuming Z,, is defined, letting n = (a,b), if <I>bZ“ is not a
coloring, then let Z,,+1 = Z,. Otherwise, by Corollary 2.8, there is an infinite
set H @bZ“—avoiding p such that A and A are both H & Z,-hyperimmune. Let
Zn+1 = H®Z,. This completes our construction. Let M be the w-model whose
second-order part is {X : In X < Z,}. By (1), M = RT3(p), and by (2), f
has no homogeneous set in M, so M F RT3. O

We shall see in Section 6 that the previous corollary is tight, in that if
p is a separable permutation, then RTg(p) implies RT% over w-models (Main
Theorem 1.7).



3 Separable permutations and minimal covers

The statements RT3(p) and coRT3(p) were studied both classically and from a
reverse mathematical viewpoint for small patterns p. For instance, coRT3(120)
corresponds the restriction of the Chain-Antichain principle to trees [5]. How-
ever, for large patterns, the situation is less clear, as the corresponding state-
ments were not studied previously, and the induced combinatorial objects are
therefore new and seem out of reach of intuition.

To guide their computability-theoretic study, it is therefore natural to con-
sider the known properties common to all small patterns, and try to generalize
them to all sizes. Let us consider separable permutations of small size. By
Theorem 2.1, every permutation of size at most 3 is separable. The only per-
mutations of size 2 are 01 and 10, and correspond to constant patterns. Recall
that the statement RT% (p) for a constant pattern is combinatorially false, so the
statements RT3(01) and RT(10) are of no interest. The Ramsey-like statements
for permutations of size 3 were studied by multiple authors, and summarized
in Cervelle, Gaudelier and Patey [5, Section 1.2]. There are 6 permutations
of size 3, which can be grouped by duals: the permutations 012 = 01 W 01
and 210 = 10 W 10 which correspond to constant patterns, the permutations
021 = 01 W 10 and 201 = 10 W 01 which are reducible and diverging, and the
permutations 120 and 102, which are irreducible and converging.

By Mimouni and Patey [31], the statement RT3(p & q) is equivalent to the
existence, for every coloring f : [N]2 — 2, of an infinite set which f-avoids p
or q. Therefore, RT% is computably reducible to RT%(p) for every reducible
permutation of size 3, and the main cases of interest are for the irreducible
permutations 120 and 102. Since RT2(120102) is equivalent to the statement
“for every coloring f : [N]? — 2, there is an infinite set f-avoiding either 120
or 1027, it follows that RCA - RT3(120 ¥ 102) A coRT3(120) A coRT3(102) —
RT3. Cervelle, Gaudelier and Patey [5] proved that RCAg - RT3 (120 & 102) —
ADS, and that RCAg - ADS — (coRT3(120) A coRT3(102)). Thus RCA, +
RT5(120 & 102) — RT3. To summarize, all the statements RT5(p) for separable
permutations p of size at most 3 are known to imply ADS over RCAy with only
one application.

We now prove that Sep—RTg implies ADS over w-models. In some sense, one
can think of Sep-RT3 as RT5(lt) P) where P is the set of all separable permuta-
tions. This intuition has two limits: first, the operator [ yields infinite patterns
when applied on infinite sets; second, in non-standard models, a solution to an
instance of Sep—RTg may avoid some separable patterns of non-standard size.
However, for a finite set P of standard separable permutations, the permuta-
tion 4 P is separable and of standard size, and the proof can be formalized
over RCA to obtain RCAq F RT3(l4 P) — ADS.

Proposition 3.1. Let £L = (N, <z) be a computable linear order avoiding a
separable permutation p. Then there is an infinite computable L-ascending or
L-descending sequence.

Proof. We show by induction on p that for every computable linear order £ =



(N, <) without any infinite computable L-increasing or £-decreasing sequence,
the pattern p appears. More precisely, we proceed by structural induction on
the construction of p by a series of direct and skew summation, starting from
the trivial permutation with one element. This statement holds for the trivial
permutation. The direct sum and the skew sum playing a dual role, we prove
the inductive step only for the direct sum.

Let p be the direct sum of two permutations py and p; satisfying the induc-
tion hypothesis and let £ = (N, <) be a computable linear order without any
infinite computable L-increasing or L£-decreasing sequence, hence both of these
pattern appear in L.

If the pattern py appears in £ at position Fy with the element o = max, Fj
such that the set {x € N : 2 >, ¢} is infinite, then we are done, as we can
consider the induced order ({z € N: o >, 29 Az > Fy}, <) and apply the
induction hypothesis on it (by first taking a computable bijection between this
order and one having N as base set), thus, the pattern p; appears in that order
at some position Fj, and by construction, Fy < Fy and Fy <, Fi holds, thus
Fo U Fy L-realizes pg P p1.

If for every set Fy L-realizing pg, we have that x¢o = max, F, satisfies that
{r € N:z >, x} is finite, then we can contradict our assumption on the order
by computing an infinite £-decreasing sequence. Indeed, under our assumptions,

there exists an infinite computable sequence F© < F! < ... of sets realizing po
and such that the sequence (z;);en, where x; = max, F; is infinite and £-
decreasing.

Such a sequence can be defined as follows: for every ¢ € N, assuming that F
has been defined for every j < i, the set |J,_,{z € N:z >, x;} is finite, as it
isequal to {r € N:x >, x; 1} if i > 0 and to 0 if ¢ = 0, hence its complement
is infinite and computable and we can apply the induction hypothesis on the
induced order ({r € N : Vj < i,z <z xj Az > FI},<,) and computably
find an instance of pg at a position F? in that ordering. By construction, z; =
max F' < z; and F* > FJ for every j < i.

O

Corollary 3.2. RCA( + Sep-RT% implies ADS over w-models.
Proof. By an immediate relativization of Proposition 3.1. O
Proposition 3.3. For every separable permutation p, RCAqg - RT3(p) — ADS.

Proof. The proof of Proposition 3.1 is formalizable over RCAg, except the induc-
tion on the structure of p which is too complex because p might be non-standard.
If however p is standard, then no induction is required on the structure of p, as
there are only finitely many steps. O

Note that in particular, for every separable permutation p, RTg(p) implies
the cohesiveness principle (COH) and the %9-bounding scheme (BX9) over RCA,
as ADS implies both statements (see Hirschfeldt and Shore [16, Proposition 2.10,
Proposition 4.5]). We shall see a direct proof of the second statement in the
more general case of all permutations in Proposition 8.1.
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Corollary 3.4. Let p be a pattern without divergent irreducible sub-pattern.
Then RCAg - RT3(p) — ADS.

Proof. Since the non-transitivity patterns (see (1)) are divergent and irreducible,
p does not contain these as sub-patterns, hence p is transitive, so codes for a
permutation. By Proposition 2.7, p is separable, hence by Proposition 3.3,
RCAq + RT3(p) — ADS. O

The known proofs of the Erdos-Moser theorem are by many means very
similar to the ones of Ramsey’s theorem for pairs and two colors, apart from
the disjunctive nature of RT%. The lack of disjunction in EM was exploited by
Lerman, Solomon and Towsner [28] and Patey [35] to prove that RCAy + EM
does not imply RT3 over w-models. It is natural to wonder whether there
exist Ramsey-like statements of intermediate strength, that is, patterns p such
that RT3(p) is strictly in between RT3 and EM. The notion of minimal cover
formalizes the absence of intermediate strength.

Definition 3.5. Let (P, <) be a partial order. An element a € P is a minimal
cover of b € P if a > b and for every ¢ € P such that a > ¢ > b, either ¢ = a,
orc=1">. An element a € P is a strong minimal cover of b € P if a > b and for
every ¢ € P such that a > c, then b > c.

Thanks to Theorem 2.1 and Proposition 3.3, one obtains the following very
useful trichotomy.

Proposition 3.6. Let p be a pattern. Then one of the following holds:
(a) RCAq - RT3(p) — ADS;
(b) RCAo - EM — RT3(p);
(¢c) RCAg F RT3(1302) — RT5(p).

Proof. If p does not code for a permutation, it contains one of the two non-
transitivity patterns as sub-pattern (see (1)). Thus, given a coloring f : [N]2 —
2, every infinite f-transitive set f-avoids p, so RCAg F EM — RT3(p). If p codes
for a permutation, then by Theorem 2.1, either it is separable, or it contains any
of 1302 and 2031 as sub-pattern. In the first case, by Proposition 3.3, RCAq -
RT2(p) — ADS. In the second case, either RCAg  RT2(1302) — RT3(p), or
RCA( - RT2(2031) — RT2(p), but since 1302 and 2031 are dual, RT%(1302) and
RT3(2031) are equivalent over RCAg, hence RCAg F RT3(1302) — RT3(p). O

Corollary 3.7. RT% is a minimal cover of EM in the set of Ramsey-like state-
ments, partially ordered by implication over RCAg.

Proof. Let p be an RT2-pattern such that RCAg - RT2 — RT2(p) and RCA( F
RT2(p) — EM. By Proposition 3.6, we have three cases: Case 1: RCAq F
RT5(p) — ADS. Then, since RCAg - ADSAEM — RT3, RCA F RT3(p) — RT5.
Case 2: RCAg F EM — RT3(p). In this case, we are done. Case 3: RCAq F
RT3(1302) — RT3(p). By Mimouni and Patey [31], RCAq + RT3(1302) ¥ EM,
contradicting the hypothesis that RCAg - RT2(p) — EM. O

11



4 Basis for separable permutations

The separable permutations form a relatively large family. In this section, we
define canonical sub-families for separable permutations, the k-fractals for k €
N, which enjoy some universality properties: for every k > 2, every separable
permutation is a sub-pattern of a k-fractal. These families will play an essential
role in Section 5 and Section 6 to prove our main theorem.

Definition 4.1. A family P of patterns is a basis for another family Q of
patterns if every pattern q € Q is a sub-pattern of some pattern p € P.

Suppose P is a basis for @. Then the statement “For every p € P, every
coloring avoiding p satisfies a property” implies “For every ¢ € Q, every coloring
avoiding ¢ satisfies the same property”. Indeed, if a coloring does not satisfy
the property, then every pattern in P appears in it, and as P is a basis for Q,
every pattern in Q also appears.

Definition 4.2. The family Fy of k-fractals is defined inductively as follows:
o The k-fractal of dimension 0 is the trivial permutation p : [1]* — 2.

o Let p, be the k-fractal of dimension n. The k-fractal of dimension n+ 1
is the permutation p,+1 defined as the direct sum p, ®--- B p, of k copies
of pn if n is even, and as the skew sum p, S --- S p, of k copies of p,, if
n s odd.

Note that since the skew sum and the direct sum are associative, the previous
definition is well-defined.

Remark 4.3. For a fized coloring f : [N]? — 2, by a small abuse of notation, we
shall simply call k-fractal of dimension n any finite set f-realizing the k-fractal
of dimension n.

Example 4.4. Let f : [N]> — 2 be a coloring. The sets f-realizing the k-
fractal of dimension 0 are the singletons. The sets f-realizing the k-fractals
of dimension 1 are the f-homogeneous sets for color 0 of cardinality k. The
sets f-realizing the k-fractals of dimension 2 are the finite sets of cardinality k>
which can be partitionned into k blocks Fy < Fy < ... Fx_1, such that each F; is
f-homogeneous for color 0, and the pairs between any two blocks have color 1.

Proposition 4.5. For every k > 2, the family Fi is a basis for the family of
separable permutations.

Proof. Inductively on the structure of a separable permutation p, obtained as a
series of direct and skew sums, we can show that there exists some n such that
p is a sub-pattern of the k-fractal of dimension n.

This is the case for the trivial permutation of a single point. It is a sub-
pattern of the k-fractal of dimension 0.
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If p = po ® p1, with ng,n; such that p; a sub-pattern of the k-fractal of
dimension n; for every i < 2. Let n be any odd number greater than max(ng, n1).
Then py and p; are sub-pattern of the k-fractal of dimension n — 1, hence
p = po D p1 is a sub-pattern of the k-fractal of dimension n (since k > 2).

The case where p is a skew sum of two separable permutations pg,p; is
similar, with n taken to be even. O

The following lemma can be seen as a reformulation of the partition lemma
for bushy trees [21, Lemma 2.7] in the context of fractals. Indeed, the k-fractal
of dimension n is isomorphic to a k-bushy tree of depth n.

Lemma 4.6. For every a,b € N, every n € N, and every 2-coloring of the
vertices of the (a + b — 1)-fractal of dimension n, then, either the a-fractal of
dimension n is a homogeneous sub-pattern for the color 0 or the b-fractal of
dimension n is a homogeneous sub-pattern for the color 1.

Proof. By induction on n. The case n = 0 is clear.

Suppose the property holds for some n € N. Assume without loss of general-
ity that n is even, the case n odd being similar. Let p,11 be the (a+b—1)-fractal
of dimension n+ 1 and f : p,+1 — 2 be a 2-coloring. The pattern p,41 can be
written as the direct sum p, ®---®p,, of a+b—1 copies of the (a+b—1)-fractal
of dimension n. For i < a + b — 1, denote by p’, the i-th such copy.

The coloring f induces a coloring on each pi,, hence, by the induction hypoth-
esis, p!, either has the a-fractal of dimension n as an f-homogeneous sub-pattern
for the color 0, or the b-fractal of dimension n as an f-homogeneous sub-pattern
for the color 1. Define ¢; < 2 to be equal to 0 if we are in the first case and
equal to 1 in the second and denote by ¢° the sub-pattern in either cases.

By the finite pigeonhole principle, either [{i < a+b—1:¢; =0} > a or
{i <a+b—1:¢; =1} > b. In the first case, take a indexes ig < -+ < 441

such that ¢;, = --- = ¢;, , = 0, and consider the direct sum ¢;, ® --- ® ¢;,_,-
This direct sum is the a-fractal of dimension n + 1 and is f-homogeneous for
the color 0. The second case is similar. O

5 Separable permutations and measure

In this section, we prove that for every separable permutation p, every com-
putable instance of coRT3(p) admits a probabilistic solution. More precisely,
we prove that the measure of oracles computing a solution is 1. An analysis of
the complexity of the argument using the tools of algorithmic randomness yields
that every 2-random is sufficient to compute such a solution. The argument will
be later refined in Section 6 using diagonal non-computation, to obtain Main
Theorem 1.7.

First example. As a warm-up, consider the statement coRT3(120), where the
permutation 120 corresponds to the following pattern:
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The statement was already studied by various authors under the names SHER
(Dorais et al. [9]), TAC (Conidis [7]) CAC for trees and SAC (Cervelle, Gaudelier
and Patey [5]). In particular, Cervelle, Gaudelier and Patey [5, Section 3] proved
that every computable instance of SAC admits a probabilistic solution. We give
here the argument in the language of coRTg( 120) as it already contains the core
ideas of the generalization to all separable permutations.

Let f : [N]2> — 2 be a computable coloring avoiding the permutation 120.
Given an infinite set X C N, we say that an element € N is X -bad if for all but
finitely many y € X, f(x,y) = 1. Otherwise, = is X-good. Since f avoids 120,
then for every infinite set X C N, every finite f-homogeneous set F' C N for
color 0 contains at most one X-bad element. Thus, if one picks an element x € F
at random, the chances that it is X-bad is at most ﬁ

Consider the following probabilistic algorithm to compute an infinite f-
homogeneous set for color 0: Start with the computable Mathias condition
(0,N). At step s, assume we have defined a computable Mathias condition
(05, Xs), where cardo, = s and Va € o4 Yy € X, f(x,y) = 0. Choose a finite
f-homogeneous set F, C X, for color 0 of size 2°72, and pick an element x € F
at random. Let 0541 = o, U{z} and Xy ={y € X5 : y > x A f(z,y) = 0}
and go to the next step.

There are two reasons why the algorithm could fail. First, given a com-
putable Mathias condition (o, X,), there might be no f-homogeneous subset
of X, for color 0 of size 2°72. In this case, f has a very degenerate behavior in X,
and by a classical argument, there exists an infinite computable f-homogeneous
set for color 1 (see Lemma 5.2). If there is such a set, then we are done, so
assume this issue does not arise. The other reason why this algorithm could fail
is if the set X511 = {y € X5 : y > x A f(x,y) = 0} is finite, in other words
if z is Xs-bad. The chances that the algorithm fails at step s is then at most
m = 27572 50 the chances that the algorithm fails at some point is at most
Do 27972 = % One can parameterize the algorithm by a constant k£ € N, and
search for sets F, of cardinality 2°T'** in which case the probability of failure
is at most 27%.

By coding the choices within the blocks {Fs}sen into chunks of an infinite
binary sequence, that is, decomposing any R € 2V into an infinite sequence
oft -off - ... where o is a string of length 2°T#+1 coding for the choice of an
element in Fl, the measure of oracles R € 2 such that this decomposition yields
a valid algorithm is at least 1 — 27%. This tends to 1 when k tends to infinity,
so the measure of oracles computing a solution is 1.

One can go one step further, and analyse the amout of randomness needed
to make this computation work, using algorithmic randomness. See Nies [32]
or Downey and Hirschfeldt [11] for a good introduction to the topic. In what
follows, u denotes the Lebesgue measure over the Cantor space.

Definition 5.1. A %9(Z)-test (or Martin-Ldf test relative to Z) is a uniform
sequence (Un)nen of 29(Z) classes such that for every n € N, u(U,) <27". A
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set X is Z-random if X & (), U, for every X9(Z)-test (Un)nen-

We shall call I-random and 2-random' any @-random and @’-random, re-
spectively. These notions, and in particular 2-randomness, were studied in the
framework of reverse mathematics by various authors (see [8, 33, 1]).

Being X-bad is a X{(X’) property, so given k € N, the class Uy, of oracles
for which the algorithm with parameter k fails is 39 (()') uniformly in k, and has
measure at most 27%. The collection (Uy)rey is therefore a X9(()')-test, so for
every 2-random R, R ¢ (), Uy, so there is some k € N for which the k-parameter
algorithm succeeds following the choices of R. Thus, every 2-random computes
a solution.

General case. Let us now consider arbitrary separable permutations. The
fractals forming a basis for separable permutations, we shall restrict ourselves
to this sub-class. We start with a technical lemma which can be considered as
folklore. It admits several proofs, using various levels of induction. However,
its exact reverse mathematical strength is currently unknown (see Frittaion,
personal communication).

Lemma 5.2 (Folklore). Let f : [N]> = 2 be a computable coloring and k € N
such that no clique of size k is f-homogeneous for the color 0. Then there exists
some infinite computable f-homogeneous set for the color 1.

Belanger’s proof over |29 (personal communication). Let T C N<N be the com-
putable tree such that

(1) every z € N appears in some node o € T
(2) every o € T is f-homogeneous for color 0;
(3) for every o € T and every z,y € N such that - z,0 -y € T, f(z,y) = 1.

By (2) and by assumption, T has finite depth, so by (1) and BXY, there is some
level £y € N such that {o € T : |o] = £y} is infinite. By 139, there is a least
such level ¢ < ¢y. Since T has only one node at level 0, namely (), £ > 0. By
minimality of ¢, {o € T : |o| = £— 1} is finite, so by BXY, there is some o € T of
length ¢ —1 with infinitely many immediate children. The set {x € N:o-2z € T}
is therefore infinite, and by (3), it is f-homogeneous for color 1. O

Given an infinite set X C N, we say that an element x € N has limit ¢ in X
if for all but finitely many y € X, f(x,y) = ¢. The following proposition is
the probabilistic core of the argument, and generalizes the case coRT§(120) by
considering blocks which have an arbitrarily small ratio of bad elements instead
of a fixed number.

!The notion of 2-random set is actually defined in terms of %9-tests instead of 9 (0’)-tests.
However, for every Eg class of positive measure U C 2N and every € > 0, one can uniformly
compute an index of a 39(%') class V D U such that p(V) < p(Ud) + €, so the two notions
coincide (see Kautz [19]).
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Proposition 5.3. Let f : [N]2 — 2 be a computable coloring, ¢ < 2 be a color,
and p(k, F) be a X9 formula, such that, for every infinite computable set X C N:

(1) For every k > 0, there is a finite set F' C X such that ¢(k, F') holds;

(2) For every k > 0 and every finite set F C N such that p(k, F') holds, there
are at most % elements x € F' having limit 1 —c in X.

Then every 2-random set computes an infinite f-homogeneous set for the color c.

Proof. Fix such a coloring f, a color ¢ and a formula ¢(k, F). Consider the
¥9-formula

Yk, F)=3F' 32, F C F' Acard F = 2% Acard F/ < 2°T1 A (2K, F')

Then ¢(k, F') satisfies the same hypothesis as ¢(k, F'), but with the added prop-
erty that if ¢(k, F) holds, then the cardinality of F is a power of 2. Thus,
without loss of generality, we can assume that ¢(k, F') also has this property.

A finite increasing sequence o € N<N is walid if the set X, = {z € N: Vi <
lo| f(a(i),2) = c} is infinite. Let V C N<N be the II9 set of valid sequences.

Fix some n € N and consider some increasing computable sequence 2 < uy <
u1 < ... such that Efio ui < 27™. For every valid sequence o € V, a sequence
of finite sets Fy < Fy < -+ < F|5 will be said to be a o-sequence if it satisfies
the following properties:

o For every i < |o|, o(i) € F;
o (ui, F;) holds for every i < |o]|.
o For every i < j <|o| and every y € Fj, f(o(i),y) =c.

Note that given o € V, being a o-sequence is a X{-predicate.

An e-sequence (Fp) is minimal if Fy is the least set found in a computable
search. A (o - x)-sequence (Fy,..., Fs|, Fly|+1) is minimal if the o-sequence
(Fo, ..., Fjs|) is minimal and Fj, |4 is the least set found in a computable search.
Thus, every ¢ € V admits at most one minimal o-sequence. Let T,, C V be the
I19 set of valid o € V admitting a minimal o-sequence.

Claim 1: The set T, is an infinite, finitely branching tree. Indeed, the
property of being valid is closed under prefix, as well as the property of admitting
a minimal o-sequence, so the set T}, is a tree. Let o be an element of T}, and
let (Fo, ..., Fjs|) be its corresponding minimal o-sequence, then, every z such
that o -z € T, is such that x € F|,|, so there are finitely many such z, and 7T},
is finitely branching.

Let o be an element of T,, with minimal sequence (Fp, ..., Fj,). Since o
is valid, the set X, is infinite, and since ¢(u|y|, Fj|) holds, there are at most

crdFlol glements z € Fig| such that the set {y € X, : f(z,y) = ¢} = X500 is

Ujo|
finite, hence, for all the other x € F|,|, o - x will be valid.

Pick some = € F|,| such that X, . is infinite. By the properties of o(k, F),

there exists some Fio41 € X5z \ {0, ..., max F, } such that o(ujs11, Floj+1)
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holds. By definition of X, ., for every i < |o| and every y € Fis|41, f(o(i),y) =
cand f(x,y) = ¢, hence (Fy, ..., Fi,/11) is a (0-2)-sequence. Since (Fy, ..., F,|)
is minimal, if F|,|4; is chosen to be the least such set found in a computable
search, then (Fp, ..., Fjy|41) will be a minimal (o - z)-sequence, and o -z € T),.
Therefore, every element of T,, has at least one descendant, and since T;, is not
empty (as it contains the empty sequence), T), is an infinite tree. This proves
Claim 1.

Claim 2: For every o € T}, with minimal o-sequence (Fy, ..., Fly|), 0.z € T,

for at least W elements = € F|,|. Indeed, we saw that there are at

card F\a\

least card Fj,| — elements of Fj,| such that X, ., is infinite, and that for

every such element o -z € T,,. This proves Claim 2.

An infinite branch X = {zy < z1 < ...} in T,, corresponds to a unique
sequence Fy < F; < ... such that for every i € N, (Fy,..., F;) is the minimal
(X | i)-sequence. Such a branch can be encoded as an element (b, by, ...) € 28
of the Cantor space as follows: by our added assumption on ¢(k, F'), there exists
(a;)ien such that card Fy = 2% and card F;1q = 2%+17% for every ¢ € N, then

let bo,...,bq,—1 be the binary encoding of the position of g in Fp, and let
ba;,---sba;,,—1 be the binary encoding of the position of x;;1 in Fj;; for every
1€ N.

Therefore, the set of infinite branches in T}, can be described as a ITJ subclass
of the Cantor space 2. From an element (bg,b; ...) € 2V of the Cantor space,
we can computably try to see if it encodes some infinite branch X = {z¢ <
x1 < ...} in T, as follows: there is only one set Fy (which can computably
be found) such that (Fp) is the minimal e-sequence, thus, we can recover zy by
looking at the element of Fp in position encoded in binary by by, . - ., b(iog | Fy|)—15
then, there exists at most one F; such that (Fy, F}) is the minimal xg-sequence
and we can similarly retrieve x1, if (bg,b;...) was indeed the encoding of an
infinite branch of T,,, then the decoding procedure is able to continue like this
to retrieve the full branch.

If the element (bg, by ...) € 2V is not the encoding of an infinite branch in
T,, then the decoding procedure will eventually stay stuck, not being able to
find a set F; to continue the decoding. This happens if for some j < i, the
element x; previously decoded is such that z¢...z; is not valid (in that case,
since Xy...q; i8 finite, there will be at stage after which no F; to continue the

decoding can be found). By Claim 2, if xq---2;_; is valid, then there are less
than card F}
u

elements x € card F}; such that xg---x;_12 is not valid, hence the
J
probability of that happening at stage j of the decoding is less than %, and the
J

probability of that happening at any stage less than Y .o u% < 27™. Therefore,
the measure of the set of infinite branches of T;, is greater than 1 — 27" with
this encoding.

For every 2-random set Z, there will be some value n such that Z is the
encoding of an infinite path ¢ < x; < ... through the corresponding tree T,.
Since our decoding procedure was computable, Z computes the set {zg, z1,. .. },
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which is an infinite f-homogeneous set for the color c. O

The following proposition is the desired result, restricted to fractals. The
theorem about separable permutations follows directly from it, since the fractals
form a basis for separable permutations.

Proposition 5.4. Let f : [N]2 — 2 be a computable coloring. For every n,k €
N, if f avoids the k-fractal of dimension n, then every 2-random set computes
an infinite f-homogeneous set.

Proof. Fix a computable coloring f : [N]?> — 2. By induction on n, we will show
that for any k& € N and every infinite computable set D C N f-avoiding the k-
fractal of dimension n, every 2-random set computes an infinite f-homogeneous
subset of D.

The case n = 0 is vacuously true, as no set f-avoids the singleton pattern.

In the case n = 1, if some infinite computable set D f-avoids the k-fractal of
dimension 1, then there is no f-homogeneous subset of D for color 0 of size k.
Then, by Lemma 5.2, there exists an infinite computable f-homogeneous subset
of D for the color 1.

Assume the property to be true for some n € N. Fix an infinite computable
set D such that some 2-random set does not compute any infinite f-homogeneous
subset of D. By our induction hypothesis, for every ¥’ € N, and every infinite
computable set X C D, there is some set S C X f-realizing the k’-fractal of
dimension n.

Fix a size k € N and let ¢ be equal to 1 if n is even and 0 if n is odd. Consider
the two following cases:

Case 1: There exists some infinite computable set G C D, such that, for
every infinite computable subset H C G, every S C H f-realizing the k-fractal
of dimension n has at least one element which does not have limit 1 — ¢ in H.

Fix some infinite computable subset H C G, some £ € N and some S C G
that f-realizes the (k x ¢ — 1)-fractal of dimension n (such an S exists by our
induction hypothesis). We claim that out of the (k x £ — 1)" elements in S, at
least (k x (£—1))" does not have limit 1 — ¢ in H for f. Indeed, by Lemma 4.6,
either there exists a subset of S C G f-realizing the k-fractal of dimension n
such that every element has limit behavior 1 — ¢ in H for f, or there exists
a subset of S C G f-realizing the (k x (¢ — 1))-fractal of dimension n such
that no element has limit behavior 1 — ¢ in H for f. The first case being
impossible by our assumption, the second case holds, and since the cardinality
of the (k x (¢ — 1))-fractal of dimension n is (k x (¢ — 1))™, we are done.

Since limp_, o % = 1, for every k there exists a bound ¢; such that

every finite set S C G f-realizing the (k x ¢, — 1)-fractal of dimension n will
have at most % elements having limit 1 — ¢ for f in any infinite computable
subset H C G.

Say D = {z9 < 21 < ...}. Thus, for p(k,F) the 3¢ formula stating
that {zs; : s € F} is a finite set that f-realizes the (k x ¢, — 1)-fractal of
dimension n, we get by Proposition 5.3 that every 2-random computes an infinite
f-homogeneous set for the color c.
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Case 2: For every infinite computable set G C D, there exists some infi-
nite computable subset H C G and some S C H f-realizing the k-fractal of
dimension n and with all its elements having limit 1 — ¢ in H.

In that case, let Hy € D be an infinite computable set and Sy C Hy be a
finite set f-realizing the k-fractal of dimension n such that all its elements have
limit 1 — ¢ in Hy. By our assumption, such a pair exists. Let G; C Hy be
such that every element of Sy has reached its limit in G;. Then, there exists
an infinite computable set H; C G; and a finite set Sy C Hy f-realizing the k
fractal of dimension n such that all its element have limit 1 — ¢ in H;. Pick such
a pair Hy, F1, and iterate the construction to obtain a sequence Fy < --- < Fy_1
such that FoU---U F_1 f-realizes the k-fractal of dimension n + 1. O

We are now ready to prove the main theorem of this section.

Theorem 5.5. For every separable permutation p and every computable in-
stance of coRT% (p), every 2-random computes a solution.

Proof. Let f : [N]J> — 2 be a computable coloring avoiding p. By Proposi-
tion 4.5, there exists some k,n € N such that it avoids the k-fractal of dimension
n. Then by Proposition 5.4 every 2-random computes an infinite f-homogeneous
set. O

6 Separable permutations and 2-DNC

We now refine the probabilistic argument of Section 5 to obtain better bounds in
terms of relativized diagonal non-computation. Intuitively, it would be sufficient
to have a partial choice function instead of a total one, to find good elements in
the blocks of sets and obtain an infinite homogeneous set. One therefore does
not need to have access to all the bits of the 2-random sequence. It is therefore
natural to consider the computational power corresponding to finding infinitely
many bits of a random sequence, which is exactly diagonal non-computation.

DNC functions. Historically, DNC functions are defined as follows:

Definition 6.1. A function f : N — N is diagonally non-Z-computable or
Z-DNC if for every e, f(e) # ®Z(e). A Turing degree is Z-DNC if it bounds a
Z-DNC function.

The diagonally non-computable degrees have many characterizations, using
various paradigms, such as fixpoint-free functions ([17]), infinite subsets of ran-
dom sequences (][22, 13], see [11, Theorem 8.10.2]) sequences of high Kolmogorov
complexity ([23]). The following characterization, in terms of uniform avoidance
of finite $9(Z) sets with bounded size, is arguably the most useful:

Definition 6.2. A function g : N> — N is Z-escaping if for every e,k € N, if
card WZ < k, then g(e, k) & WZ.
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The following lemma can be considered as folklore. We reprove it for the
sake of completion.

Lemma 6.3 (Folklore (see [3, Lemma 3.3])). Fiz a set Z and a Turing degree d.
The following are equivalent:

(1) d bounds a Z-DNC function;
(2) d bounds a Z-escaping function.

Proof. (1) — (2). Given a Z-DNC function f and e,k € N, define g(e, k) as
follows: For every ¢ < k, let @i be the function which, on every input, searches
for the ith element 2; of W7 in order of apparition, if it exists, and interprets x;
as a (k+ 1)-tuple (2?,...,2¥) and outputs zi. Let g(e, k) = (f(ao), ..., f(ax)).
Suppose for the contradiction that card WZ < k but g(e, k) = x; € WZ for
some i < k. Then ®Z (a;) = x! = f(a;), contradicting the fact that f is Z-
DNC.

(2) — (1). Given a Z-escaping function g, and e € N, define f(e) as follows:
Let WZ be the Z-c.e. set whose unique element is ®Z (e), if it exists, and WZ = ()
otherwise. Let f(e) = g(a,1). By construction, card WZ < 1, so g(a,1) ¢ WZ,
hence f(e) = g(a,1) # ®Z(e). O

One can refine the previous lemma to require the Z-escaping function to
output its value within an infinite computable set X C N, by transforming any
Z-c.e. set WeZ C X into the set of positions of its elements in X.

Computably bounded escaping functions. The situation becomes more
problematic if one wants the Z-escaping function g to output its value within a
finite set F' C N. One would require g to be h-bounded, for a computable func-
tion h. By an analysis of the proof of Lemma 6.3, the existence of a computably
bounded Z-escaping function is equivalent to the existence of a computably
bounded Z-DNC function (with a different computable bound). Such functions
are still probabilistic objects for sufficiently fast-growing bounds, in that every
Z-random computes a computably bounded Z-DNC function. They have been
studied by multiple authors [2, 14], and in particular by Khan and Miller [21],
who proved the existence, for every Z, of Z-DNC functions which do not com-
pute any computably bounded DNC function, and a fortiori any 2-random set.

Although strictly weaker than 2-randomness, computing solutions from any
computably bounded escaping function is not satisfactory for the following rea-
son: The underlying goal is to prove that for every separable permutation p,
RT2(p) implies coRT2(p) over w-models, to deduce that RT3(p) implies RT2.
Mimouni and Patey [31] constructed a computable coloring f : [N]? — 2 such
that any infinite set f-avoiding any pattern p (not only separable permutations)
computes a ('-DNC function. It follows that for every pattern p, RT% (p) implies
the existence of a ('-DNC function. There is however no hope of improving this
bound by showing that any pattern avoiding p computes a computably bounded
(’-DNC function, as Liu [29] proved that every computable coloring f : [N]? — 2
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admits an infinite f-homogeneous set which does not compute any computably
bounded DNC function.

Partial escaping functions. Thankfully, we shall see that any (/~-DNC func-
tion (or equivalently any ()'-escaping function) computes a partial, computably
bounded (/'-escaping function, in the following sense:

Lemma 6.4. Let B C N be a 39 set of “bad elements”, (F;)ien be a computable
family of subsets of N and k € N such that: card F; N B < k and card F; > i for
every i. Then, every O'-DNC degree d computes an infinite subset of | J; F; \ B.

Proof. Fix such B C N, (F};);en, k € N and d. We have two cases.

Case 1: d >7 (". Let £ < k be the largest integer such that card F;N B = /¢
for infinitely many 7 € N. Let ¢ € N be such that for every ¢ > ¢, card F; N B <
(. As B is ¥9, one can (/-computably find infinitely many i > ¢ such that
card F; N B > ¢, hence such that card F; N B = ¢, and pick an element in F; \ B.

Case 2: d # (/. Let g <t d be the function of Lemma 6.3(2). Let us be
the standard left-c.e. approximation of the modulus p of (', that is, ps(x) is the
least ¢ < s such that 0} [ x = 0, | x. For every = € N, the sequence (ps(z))sen
can only change values at most = times (every time a program with Turing
index less than = stops), and let mg < --- < m;(= p(z)) be those values for
some ¢ < z. Then, consider the ('-enumerable set Wg(lw) containing {0,...,z—1}
and the position in Fy,; of the elements of F,,, N B for every j <.

Note that card We@(/z) < x x (k 4+ 1), hence, by hypothesis on g, letting
ps = g(e(z),z x (k+1)), the sequence (p;)gen is such that p, ¢ We@(/z) for every
x. In particular, p, > x for every x as {0,...,z — 1} C We@(lz). Since d # (/,
the sequence (p;)zen does not dominate u, hence, for infinitely many x, we can
computably find some stage s such that pus(z) > p, and if s is chosen to be
minimal, this ensures that the element in position p, of F), ;) does not belong
to B. Let S be this set of elements. Then S C |J, F; \ B, and since p, > x, then
S is infinite. O

Consider for instance a stable computable version of coRT2(120), that is,
a computable coloring f : [N]* — 2 such that for every z € N, lim, f(z,y)
exists, and which f-avoids the permutation 120. As explained in Section 5,
for every finite f-homogeneous set F' C N for color 0, at most one element
has limit 1. If we let B = {z : lim, f(z,y) = 1} and (F,)nen be a sequence
of f-homogeneous sets for color 0 such that card F,, = n (if no such sequence
exists, then by Lemma 5.2 there is a computable f-homogeneous set and we
are done), then by Lemma 6.4, any (/~-DNC degree bounds an infinite subset of
A = {z :lim, f(x,y) = 0}, hence computes an infinite f-homogeneous set. One
can therefore reprove the following theorem.

Theorem 6.5 (Cervelle, Gaudelier and Patey [5]). Every w-model of RT3(120)
is a model of RT3.

21



Proof. Let M be an w-model of RT3(120). Given a coloring f : [N]? — 2
in M, since RCAg F RT3(120) — COH (see Proposition 3.3), there is an infinite
subset Xy C N in M on which f is stable. Apply RT2(120) to obtain an infinite
subset X; C Xy in M which f-avoids the permutation 120. By Mimouni and
Patey [31], there is an X{-DNC function h in M. By the argument above,
h@® X, computes an infinite f-homogeneous set H, which is therefore in M. [

Note that in this proof, three applications of RT§(120) are used to prove
RT% in Theorem 6.5.

Remark 6.6. The argument in Lemma 6.4 admits many degrees of freedom,
opening the door to many generalizations. First, the notion of “bad element” is
absolute, in the sense that it does not depend on the previous choices of elements,
while with non-stable colorings, one uses the notion of X-bad which depends on
the reservoir X, which itself depends on the choices of the previous elements.
Second, Lemma 6.4 only states the existence of an infinite subset S of |J, F; \ B,
but one could require that for some k € N, the set S intersects simultaneously
Fi Fiyq, ..., Figg for infinitely many i € N. We shall use both generalizations
when dealing with arbitrary separable permutations, through Proposition 6.11.

General case. We now turn to the study of coRT% (p) for arbitrary separable
permutations p. As in Section 5, we shall first prove the theorem for fractals,
and deduce the general case since they form a basis for separable permutations.
By Proposition 3.3, RT% (p) implies COH for every separable permutation p, so
it would be sufficient to consider only stable instances of coRT3(p), as in The-
orem 6.5. We however prove it for every computable instance of coRT%(p).
It follows that coRT3(p) is computably reducible to RT3(p), that is, every
coRT3(p)-instance f computes an RT3(p)-instance g, such that for every in-
finite RT3 (p)-solution Y to g, f @Y computes a coRT3(p)-solution to f. Thus,
RT3(p) implies RT3 with only 2 applications.

Definition 6.7. Fiz k,n > 1. Let f : [N]> — 2 be a coloring and F be a set
f-realizing the k-fractal of dimension n. The fractal decomposition of F' is the
sequence Fy < --- < Fy_1 of subsets of F such that for every i < k, F; is a
k-fractal of dimension n — 1. We shall refer to the F;’s as blocks.

Recall that given an infinite set X C N, we say that an element « € N has
limit ¢ in X if for all but finitely many y € X, f(z,y) = c¢. The following
definition generalizes the notion of X-good/X-bad from Section 5. Indeed, an
i-fractal of dimension 1 is nothing but an f-homogeneous set for color 0 of size .
With the following definition, a finite f-homogeneous set for color 0 is (f, k)-
good for color 0 in X if it has at most £k — 1 X-bad elements, that is, at most
k — 1 elements which have limit 1 in X.

Definition 6.8. Fiz k,i > 1 andn € N. Let f : [N]*> = 2 be a coloring, X be
an infinite set and ¢ < 2 be a color. A finite set F' C N f-realizing the i-fractal
of dimension n is (f,k)-good for color ¢ in X if there is no subset G C F
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f-realizing the k-fractal of dimension n with all its elements having limit 1 — ¢
in X. Otherwise, F is (f,k)-bad for color ¢ in X.

Note that in the case n = 0, F' is a singleton and its unique element does
not have limit 1 — ¢ in X.

The following lemma bounds the number of bad choices of fractals of di-
mension n — 1 given a good fractal of dimension n. This yields a probabilistic
algorithm to find an element which does not have limit 1 — ¢ in X given an
i-fractal F of dimension n which is (f, k)-good for color ¢ in X: pick a block F”
at random in the fractal decomposition of F. With probability 1 — %, F' is
an i-fractal of dimension n — 1 which is (f, k)-good for color ¢ in X. Iterate
the process until we obtain an i-fractal of dimension 0 which is (f, k)-good for
color ¢ in X, in other words, a singleton element which does not have limit 1 —¢
in X. The probability of making a bad choice at some point is at most (k=1)xn
which can be made arbitrarily small by considering i-fractals for very large 4’s.

)

Lemma 6.9. Fizk,i,n > 1. Let f : [N]*> = 2 be a coloring, X be an infinite set
and ¢ < 2 be a color. Let F C N be a set f-realizing the i-fractal of dimension n
and let Fy < -+ < F;_1 be its fractal decomposition. If F is (f,k)-good for
color ¢ in X, then there are at most k — 1 many blocks which are (f,k)-bad for
color c in X.

Proof. Assuming by contrapositive that there exists indices fg < -+ < f_1 < @
such that, for every j < k, the blocks Fy; is (f, k)-bad for color ¢ in X. Since
n > 1 and by definition of a (f, k)-bad block, for every j < k there exists a
subset Gg]. C Fy, such that ng f-realizes the k-fractal of dimension n — 1 and
all its elements have limit 1 — ¢ in X.

Then, Gy, U --- UGy, _, f-realizes the k-fractal of dimension n and all its
elements have limit 1 — ¢ in X, hence, F is (f, k)-bad for color ¢ in X. O

The proof of Lemma 6.4 is based on a case analysis: either the (/'-escaping
function g computes the halting set, in which case we use the existence of a A
solution, or g has infinitely many relatively small values, and can be considered
as a partial computably bounded ('-escaping function. In our situation, the
existence of a AY solution is far from being immediate, so we first prove it in
Proposition 6.10, before proving the bound by a (’~-DNC function in Proposi-
tion 6.11.

Proposition 6.10. Fiz a computable coloring f : [N]> — 2, some color ¢ < 2
and some k,n > 1. Suppose that for every i € N and every infinite computable
set X, the following holds:

(1) There is a subset F C X f-realizing the i-fractal of dimension n;

(2) Every set F C X f-realizing the i-fractal of dimension n is (f, k)-good for
color ¢ in X.

Then ' computes an infinite f-homogeneous set for the color c.
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Proof. Fix f, ¢, k and n. Let C be the collection of all infinite computable sets.
Fix a set Z € C, and a finite i-fractal FF C Z of dimension p for some i > 1 and
p < n, with fractal decomposition Fy < --- < F;_1.

e Given ¢ < k, we write F(Z, F, £) for the collection of the first £ many blocks
(/-computably found which are (f, k)-bad for color ¢ in Z, if they exist.
If there are less than ¢ such blocks, let F(Z, F,£) = (. Note that since
being (f, k)-bad for color ¢ in Z is a ¥3(Z) property, the set F(Z, F, () is
Y9 uniformly in Z, F and /.

e The Z-spectrum of F is a subset of kP defined inductively as follows.

iftp=0
Spec (1) = 1 ) e
{-7:7€8Specy, (F) NF(Z,F.l)#0} ifp>0
where Fy is the least block not in F(Z, F,¢). Note that the Z-spectrum
of F is ¥9 uniformly in Z and F.

e Given o € Spec,(F), the Z-trace of o for F is a sequence defined induc-
tively as follows.

iftp=0
Tracez(F,0) = 0 1 b
(Fy) - Tracez (Fs,7) ifp>0
where Fy is the least block not in F(Z, F,¢) and 0 = £- 7. In other words,
Tracey (F, o) is the sequence of blocks witnessing that o € Spec,(F’). Note
again that the Z-trace of o for F is X9 uniformly in Z, o and F.

o Given a set Z, we write Spec, for the union of all Spec, (F'), where F' C Z
is an ¢-fractal of dimension n for some 7 > 1.

Let Z € C be such that Spec, is minimal for inclusion. Let o be the right-
most element of Spec, in the lexicographic order. Note that if Y C Z, then
Specy C Specy. It follows that by choice of Z, o is the right-most element
of Specy for every computable Y C Z. Also note that if ¢ is the right-most
element of Specy, then for every set FF C Y such that o € Specy (F), o is
the right-most element of Specy (F'), in which case every block of the trace
Tracey (F, o) is (f, k)-good for color ¢ in Z. The last block of the trace is then
a singleton {z} such that = does not have limit 1 —c in Y.

We will define a (-computable decreasing sequence of computable Mathias
conditions (Fy, Xo) > (E1,X1) > ... with (Ey, Xo) = (0,Z2), such that for
every s,

(a) card Es = s

(b) For every z € FE, and every y € X, f(z,y) =c.
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Given (FEs, X;), search ('-computably for an i-fractal F C X, of dimension n
for some 7 > 1, such that o € Specy (F). Then let {x} be the last block of
its trace. By the notes above, = does not have limit 1 — ¢ in X, so letting
Esy1 = EsU{z} and X1 ={y € X5 : y > A f(z,y) = ¢}, the condition
(Eg41,Xs41) is the desired extension. The set H = |J, E; is a (-computable
f-homogeneous set for color c. O

We now prove Proposition 6.11, which is the counterpart of Proposition 5.3,
but using an elaboration of Lemma 6.4 instead of the existence of a 2-random.
There is however an additional level of difficulty: the probabilistic algorithm
given before Lemma 6.9 requires to make n iterated queries to the (/'-escaping
function, asking each time to give an answer smaller than 7.

Proposition 6.11. Fiz a computable coloring f : [N]> — 2, some color ¢ < 2
and some k,n > 1. Suppose that for every i € N and every infinite computable
set X, the following holds:

(1) There is a subset F C X f-realizing the i-fractal of dimension n;

(2) Every set F C X f-realizing the i-fractal of dimension n is (f, k)-good for
color ¢ in X.

Then every (O'-DNC' degree d computes an infinite f-homogeneous set for the
color c.

Proof. Fix f, ¢, k, n and d. Suppose d 27 (I, otherwise apply Proposition 6.10.
Let g <7 d be the function of Lemma 6.3(2). Let ps be the standard left-c.e.
approximation of the modulus u of (', that is, us(x) is the least t < s such that
0, 1 x =0, ] z. For every z € N, the sequence (us(z))sen can only change
values at most z times (every time a program with Turing index less than x
stops), and let m§ < --- < m¥(= p(z)) be those values for some i < x which
depends on z.
For every finite set £ C N, let

Xp={yeN:Vee E;x <yA flz,y) =c}

Given an i-fractal F' of dimension n, and ¢ € N=", let F(o) be defined
inductively as follows: F({)) = F and F(w-7) = F,,(7), where Fj < --- < F;_3
is the fractal decomposition of F, if w < ¢. If w > 4, then F(w-7) = §. Note
that if F'(o) # 0, then F(co) is an i-fractal of dimension n — |o|.

For every ¢ < n, (wo,...,we_1) € N’ and every finite set £ C N, let
WE(ILEKwD,_“’Wim be the (’-c.e. set which searches the smallest F; € Xg f-
realizing the mj-fractal of dimension n for every j < i, and, for every such Fj
found, enumerate all the indices of the bad blocks in the fractal decomposition
of F;({wo,...,we—1)) if it is non-empty.

For every £ < n, let wy be the g-computable function defined inductively as
follows:

wels, ) = {g(e(%E, 0, (k —1) x ) Gr—0

gle(z, E, (wo(x),...,wi—1(x))),(k—1)xxz) if£>0
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Claim 1: For every finite set & C N such that Xg is infinite, for every
z,j € N such that max{w,(z,E) : £ < n} < m} and every £ < n, letting
Fi C Xy be the least m;?—fractal of dimension n,

(a) F/({(wo(z, E)...we_1(z, E))) is (f, k)-good for color ¢ in Xg;

(b) card W

(@, B (w0 (@, ) oy (a,E))) = B X T

By induction on £. If £ = 0, (a) is due to the fact that every fractal of dimension n
is (f, k)-good for color ¢ in X g and (b) follows from Lemma 6.9. Then, assuming
the property to be true for some £ < n, the set FV({(wo(z, E) ... we_1(x, E))) is
therefore an m7-fractal of dimension n —¢ which is (f, k)-good for color ¢ in Xg.
By Lemma 6.9, there are at most £ — 1 blocks in the fractal decomposition of
FIi({(wo(z, E)...we_1(x, E))) that are (f, k)-bad for color ¢ in Xg. The indices

@/
of these blocks are the one outputted by We(w;E)<w0(m7E)’ww“1(m7E)>) for every
< (k-

. . 0

Jj < x such that F} is found. Hence card We(m,E,(wo(a:,E),...,wg,l(a:,E)))

1) x  and (b) holds. Thus, by definition of g, w(x, E) does not belongs
to W?(m,E,(wo(w,E),“.,wzfl(ac,E))) and FY ((wo(x, E) ... we—1(x, E), we(x, E))) is an
m-fractal of dimension n — ¢ — 1 which is (f, k)-good for color ¢ in Xg, so (a)
holds. This proves Claim 1.

We will define a g-computable increasing sequence of computable Mathias
conditions of the form (Ey, Xg,) > (E1,Xg,) > ... such that for every s,
card E; = s. Given (E;, Xg_ ), apply the following steps:

(S1) Search g-computably for some z,j € N such that
max{we(r, Es) : £ <n} <mj

Such z,j is eventually found. Indeed, for infinitely many z we have
max{we(z, Ey) : £ < n} < p(z), otherwise g would compute @', con-
tradicting our assumption.

(S2) Once z,j found, look for the smallest set /' C Xp, f-realizing the mj-
fractal of dimension n. Such an F will be found by (2) since Xpg, is
infinite.

(S3) By Claim 1, F;({(wo(x, E) ... wp—1(z, E))) is (f, k)-good for color ¢ in Xg, .
Since F;({(wo(x, E)...wp—1(z, E))) is an i-fractal of dimension 0, it is a
singleton {zo}. By definition of (f,k)-good for color ¢ in Xpg_, the set
X g, U{zo} is infinite. Let Egy1 = E, U {xo}.

The set H =, E, is a g-computable f-homogeneous set for color c.

We can now prove our main proposition in the case of k-fractals.
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Proposition 6.12. Let f : [N]2 — 2 be a computable coloring. For every
n,k € N, if f avoids the k-fractal of dimension n, then every (' -DNC' degree d
computes an infinite f-homogeneous set.

Proof. The proof is very similar to that of Proposition 5.4, except Case 1 which
is treated differently. Fix a computable coloring f : [N]?> — 2. By induction
on n, we will show that for any k¥ € N, any infinite computable set D C N
f-avoiding the k-fractal of dimensions n and any (/~-DNC degree d, d computes
an infinite f-homogeneous set.

The case n = 0 is vacuously true, as no set f-avoids the singleton pattern.

In the case n = 1, if some infinite computable set D f-avoids the k-fractal of
dimension 1, then there is no f-homogeneous subset of D for color 0 of size k.
Then, by Lemma 5.2, there exists an infinite computable f-homogeneous subset
of D for the color 1

Assume the property to be true for some n € N. Fix an infinite com-
putable set D such that some (-DNC degree d does not compute any infinite
f-homogeneous set. By our induction hypothesis, for every &/ € N, and every
infinite computable set X C D, there is some set S C X f-realizing the i-fractal
of dimension n.

Fix a size k € N and let ¢ be equal to 1 if n is even and 0 if n is odd. Consider
the two following cases:

Case 1: There exists some infinite computable set G C D, such that, for
every infinite computable subset H C G, every S C H f-realizing the k-fractal
of dimension n has at least one element which does not have limit 1 — ¢ in H.

Let G = {xg < 71 < ...} and let g : [N]> — 2 be the computable coloring
defined by ¢(i,j) = f(xs,x;) for every ¢ < j. Fix some infinite computable
subset H C N and some ¢ € N. By our hypothesis on G, every S C N g-realizing
the i-fractal of dimension n will be (g, k)-good for color ¢ in H and by the
induction hypothesis, there will be some subset S C H g-realizing the i-fractal
of dimension n.

Hence, by Proposition 6.11, d computes an infinite f-homogeneous set, con-
tradicting our assumption. Hence, this case is impossible.

Case 2: For every infinite computable set G C D, there exists an infinite
computable set H C G and some S C H f-realizing the k-fractal of dimension
n with all its element having limit 1 — ¢ in H. This case is treated exactly as in
the proof of Proposition 5.4.

O

Theorem 6.13. For every separable permutation p and every computable in-
stance of coRT3(p), every i'-DNC degree computes a solution.

Proof. Let f : [N]?> — 2 be a computable coloring avoiding p. By Proposi-
tion 4.5, there exists some k,n € N such that it avoids the k-fractal of dimen-
sion n. Then by Proposition 6.12 every (-DNC degree computes an infinite
f-homogeneous set. O
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As mentioned, Mimouni and Patey [31] proved that RT3(p) for any non-
constant pattern p is not computably true by constructing a computable coloring
f : [NJ2 — 2 such that for every infinite set H f-avoiding any pattern, H
computes a (-DNC function. Combined with Theorem 6.13, this yields the
following corollary:

Corollary 6.14. Sep—RTg implies RT% over w-models.

Proof. Let M be an w-model of Sep-RT3 and let f : [N]2 — 2 be a coloring in M.
By Sep—RTg, there is an infinite set X € M which f-avoids some separable
permutation p. By Mimouni and Patey [31], there is an X’-DNC function g
in M. By a relativized version of Theorem 6.13, g ® X computes an infinite
f-homogeneous set H. In particular, H € M since M is a Turing ideal. O

We are now ready to prove our main theorem.

Main Theorem 1.7. For every pattern p, RT2(p) implies RT> over w-models
if and only if p is a separable permutation.

Proof. If p is a separable permutation, then RCAy F RT2(p) — Sep-RTZ, so
by Corollary 6.14, RT% (p) implies RT% over w-models. If p is not a separable
permutation, then by Corollary 2.9, RT% (p) does not imply RT% over w-models.

O

Note that the bound of Theorem 6.13 is not optimal as for every separable
permutation p, every computable instance of coRT% (p) admits an (/'-computable
solution, while there is no such (’-DNC function. Moreover, for the case p =
120, Cervelle, Gaudelier and Patey [5] proved that ADS implies coRT3(120)
over RCAg, and by Hirschfeldt and Shore [16], ADS does not even imply the
existence of a DNC function over w-models.

7 Linear orders and measure

In Sections 5 and 6, we proved that coRTg(p) admits probabilistic solutions when
p is a separable permutation, and gave computability-theoretic upper bounds in
terms of relativized diagonal non-computability. In this section, we prove the
tightness of Theorem 5.5 by proving that if p is a pattern which is not a separable
permutation, then coRT3(p) admits no probabilistic solutions, in the sense that
there is a computable instance such that the measure of oracles computing a
solution is 0. For this, we use some interactions between computable linear
orders and measure.

Given a linear order £ = (N, <) of order type w + w*. We write A(L)
for the w-part of L, that is, the set { € N : V*®y o <, y}. A sequence is
L-monotonous if it is L-ascending or L£-descending.

The following proposition is a consequence of [18, Theorem 4.1, Theorem 4.2].
Indeed, for every computable linear order £ = (N, <) of order type w + w*,
by [18, Theorem 4.1] A(L) and A(L) are semirecursive. If furthermore £ has
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no infinite computable £-monotonous sequence, then A(L) and A(L) are both
immune, hence by [18, Theorem 4.2] they are both hyperimmune. We give a
more direct proof without using the notion of semirecursive set.

Proposition 7.1. Let £L = (N, <) be a computable linear order of order type
w + w*, with no computable infinite L-monotonous sequence. Then A(L) is
bi-hyperimmune.

Proof. Suppose for the contradiction that A(L) is not hyperimmune. Let (F),)nen
be a c.e. array such that F, N A(L) # 0 for every n € N. Then, the set
H = {min;(F,) : n € N} is an infinite c.e. subset of A(L). The set H contains
a computable infinite L-ascending sequence, contradicting the hypothesis. By
a dual argument, A(L) is hyperimmune since there is no computable infinite
L-descending sequence. O

Mileti [30, Theorem 5.2.6] proved that for every infinite hyperimmune set A C
N, the measure of oracles computing an infinite subset of A is 0. It follows that
if £ = (N, <) is a computable instance of SADS with no computable solution,
the measure of oracles computing a solution is 0. We prove it directly for the
sake of containment and simplicity.

Proposition 7.2. Let £L = (N, <.) be a computable linear order of order type
w + w*, with no computable infinite L-monotonous sequence. The measure of
oracles computing an infinite L-monotonous sequence is 0.

Proof. Assume by contradiction that this measure is non-zero. There are count-
ably many functionals (®.).cn, hence there exists one such functional ® such
that the class of oracles A C N for which ®* is an infinite £-monotonous se-
quence is also of non-zero measure (as a countable union of measure zero sets
is still of measure zero). Without any loss of generality, assume that ® only
outputs L-ascending sequences for every oracle.

By Lebesgue’s density lemma, there exists a finite binary sequence o such
that the measure of oracles A in the open class [¢] := {A : 0 < A} such that ®4
is an infinite L-ascending sequence is greater than half the measure of [0]. By
considering a functional ¥ such that ¥4 = &4, we obtain a functional out-
putting an infinite L-ascending sequence for a set of oracles of measure greater
than 0.5.

For every z € A(L), there are only finitely many elements < -smaller than z,
hence every infinite L-ascending sequence (in particular those outputted by ¥)
is eventually bigger than x. Therefore, for every such z, there exists a finite set
W, of finite binary sequences such that [W,] := (J, ¢y [0] is of measure greater
than 0.5 and such that for every o € W, ¥?’s output is a finite L£-ascending
sequence whose last element is < -bigger than x. At least one of those o is
a prefix of a set A such that ¥4 is an infinite L-ascending sequence, as we
cannot have two disjoint sets of measure greater than 0.5 in a set of measure
1, hence, for this o, the last element outputted by ¥° will also be in A(L).
Therefore, by considering the last elements of the sequences ¥ for o € W, and
by picking the < ,-smallest of them, we obtained an element y € A(L) such that
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x <z y. Such sets W, and elements y can be computably uniformly found for
every ¢ € A(L). Thus, using ¥ we can find a computable infinite £-ascending
sequence, contradicting our assumptions on L. O

We shall see in Theorem 7.8 that the previous proposition does not hold for
arbitrary computable linear orderings. One can derive many consequences from
Proposition 7.1 and Proposition 7.2. First of all, we reprove Proposition 3.1 in
the particular case of linear orders of order type w + w*.

Corollary 7.3. Let L = (N, <) be a computable linear order of order type w+
w* avoiding any separable pattern. Then there is an infinite computable L-
monotonous sequence.

Proof. By Theorem 5.5, the measure of oracles computing an infinite £-monoto-
nous sequence is 1. Thus, by Proposition 7.2, there is a computable infinite such
sequence. O

The following proposition yields an example of an instance of SADS avoiding
every pattern, except the separable permutations. Indeed, since it is a linear
order, the only patterns appearing are permutations, and by Theorem 2.1, if
a permutation is not separable, it contains either 1302 or 2031 as sub-pattern,
and therefore does not appear in the linear ordering.

Furthermore, since this instance of SADS does not contain any solution com-
putable in the instance, by Corollary 7.3, every separable pattern appears in it.
This linear order therefore has the property that no further pattern can be
avoided without computing a solution.

Proposition 7.4. There exists a linear order L = (N, <) of order type w+ w*
avoiding the permutations 1302 and 2031, with no L-computable infinite L-
monotonous sequence.

Proof. Let Ly = (N, <,,) be any computable linear order of order type w + w*
with no computable infinite Lg-monotonous sequence. By Proposition 7.1,
A(Lp) is bi-hyperimmune. Since 1302 and 2031 are non-separable permuta-
tions, by Theorem 2.6, RT5(1302) and RT3(2031) both admit preservation of w
hyperimmunities. Therefore, there is an infinite set H = {xg < 21 < ...} C N
which Lo-avoids 1302 and 2031 and such that A(Lg) is bi-H-hyperimmune. In
particular, there is no infinite H-computable £y-monotonous sequence. Let £ =
(N, <¢) be the H-computable linear order defined by n <p m iff x,, <z, Tm.
Then £ has no L-computable monotonous sequence, and avoids the permuta-
tions 1302 and 2031. O

The following corollary shows the tightness of Section 5, in that the only
statements of the form coRTg(p) admitting probabilistic solutions are for sepa-
rable permutations p.

Corollary 7.5. For every pattern p which is not a separable permutation, there
is an instance f : [N]> — 2 of coRT3(p) such that the measure of oracles f-
computing an infinite f-homogeneous set is 0.
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Proof. Let £ = (N, <) be the linear order of Proposition 7.4. Seeing L as
a transitive stable coloring f : [N]?> — 2, it f-avoids 1302 and 2031, so by
Theorem 2.1, it f-avoids p. Moreover, by a relativization of Proposition 7.2, the
measure of oracles f-computing an infinite f-homogeneous set is 0. O

One can push further the argument, and show that any computable instance
of SADS with no computable solution is a witness that RT% (p) does not imply
SADS on w-models, for any RTg—pattern p other than the separable permuta-
tions. Since Sep—RTg (p) implies ADS on w-models, this result is tight.

Proposition 7.6. Let L = (N, <) be a computable linear order of order type
w + w*, with no infinite computable L-monotonous sequence. Then there is
an w-model M of RCAg + EM + RT2(1302) such that M does not contain any

infinite L-monotonous sequence.

Proof. Fix £. We construct an w-model M of EM 4 RT3(1302) such that for
every X € M, A(L) is bi-X-hyperimmune. More precisely, we construct an
infinite sequence Zy <7 Z; <r ... of sets such that for every n € N,

(1) If n = (a,b) and ®7* is a coloring g : [N]> — 2, then Z,,; computes an
infinite g-transitive set g-avoiding 1302;

(2) A(L) and A(L) are both Z,-hyperimmune.

First, let Zy = (). Assuming Z,, is defined, letting n = (a, b), if <I>bZ“ is not a
coloring, then let Z, 11 = Z,. Otherwise, since EM and RT3(1302) both admit
preservation of w hyperimmunities, there is an infinite @f“—transitive set H
®7-avoiding 1302 such that A(L) and A(L) are both H @ Z,-hyperimmune.
Let Z,,41 = H & Z,. This completes our construction. Let M be the w-model
whose second-order part is {X : In X <7 Z,}. By (1), M |= EM + RT3(1302),
and by (2), there is no infinite £-monotonous sequence in M. O

Mimouni and Patey [31] proved some general lower bounds on the complexity
of avoiding any pattern. In particular, they constructed a computable coloring
f : [N]2 — 2 such that every infinite set f-avoiding any pattern computes a
(’-DNC function, and another computable coloring g : [N]> — 2 such that the
measure of oracles computing a solution is 0. One cannot refine this first lower
bound by constructing a computable linear order £ = (N, <) such that every
infinite set f-avoiding any permutation computes a (’~-DNC function, or even
a DNC function, as any infinite £-monotonous sequence avoids all the non-
constant patterns, and ADS does not imply the existence of a DNC function
(see Hirschfeldt and Shore [16]). We however refine the second lower bound by
constructing a computable linear order.

The following proof is a straightforward adaptation of [31, Theorem 2.2]
for the case of a transitive coloring. Indeed, when running the construction
of [31, Theorem 2.2] only for transitive patterns, the resulting coloring is itself
transitive, hence codes a linear order. We include the whole proof for the sake
of completeness.
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Theorem 7.7. There is a computable linear ordering L = (N, <) of order type
w + w* such that the measure of oracles computing an infinite set L-avoiding
any transitive pattern is 0.

Proof. The ordering £ will be the one given by a stable transitive coloring
f : [N]2 — 2 built using a finite-injury priority construction: the value of f(x, s)
will be determined at stage s of the construction for every x < s. At any stage
s of the construction, every element x of N will commit to have a certain limit
behavior ¢ < 2, and we will set f(xz,s) accordingly. Initially, every element
commits to have limit behavior 0.

The coloring f will satisfy the following requirements for every transitive
pattern p and every Turing index e:

Rpe: p({X €2V : WX is finite or f-contains p}) > ﬁ.

We first claim that if all R-requirements are satisfied, then L satisfies the state-
ment of the theorem, using the contrapositive. Suppose that the measure of
oracles computing an infinite set avoiding any transitive pattern for f is posi-
tive. Then, since there are countably many transitive patterns and countably
many functionals, there is some transitive pattern p and some Turing index e
such that the measure of oracles X such that ®X is infinite and f-avoids p is
positive. Indeed, a countable union of classes of measure 0 is again of measure 0.
By the Lebesgue density theorem, there is some string o € 2<N such that the
measure of oracles X such that ®7'X is infinite and f-avoids p is more than
1—- ﬁ. Let a be a Turing index such that ®X = ®7X. Then the requirement
Rp,a is not satisfied.

The strategies are given a priority order based on Cantor’s pairing function
(p, €), the smaller value being of higher priority. Each requirement R, . will be
given a movable marker m, ., starting at (p,e), such that if R, ; is of greater
priority than R, then mg; < my ..

State of R, .. Fach strategy R, is given a state, which is a finite sequence
(Fo,...,Fi—1) of non-empty finite sets, with ¢ < |p| and such that F; < F;4;.
Such a sequence satisfies the following properties:

(P1) For every xg € Fy,...,24—1 € Fy_1, {x0,...,24_1} f-realizes p |;
(P2) (X WX AE £0}) > 1- 5t

(P3) Every F; is an <y-interval such that Fy < --- < F;_; and there are no
elements € N such that F; < x < F;;; for some i <t —1

(P4) If t # 0, then, for every other requirement R,;, we have my,; < Fy if
(g,%) < (p,e) and mgq; > Fy_1 if (q,7) > (p,e€).

Over time, new sets will be stacked to this list, which will be reset only if a
strategy of higher priority injures it. Initially, each strategy is given the empty
sequence as state.
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Strategy for R,.. A requirement R,. requires attention at stage s if
its state has length less than |p| and there is a finite set of initial segments

of oracles U C 25% such that deU 2-lol > 1 — ﬁ and for every o € U,

WZ[s] N [mpe,s] # 0. In other words, R, . requires attention at stage s if the
measure of oracles X such that Wz [s] outputs an element in [m,, ., s] is greater

1
than 1 — W

If R, receives attention at stage s and is in state (Fp, ..., Fi_1) (by conven-
tion, if the state is the empty sequence, ¢t = 0), then, letting F; = [my., s], its
new state is (Fp, ..., F}). The marker m, . is moved to s+1, and the markers of
all strategies of lower priorities is moved further, accordingly. All the strategies
of lower priorities are injured, and their state is reset to the empty sequence. If
t < |p| — 1, then for every i < t, all the elements of F; commit to have limit
p(i,t+1) and if ¢t = |p| — 1, then all the elements of F; commit to have limit 0.

Construction. The global construction goes by stages, as follows. Initially,
f is nowhere-defined. At stage s, suppose f is defined on [0,s — 1]2. If some
strategy requires attention at stage s, letting R, . be the strategy of highest
priority among these, give it attention and act accordingly. In any case, for
every x < s, if x is committed to have some limit ¢ < 2, then set f(z,s) = c.

Verification. By construction, the state of every strategy will satisfy the
properties (P1) to (P4).

The resulting coloring is transitive, indeed, suppose by contradiction that
there exists * < y < z and some ¢ < 2 such that f(z,y) = f(y,z) = ¢ and
f(z,z) = 1—c. This means that at stage y of the construction, x was committed
to have limit behavior ¢ and then changed his commitment between stage y and
z. Let R, . be the last strategy to have fixed the commitment of x before stage
z (let say at some stage t € (y, z]), hence all the strategies R, ; of lower priority
cannot change the commitment of y between stage ¢t and z (they have been
injured and all of their markers have been pushed after ¢), and all the strategies
of higher priority cannot change the commitment of y either (by (P4), all of
their marker are before z, hence they would also act on the commitment of z,
contradicting our minimality assumption on R, .). Thus, only R, . can change
the commitment of y between stages t and z.

Let (Fy, ..., Fy) be the state of R, . at stage z. By (P3), there exists some
i < j < £ such that + € F; and y € F;. We cannot have i = j, otherwise
we would have f(x,2) = f(y,z), contradicting our assumption, hence i < j.
We cannot have ¢ = |p| — 1 otherwise both = and y would have committed
to have limit 0, making f(z,z) = f(y,2), again contradicting our assump-
tion. This means that at stage y, R, . was in state (Fy,...,F;_1), leading to
f(z,y) = p(i, ), but we would then have f(x,z) = p(i,£) and f(y, z) = p(j4, £),
and since p is a transitive pattern, this also contradicts our assumption.

One easily sees by induction on the strategies that every strategy acts finitely
often, and therefore each strategy is finitely injured by a strategy of higher
priority. It follows that each requirement has a limit state and that m,, . reaches
a limit value.
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We claim that each requirement R, . is satisfied. Let s be stage after which
mp,c reaches its limit value. In particular, the state of R, . also reached its
limit, and none of the strategies of higher priority require attention after s.
Suppose first that the limit state of R . has length less than |p|. This means
that R, . does not require attention attention after stage s, so the measure of
oracles X such that W outputs an element greater than or equal to m, . is at
most 1 — ﬁ. Thus, p({X € 2V : WX is finite }) > ﬁ, and the requirement is
therefore satisfied. Suppose now that the limit state of R, . has length [p|. By

(P2), for each i < |p|, u({X : WXNF, #0}) >1— ﬁ. It follows that

(X 2 (% < [p)WX A F £0)) > 1— 2f’p'| —1/2

Thus, by (P2), u({X € 2V : WX f-realizes p}) > 3, so R, . is again satisfied.

For every x € N, there are finitely many markers starting at a position
smaller than x, hence, once all their requirements have reach their limit state,
the commitment of z will not change anymore, ensuring that = has a limit, and
that the coloring is stable. The ordering corresponding to a stable transitive
coloring is a linear order of order type of the form w + k, or k + w* or w + w*
for some k € N. The two first cases being impossible, otherwise there would be
some infinite computable f-homogeneous set, the resulting ordering is of order
type w + w*.

This completes the proof of Theorem 7.7. O

We conclude this section by proving that Proposition 7.2 does not extend to
arbitrary computable linear orderings.

Theorem 7.8. There exists a computable linear ordering (N,C) with no com-
putable infinite monotone sequence, such that the measure of oracle computing
an infinite increasing sequence is 1.

Proof. Tt is sufficient to find a computable linear order (A4, C 4) for A an infinite
set, as well as a functional that outputs an infinite C 4-increasing sequence on a
set of measure > i. For that, we will consider four functionals T';,c, geeys Dine
and Age. with the following properties:

o For A= {z,21,...} aset and e a Turing index, T'Z} .(e) and I'/} (e) will
compute a linear order (B,Cp) for some B C A. If A is infinite, then so
will be B.

+ For every sets A and C, AS%4(e) (resp AgfjA(e)) will compute an in-
creasing sequence of I'4 (e) (resp I'4 (e)). This sequence will also be
increasing for the standard ordering < of the integers.

If A is infinite, then the measure of oracles C' such that A4 (e) (resp
AgﬁA(e)) is an infinite increasing sequence will be at least Ilpse(1 — o).
Note that Ipso(1 — 57) > 1.
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e No W, N B for ¢ > e will be an infinite monotone sequence of I'2}, (e) or
I'4 (e). Furthermore, W, N B will not be an infinite monotone sequence

of '}t .(e) and will not be an infinite decreasing sequence of 'l _(e).

These four functionals will construct their ordering step by step, with the
position of z in the ordering (or the absence of z in the ordering) being deter-
mined at stage s. [';ne and I'ge. will call each other recursively as follows: For
every infinite oracle A C N, Il _(0) will call I'/}, (0), which will call T2 (1) for

dec inc

multiple B C A, calling T'Z (1), and so on...

wmnc

Let A = {xzg,z1,...} be a set and e be a Turing index.

Definition of I'4 (e). I'4 (e) computes the order (B,Cp) defined as fol-
lows: I'4_(e) is the same ordering as I'j,.(€), but, if at some stage s we have
x; € We[s] N B for some i < s, then, all the z; for j > s will be bigger than all
the z; for ¢ < s. The relative position of the {zg,...,zs_1} and of the {z,...}
remain the one given by I'4 (e). This construction ensures that W, N B is not
an infinite decreasing sequence of I‘g‘ec(e), indeed, with this construction, there

are only finitely many elements smaller than z; in the ordering Ffec(e).

Definition of A5 %% (e). Notice that any sequence that is both increasing
for T2 (e) and for < will also be an increasing sequence of I} (e). Hence

AS®4(e) can be chosen to be the same as AS®4(e)

dec inc

Definition of I'4 (e). TZ (e) computes the order (B,Cp) defined as fol-
lows: at the first 2¢T! stages of the construction, we let {zq,...,7oe+1_1} be
in B with zg Ep --- Cp Tge+1_1, then, we partition the remaining elements
A\{zo, ..., T9e+1_1} into 2 blocks 4; = {z; € A: j > 2°T1Aj =i mod 2¢71}
and let (B;,Cp,) be the order computed by T4 (e + 1) for every i < 2¢*1. The
set B will be a subset of {zo,...,Zge+1_1} U, 9.1 Bi, and the order Cp will
coincide with the Cp, on B; N B and will be such that xo Cp BN B Cp z1 Cp
BiNBLCgxy Cg -+ Eg Byet1_1NB. To find out which elements of Ui<26+1 B;
are in B, we proceed as follows: at every stage s > 2¢T1 of the construction, a
single block B; will be disabled, which ensures that z will be added to B only
if z, ¢ B,. Initially at stage so = 2°t!, By is disabled, and if at some stage
$1 > sp an element y; € W,[s1] was already put in B N B;, at a previous stage
for some 0 < i; < 2°t1, then, we re-enable By and disable B;, until we found
some stage s; and some element yo € W,[s2] that was already in B N B;, for
some %2 > 71, then we re-enable B;, and disable B;,, and so on.

This construction is well-defined. Indeed, to compute the position (or ab-
sence) of an element z, in the ordering, a finite amount of recursive calls are
needed. This is due to the fact that T'Z (e) immediately fixes the position of
Zg,...,Tae+1_q Without any recursive call, then, the position of the next 212
elements only need the recursive call to Fg‘gc(e +1) which then call T2 (e 4 1),
and so on for the next elements.

This definition of T'Z () ensures that W, N B will not be an infinite increas-
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ing sequence. Indeed, otherwise, there would be some i < 2¢*! such that after
a certain stage s, all the elements of W, N B are in B; (and since the sequence
is increasing, no elements of W, N B are in B; for j > i), this would disable
B, with no reactivation for the rest of the construction, ensuring that B; N B is
finite and contradicting our assumption.

Definition of AS®4(e). Notice that in the construction of the order T'2 (e),
exactly one of the blocks B; will end up disabled, thus, for all the other blocks
Bj, an infinite increasing sequence of (B;, Ep,) will output an infinite increas-
ing sequence of (B,Cpg) by removing the finite amount of elements that are
not in B; N B. Hence, A&?A(e) can be defined to act as follows: using the
first e + 1 bits of C it will pick one j < 2°T!, then z; will be the smallest
element of the increasing sequence outputted, and it will then recursively call
Agf(;(eﬂ))@Aj (e + 1) and remove the elements of the sequence that are not in
B; N B to find the rest of the sequence.

AgﬁjA(e) will output an infinite increasing sequence if it never picks the

wrong block that end up disabled during the recursive calls. This happens with
probability ITps.(1 — 2%)

So far, we only proved that T';_(e) (resp ' .(e)) ensures that W, N B will
not be an infinite decreasing (resp increasing) sequence of the computed order.
Due to the recursive nature of the functionals, we can go further than that and
obtain the same property for every ¢ > e. Indeed, for every ¢’ > e, all the
elements ordered by Fﬁw (e), except for a finite amount, have been ordered by
one of the (finitely many) recursive call to some T2 () for some A; C A. If
W N B was an infinite increasing sequence, then this would yield an infinite

decreasing subsequence for one of the Fﬁjc(e’ ), contradicting what was proved.

Thus, taking '} (0) to be the ordering and A(')®N(O) to be the functional

dec

yields the desired result. O

Corollary 7.9. There exists a computable linear ordering (N,C") with no com-
putable infinite monotone sequence, such that the measure of oracles computing
both an infinite increasing and an infinite decreasing sequence is one.

Proof. Let (N,C) be the ordering obtained in Theorem 7.8 and let (N,C’) be
defined as follows: a C’ b holds if either a = 2a’, b = 2b' and o’ C V', or a = 2a’
andb=20+1,ora=2a"+1,b=2+1and &' C d'.

The ordering (N,C’) corresponds to two copies of (N,C) put one next to
each other, with the second copy flipped. It is still a computable ordering with
no infinite computable monotone sequence, as such a sequence would eventually

stays in one of the copy an yield an infinite computable C-monotone sequence.
O

Remark 7.10. The result of Theorem 7.8 is not uniform in the sense that we
obtain for every e > 0 a functional that computes an infinite increasing sequence
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for a set of oracles of measure > 1 — €, but codes for such functionals cannot be
uniformly found in €.

This can be solved by noticing that the proof of Theorem 7.8 allows us to
uniformly compute an infinite sequence (N,C,)nen of linear orders with no
computable infinite monotone sequence, as well as an infinite list of functionals
Q. (n) computing an infinite increasing sequence for a set of oracles of measure
>1- %H To do so, notice that the probability 11y~o(1 — 2%) > i obtained in
the proof could have been made arbitrarily close to 1 by splitting into 261n+1
blocks instead of 2°t! at stage e of the construction.

We can then combine the orderings (N, C,, )nen into a single ordering (N, C)
as follows: let {a,b) T (a',b") if either b To b orif b="1" and a Ty, o’ (the order
(N,C) correspond to the union of the all the orders (N,C,,)nen placed relative
to each other according to (N,Co)).

The order (N,C) is computable and contains no infinite computable mono-
tone sequence ({an, by ))nen. Indeed, if such a sequence existed, either the value
of b, would change infinitely many time, yielding an infinite computable Cg-
monotone sequence, or eventually b, stays constant to some value b after some
stage k, and (ap)n>r would be an infinite computable Ty-monotone sequence.

Finally, we obtain a single functional ®*(n), taking a parameter n and
running @;“(n) on the order induced on {{a,n) : a € N}. Thus, for every n € N,
the set of oracles A such that ®4(n) is an infinite increasing sequence if of

1

measure at least 1 — ——.
n+1

8 Separable permutations and first-order part

The first-order part of a second-order system is the set of its first-order conse-
quences, that is, the set of theorems in the language of first-order arithmetic.
Characterizing the first-order part of a theorem is of fundamental importance
in understanding its reverse mathematical strength. To this end, one usually
proves that a second-order theorem Tj is a I} -conservative extension of another
theorem T3 for which the first-order part is already known. If so, then their
first-order parts coincide.

The characterization of the first-order part of Ramsey’s theorem for pairs
and two colors is one of the major remaining open questions around the reverse
mathematics of combinatorial theorems. See Kolodziejczyk and Yokoyama [24]
for a survey on the subject. The first-order part of RT% is known to follow
strictly from Yo-induction (1¥3) and to imply the ¥s-bounding scheme (BX5).
It is currently unknown whether it coincides with BX5. The goal of this section is
to relate the first-order parts of RT% and RT; (p) for any separable permutation p.

By Proposition 3.3, RCAy + RTg(p) — ADS for every separable permu-
tation p. Tt follows from Hirschfeldt and Shore [16] that RT3(p) implies the
¥9-bounding scheme over RCAy. We now generalize this to every permutation
via a direct proof.

Proposition 8.1. Let p be a permutation. Then RCAg F RT3(p) — BXY.
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Proof. BXY being equivalent to RT! modulo RCA, consider by contrapositive
some coloring f : N — a for some a € N with no infinite f-homogeneous subset.

Let g : [N]? — 2 defined by g(z,y) = 0 if f(z) < f(y) and g(x,y) = 1 other-
wise. We claim that for every permutation p, there is no infinite set g-avoiding p.

Firstly, by external induction on n, we prove that for every infinite set H =
{zo,21,...} there exists some x;, < --- < x;, , such that f(z;,) < -+ <
f(zi,_,). Note that if there exists one such n-tuple, there exists an infinite
amount of them, by truncating the beginning of H.

If n =1 (or n = 0), the property holds. So assume the property to be true
for some n € w and fix such an infinite set H = {x¢,x1,...}. Let H C H be
the set of all x;, , € H such that there exists some z;, < --- < z;, , € H
with f(x;,) < -+ < f(w,_,). By the inductive hypothesis, this set is in-
finite. If for some z;, , < zj,_, € H' we have f(z;,_,) < f(zj,_,), then
Tiy < Ty, <00 <>y, , <xj,_, is the desired sequence. Otherwise, the values
taken by f on the elements of H’ form an infinite non-increasing sequence of
integer smaller than a, which must eventually be constant by 1%Y, contradicting
the assumption that no infinite f-homogeneous set exists. This proves that for
every standard integer n, no infinite set can g avoid the homogeneous set of size
n and of color 1.

Let p: n — n be a permutation on n elements and let H C N be an infinite
set. There exists an infinite sequence of n-tuples of elements of H

()<<l V< (xp< <l )<
each g-homogeneous for the color 1. Notice that for a given n-tuple (xq, ..., Z,—1),
there are a™ possible values for (f(zo),..., f(zn_1)), so, by the finite pigeonhole
principle for a™-colors (provable in RCAy), there exists a sequence kg < -+ <
k,_1 such that f(xfg) = f(x?’f') for every £ < ¢/ < m and every i < n. Then,
the set {xlg‘”(o) < wlfp(l) << xi”_(’l"l)} g-realizes p. O

In the quest for characterizing the first-order part of Ramsey’s theorem for
pairs, Patey and Yokoyama [37] defined a combinatorial principle, namely, the
grouping principle, as follows: A largeness notion is a collection IL of finite sets
which is closed under superset, and such that every infinite set contains a finite
subset in L. For instance, the collection L, = {F : card F > minF} is a
largeness notion. Any element in L is called L-large.

Definition 8.2 (IL-grouping). Let L be a largeness notion and f : [N]? — 2 a
coloring. A (finite or infinite) sequence of L-large sets Fy < Fy < ... of length
k € NU{oo} is an L-grouping for f if for every i < j < k, and every xg,x; € F;
and Yo, Y1 € Fj: f(xO,yO) = f(xlayl)-

Statement 8.3 (Grouping principle). GP} is the statement “For every largeness
notion I and every coloring f : [N]™ — k, there is an infinite L-grouping.”
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Kreuzer (see [37, Theorem 9.1]) proved that RCAg+GP3 implies BX9 over RCA,.
Le Houérou, Patey and Yokoyama [27] later proved that RCAq + GP% is a 13-
conservative extension of RCAq + BXY.

Proposition 8.4. For every separable permutation p, RCAq + GP% — coRT%(p).

Proof. By external induction on the length of p.

This property is vacuously true for the pattern of length 1, so assume that
|p| > 1 and that the property holds for all pattern of strictly smaller length. Let
f: [N]2 = 2 be an instance of coRT3(p). There are two cases:

Case 1: p is reducible. Hence, there exists two separable patterns pg, p1
such that po Wp; = p. Since f avoids p, then by Mimouni and Patey [31],
there is an infinite set G = {xg < 21 < ...} f-avoiding p; for some i < 2. Let
g : [N]2 = 2 be defined by g(n,m) = f(xn,Tmn). In particular, g avoids p;, so
by the induction hypothesis, there is an infinite g-homogeneous subset H. The
set {z,, : m € H} is an infinite f-homogeneous set.

Case 2: p is convergent, say p = p~ > ¢ for some ¢ < 2. If there is some
infinite subset H C N avoiding the pattern p~, then we can apply the induction
hypothesis for p~ on the coloring induced by f on the set H, which would give
us an infinite f-homogeneous set. So assume that no such H exists, hence

L,-:={SCN:358"CS, S f-realizes p~}

forms a largeness notion. By GP%, there exists an infinite L,--grouping Iy <
Fy < ... for f. By definition of a grouping, for every i < j, every x € F; and

€ Fj;, f(z,y) = f(min F;, min F};). Since f avoids p but F; f-realizes p~—, then
f(min F;, min F}) = 1 — ¢. Thus, the set {min F; : i € N} is f-homogeneous for
color 1 —c. O

Corollary 8.5. For every separable permutation p, RCAg F RT% > GP% +
RT3(p). Moreover, RT3 and Sep-RT3 + GP3 are equivalent over w-models.

Proof. The implications RCAy F RT% — GP% + RTg(p) and RCAy + RT% —
GP% + Sep—RT% are clear. Conversely, let p be a separable permutation. Since
RCAq F RT3(p) + coRT3(p) — RT3, then by Proposition 8.4, RCAq - RT3(p) +
GP% — RT%. Last, let M be an w-model of Sep—RTg + GP%. By Proposition 8.4,
M = coRT3(p) for every separable permutation p. Since RCAg F (Sep-RT3 A
Vp separable permutation coRT3(p)) — RT3, then M = RT3.

O

Corollary 8.6. For every separable permutation p, RCA0+RT§ is 11} -conservative
over RCAq + BXY iff RCAq + RT3 (p) is I1}-conservative over RCAy + BXY.

Proof. If RCAg + RT3 is II}-conservative over RCAg 4+ BXY, then since RCA(
RT3 — RT3(p), so is RCAg + RT3(p). Suppose now that RCAq 4+ RT3(p) is
I1}-conservative over RCAg + BXY. Yokoyama [41] proved the following amal-
gamation theorem: if Ty, Ty, T are II} theories such that Tp 2 RCAg and Ty
and Ty are IIj-conservative extensions of Ty, then Ty + Ty is a IIi-conservative
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extension of Ty. Letting Ty = RCAg + BXY, Ty = RT5(p) and T, = GP3, then
by Le Houérou, Levy Patey and Yokoyama [27] and Corollary 8.5, RCAg + RT3
is I1}-conservative over RCAq + BXS. O

By Mimouni and Patey [31], RT5(1302) admits preservation of so-called w
2-dim hyperimmunities, and therefore does not imply EM over w-models. It is
currently unknown whether EM implies RT§(1302) over RCAg and whether RT%
forms a strong minimal cover of EM. One possible direction consists in study-
ing the strength of EM A RT5(1302) so see whether it implies some statement
known to be stronger than EM. We now prove that EM + RT3(1302) implies
the grouping principle for pairs for w”-largeness (GP3(Lyn)). The following
definition is a particular case of a-largeness, a quantitative notion of largeness
defined by Ketonen and Solovay [20] to better understand the unprovability of
some combinatorial theorems.

Definition 8.7. A finite set FF C N is
(1) wO-large if F # 0;
(2) w'tilarge if there are min F' many w™-large finite subsets of F'\ {min F'}

Ey<Ei < - < FEninr-1

Given n € N, let L,» be the set of all w™-large sets. These notions of w”-
largeness for n € N are very useful to prove VII3-conservation statements over
RCAq (see [37, 25]). We shall in particular use the following theorem.

Theorem 8.8 (Patey and Yokoyama [37]). For every n € N, RCAq proves “For
every coloring f : [N]?2 — 2, there is an w™-large f-homogeneous set”.

We are now ready to prove the claimed proposition.
Proposition 8.9. For every n € N, RCAq - EM + RT5(1302) — GP3 (L, ).

Proof. Fix n € w. First, note that EM (see Kreuzer [26]) and RT3(1302) (see
Proposition 8.1) both imply BXY. Let f : [N]> — 2 be a coloring. Since
RCAq F RT5(1302) <> RT5(2031), then by EM and RT5(1302), there exists an
infinite f-transitive set X which f-avoids 2031 and 1302, that is, avoids the
pattern (2) and the pattern (4) below:

By Theorem 8.8, there is an infinite set Y C X and some color ¢ < 2 such that
every infinite set Z C Y contains an w"™-large f-homogeneous subset for color 1.
Indeed, suppose that the set X does not satisfy the desired property for ¢ = 0.
Then there is an infinite subset Y C X which does not contain any w”-large

40



f-homogeneous subset for color 0. Then, by Theorem 8.8, Y has the desired
property for ¢ = 1.

Claim 1: For every a < b < ¢ € Y such that f(a,b) = i and f(a,c) =
f(b,e) = 1 — 14, then for every d € H with d > ¢, we have f(a,d) = f(b,d).
Indeed, if f(a,d) =1 —i but f(b,d) = i, the 3-cycle {a,b,d} would contradict
f-transitivity of Y for color i. Moreover, if f(a,d) =i and f(b,d) =1 — i, then
since Y f-avoids 1302 (for ¢ = 0) and 2031 (for i = 1), f(¢,d) =1 — 4, and the
3-cycle {a,c,d} contradicts f-transitivity of ¥ for color 1 — ¢. This proves our
claim.

‘We now have two cases.

Case 1: There is some infinite subset Z C Y such that for every w™-large
f-homogeneous subset F' C Z for color ¢, limycz f(min F,y) = ¢. In this case,
let Iy < Fy < ... be an infinite sequence of w”-large f-homogeneous subsets
of Z for color i. The set {minF; : s € N} is an infinite set such that every
element has limit 7 in Z. Then, using BXY, there is an infinite f-homogeneous
subset for color ¢, and a fortiori an infinite w™-grouping for f.

Case 2: Case 1 does not hold. We then create an infinite sequence Fy <
x9 < I} <z <... such that for every s € N,

(a) Fs is an L-large f-homogeneous subset of Y for color i;
(b) z5 € Y is such that f(min Fy,z,) =1 —3;
(c) for every t > s, F; is homogeneous for the coloring y — f(min Fj, y).

Assume Fy < zgp < .-+ < Fr < xp are defined. Search H-computably for
some Fiy1 < xpy1 such that the sequence satisfies (a-c). We claim that
such Fyi1 < zp41 exist. Indeed, by RT! which follows from BE%, there is
an infinite set Z C Y which is simultaneously homogeneous for every color-
ing y — f(min Fy,y) for every ¢ < k. By choice of Y and since Case 1 does
not hold, there is an w”-large f-homogeneous set Fy1; C Z for color i, and
some Zyy1 € Z with o411 > Fiqq such that f(min Fry1,2541) = 1 —¢. This
completes the construction.

We claim that the sequence (F;)sen is an w™-grouping for f. Fix s <t € N.
Since Fy is f-homogeneous for color i and f(min Fy,z,) = 1 — 4, then by f-
transitivity of Y for color 0, for every y € Fs, f(y,xs) = 1 —i. It follows from
Claim 1 that for every y € F, and every z € Y with z > x5, f(min Fy, z) =
f(y,2). Last, since F} is homogeneous for z — f(min Fy, z), then for every
y € Fy and z € Fy, f(y,2) = f(min Fy, min F;). This completes the proof of
Proposition 8.9. O

The remainder of this section is dedicated to the proof that EM implies GP%
over w-models.

Lemma 8.10. Let L be a computable largeness notion and L = (N,<g) a
computable linear order, then, for every k € N, there exists some sequence
Fy,...,Fr_1 of L-large sets, such that maxg(F;) < ming(F;y1) for every
i <k—1.
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Proof. By induction on k, we prove the stronger property that for infinitely
many = € N, there exists some sequence Fy, ..., Fi_1 of L-large sets, such that
max,(F;) <, ming (F;11) for every 4 < k — 1 and such that max, Fy_1 <. .

The property is vacuously true for k = 0.

Assume the property to be true for some k > 0. We can then computably
find some infinite sequence xy < x; < ... such that for every £ € N, there is
some sequence Fy, ..., F{_; of L-large sets, with max,(F}) <, ming (Ff, ) for
every i < k — 1 and such that max.(Ff_) <c 2.

Define inductively the sets (H,)nen as follows: let Hy = {xg,z1, ... }, then,
for every n € N, if H,, has some L-maximal element z, let H,.1 = H, \ {z},
otherwise let H,11 = H,. Every H, is an infinite set, as we only remove at
most one element each time.

By definition of a largeness notion, for every n, there exists some LL-large
subset F' C H,,. Let ¢ € N be such that ming(F) = z,, then maxy(F}_,) <
ming (F') and there are at least n elements x € N that are £-bigger than max, F'
by definition of H,, (if H, has no maximal element, then this is obvious, and is
H,, has some maximal element, then there are n elements bigger than it in Hp).
Hence the property is true for k + 1. O

Note that by Theorem 8.8, the previous lemma can be proven over RCA for
wn-largeness. Indeed, any w"t!-large £-homogeneous set F can be decomposed
into min F' many w”-large sets with the desired property.

The following proposition uses the same proof structure as in Section 6.

Proposition 8.11. Let L be a computable largeness notion and L = (N, <)
a computable linear order. Then, every O'-DNC degree d computes an infinite
L-grouping.

Proof. If d >7 @', then we are done, as every computable linear order admits
a I1Y infinite £-monotonous sequence (Manaster; see Downey [10, Section 5]).
The degree d can therefore compute such a sequence, and from it, any infinite
sequence of LL-large subsets forms an IL-grouping.

If d 27 @', then, let g <7 d be the function of Lemma 6.3(2). Let ps be
the standard left-c.e. approximation of the modulus p of (', that is, ps(z) is the
least t < s such that 0} [ x = 0, | z. For every z € N, the sequence (pus())sen
can only change values at most x times (every time a program with Turing index
less than z stops), and let m§ < --- < m{ (= u(z)) be those values for some
1p < .

Every set ' C N defines an interval comprised of all the elements x such
that ming F' <y x < maxg F. For Hg,...,H, 1 a family of finite sets, let
X(H,,....HH,_,) be set of all the elements bigger (for the standard order on N)
than max H,;_; and not inside one of the interval defined by the H; for i < s.

A finite set I’ will be said to be good in X g, . g, _, if there are infinitely
many ¥ € X g, .. m,_,) ot in the interval determined by F', otherwise F' is said
to be bad in Xy, .. g, ,)- Notice that being bad is a %9 property, and that if

Fis good in Xy, .. m,_,), then Xy, g, _, p)is infinite.

)
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Given some infinite set X, . m._,) and some sequence Fy,..., Fj_1 of fi-
nite sets such that max,(F;) < ming (F;41) for every i < k— 1, at most one F;
can be bad in X (g, . g, ,). Indeed, under our assumption, the intervals defined
by the F; are disjoints, hence no two of them can have a finite complement in

X(Ho,...Hoo1)-

We can d-computably build an infinite sequence of finite sets Hy < Hy < ...
satisfying that:

e X(H,,..,H._,) is infinite for every s € N.
e Hy,...,Hs;_; forms an L-grouping for every s € N.

Suppose Hy,...,Hs_1 have been defined for some s € N. Since they form
an [L-grouping, their corresponding intervals are disjoints and X g, .. g, ) can
be partitioned into s + 1 many blocks X°, ..., X* with X’ containing all the

yeeey

j < i, searches for some ¢ < s and some sequence Fy, ... ,Fm.; C X* of L-large
sets, such that max,(F;) <¢ ming(Fj41) for every i < mj and then list the
index ¢ < m7 such that F; is bad in Xp, . m,_,) if there is one.

Note that card Wes, (m,,...m,_,)) < « for every z € N and let h(z) =
gle(z,(Hp,...,Hs_1)),z). Since d %7 @ and h is d-computable, we have
h(z) < w(x) for infinitely many z, hence we can wait and find some = and
j such that h(x) < mf.

Computably search for some ¢ < s and some sequence Fy, ..., Fm;c C X*
of L-large sets such that max,(F;) <¢ ming(Fi41) for every i < mj. Such a
sequence exists by Lemma 8.10 as one of the X* is infinite. Then, by definition
of g, Fy(x) will be good in Xy, . g, ,) - Pick Hy = Fj(;). By our assumption
that Fj,) C X* for some ¢, we have that Hy,..., H, forms an L-grouping. [

Theorem 8.12. EM implies GP3 in w-models.

Proof. Let M = (N, S) be an w-model of RCAy + EM.

Let I be an X-computable largeness notion for some set X € S and let
f : [N]2 = 2 be a Y-computable coloring for some set Y € S. Using EM, we can
assume f : [N]?2 — 2 to be a linear order.

EM implies the existence of a set whose degree is (X ¢ Y)’-DNC, hence, by
a relativized form of Proposition 8.11, this set computes an infinite L-grouping
for f, which will therefore be in S. Hence M |= GP%. O

9 Open questions
The systematic study of Ramsey-like statements is relatively new, so many

questions remain open. The most fundamental question is about the general
structure of this partial order.
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Question 9.1. What is the structure of the Ramsey-like statements, ordered by
implication over RCAq? over w-models? over computable reduction?

We showed in particular in Corollary 3.7 that RT3 forms a minimal cover
of EM over RCA( in the set of Ramsey-like statements, and a fortiori over w-
models. It remains unknown whether this is actually a strong minimal cover.

Question 9.2. Is RT% a strong minimal cover of EM over RCAy? over w-
models? over computable reduction?

In particular, over w-models, if RT3(p) is strictly weaker than RT3, then
by Main Theorem 1.7, p is not a separable permutation, so either it is not a
permutation, in which case RT3 (p) follows from EM, or it is a permutation, but
not separable, and by Theorem 2.1 it follows from RT3(1302). By Mimouni and
Patey [31], RT3(1302) does not imply EM over w-models, but the other direction
is unknown.

Question 9.3. Does EM imply RT3(1302) over w-models?

The main theorem of this article states that RT3(p) implies RT3 over w-
models whenever p is a separable permutation. The proof however seems to
make a strong use of w-models, in particular with Lemma 5.2. We shall prove
in a later paper that Lemma 5.2 is not provable over BXY.

Question 9.4. For every separable permutation p, does RCAq RT% (p) = RT% ?

Moreover, the proof uses two applications of RT3(p). In particular, 120 and
102 are the two smallest separable permutations for which the following question
is open.

Question 9.5. For every separable permutation p, is RT% computably reducible
to RT3(p)?

To prove our main theorem, we show that for every computable instance of
coRT3(p), every 2-random computes a solution. However, the proof seems to
make multiple essential uses of ¥9-induction.

Question 9.6. For every separable permutation p, does RCAg+BX9 - 2-RAN —
coRT3(p)?

The statement 2-RAN was studied by various authors in reverse mathemat-
ics [8, 33, 1]. In particular, Conidis and Slaman [8] showed that BX9 + 2-RAN
is equivalent to 2-WWKL over RCA, and is II}-conservative over RCAg + BX9,
where 2-WWKL is weak Konig’s lemma for AJ trees of positive measure.
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