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Abstract
In this article, we prove that Ramsey’s theorem for pairs and two colors
is II3-conservative over RCAo + BXS + WF(eo) and over RCAq + BXY +
U, WF(w5;). These results improve theorems from Chong, Slaman and
Yang [6] and Kolodziejczyk and Yokoyama [20] and belong to a long line
of research towards the characterization of the first-order part of Ramsey’s
theorem for pairs.

1 Introduction

We investigate the proof-theoretic strength of Ramsey’s theorem for pairs and
some of its consequences, by proving that they are IT}-conservative over the base
theory of Reverse Mathematics (RCAy), augmented with the collection princi-
ple for XY formulas (BXY) and the assumption that some appropriate ordinals
are well-founded (WF(«)). This article belongs to a long line of research to-
wards the characterization of the first-order part of Ramsey’s theorem for pairs,
and is part of a larger foundational program known as Reverse Mathematics,
and whose goal is to find optimal axioms for proving ordinary theorems. See
Simpson [30] or Dzhafarov and Mummert [7] for a reference book on Reverse
Mathematics, and Hirschfeldt [8] to a gentle introduction to the reverse math-
ematics of combinatorial principles.

Ramsey’s theorem is the founding theorem of Ramsey’s theory, a field of re-
search which studies the conditions under which structure appears among a suffi-
ciently large amount of data. We identify a set k with its ordinal {0,1,...,k—1}.
Given a set X € N and some integer n € N, we let [X]™ denote the set of all
unordered n-tuples over X. Given a coloring f : [N]" — k, a set H € N is
f-homogeneous (for colori < k) if f(o) =1 for every o € [N]™.

Statement 1.1 (Ramsey’s theorem). Given n,k € N, RT} is the statement
“Fvery coloring f : [N]™ — k admits an infinite f-homogeneous set”.

The proof-theoretic strength of Ramsey’s theorem for triples and larger size
of tuples is well-understood: RT} is equivalent to the Arithmetic Comprehension



Axiom (ACAq) over RCAy whenever n = 3 and k > 2 (see Jockusch [18] for a
computability-theoretic equivalence, and Simpson [30, Theorem IIL.7.6] for a
proof-theoretic version of it). The first-order part of ACAq is precisely Peano
Arithmetic.

Ramsey’s theorem for pairs and two colors (RT3) can be phrased as stat-
ing, for every infinite graph, the existence of an infinite subset of vertices such
that the induced subgraph is either a clique or an anticlique. RT; is known
to be strictly weaker than ACAy over RCAg (see Seetapun and Slaman [29]),
and incomparable with weak Konig’s lemma (WKL), the restriction of Konig’s
lemma to binary trees (see Liu [24]). The characterization of the first-order part
of Ramsey’s theorem for pairs and two colors is a long-standing open question.

Definition 1.2 (Collection principle). Given a family T' of formulas, BT is the
statement “For every formula ¢ € T, and every a € N, if Vo < adyp(x,y), then
there is some b € N such that Vx < ady < bo(z,y)”.

Ramsey’s theorem for pairs implies BX9 over RCAq (see Hirst [16]). The
following question is a major open problem in Reverse Mathematics:

Question 1.3. Is RT3 a II}-conservative extension of RCAg + BX9?

1.1 Well-foundedness and bounded monotone enumera-
tions

In Computability Theory, the ability to compute fast-growing functions can be
seen as a unified framework to measure the strength of some Turing degrees,
e.g., hyperimmune degrees, high degrees, and degrees admitting a modulus. In
Proof Theory, the strength of a theory is better measured by the ability to
prove the well-foundedness of some ordinals. The TI1 proof-theoretic ordinal of
a theory T is the least ordinal a such that 7" does not prove its well-foundedness
(WF(a)). For instance, the IT} proof-theoretic ordinals of RCAg and ACA are
w* and €, respectively (see Simpson [30]).

The well-foundedness of ordinals naturally occured in the proof-theoretic
analysis of Ramsey’s theorem for pairs. Chong, Slaman and Yang [6] proved
that RT3 does not imply the induction scheme for ¥9 formulas (1%9) over RCAq
using a model of RCAg + BXY + —IXy which furthermore satisfied a principle
called Bounded Monotone Enumeration (BME).

Definition 1.4 ([6]). Let E be a procedure to recursively enumerate a finite
branching enumerable tree. We say that E is a monotone enumeration if and
only if the following conditions apply to its stage-by-stage behavior.

(1) The empty sequence is enumerated by E during stage 0.
(2) Only finitely many sequences are enumerated by E during any stage.

(3) Suppose T[s] is the tree enumerated by E at the end of stage s. Then any
sequence enumerated by E during stage s + 1 must extend some terminal
node of T[s].



A monotone enumeration E is b-bounded if every node in E has length at
most b.

Statement 1.5. BME, is the statement “Every bounded monotone enumeration
1s finite”.

The statement BME is an iterated version of BME,. Its formal defini-
tion is rather technical and will not be used within this article. Kreuzer and
Yokoyama [22] proved that BME, is equivalent to WF(w®) over 1%, and that
BME is equivalent to |, WF(w$), where w§ = a and wft, ; = wF.

The principles BME and BME, naturally occur in the proofs of conservation
of Ramsey’s theorem for pairs. On the other hand, Patey and Yokoyama [28]
proved that RT% is VII3-conservative over RCAg + BX9, which implies in partic-
ular that the II! proof-theoretic ordinal of RT3 is w®, hence that RT3 does not
imply BME, over RCAy.

In this article, we show that the separation of Chong, Slaman and Yang [6] of
RT3 from 1XJ only depends on the assumption that the original model satisfies
BX9 + BME, by proving the following conservation theorems.

Main Theorem 1.6. Fizn > 2. Let T,, be either BX? or IX0. RCAq + T, +
RT2 + WKL + WF(eg) is a II! -conservative extension of RCAg + T, + WF(eg).

Main Theorem 1.7. Fizn > 2. Let T,, be either BE? or IX0. RCAq + T, +
RTS + WKL + e, WF(w¥) is a IT}-conservative extension of RCAg + T, +

Ukew WF((U‘]:) .

This strengthens a result from Kolodziejczyk and Yokoyama [20] who showed
that RCAg+RT3 4 BME is a IT9-conservative extension of RCAg+BX9+BME. By
Cholak, Jockusch and Slaman [3], the result holds when BX9+WF(¢) is replaced
by 139. Thus, conservations over RCAg + (WF(eg) v IX9) and over RCAg +
(Unew WF(w®) v 129) are the best known results.

In order to better understand the computational and proof-theoretic content
of Ramsey’s theorem for pairs, two main decompositions of RT% into combina-
torially weaker statements have been studied. These decompositions will be
used to prove separate conservation theorems for simpler statements, and then
combined to obtain our main theorems. We now detail those statements.

1.2 Tournaments and linear orders

Ramsey’s theorem for pairs and two colors can be decomposed into the Erdés-
Moser theorem about infinite tournaments, and the Ascending Descending Se-
quence principle.

Definition 1.8. A tournament on a domain D is an irreflexive binary relation
R < D? such that for every a,b € D with a # b, ezactly one of R(a,b) and
R(b,a) holds. A tournament R is traunsitive if for every a,b,c € D, if R(a,b)
and R(b, c) then R(a,c).



A subtournament of R < N? is fully characterized by its domain and the par-
ent tournament R. We therefore identify subtournaments with infinite sets H <
N. The following statement is known as the Erdds-Moser theorem, and is an
infinitary version of some theorem by Erdds and Moser [9].

Statement 1.9 (Erdés-Moser). EM is the statement “Every infinite tourna-
ment admits an infinite transitive subtournament”.

There exists a one-to-one correspondence between a tournament R and a
coloring f : [N]?2 — 2, by letting f({z,y}) = 1 if (R(z,y) < = <y y). EM
can the restated as “for every coloring f : [N]? — 2, there exists an infinite
f-transitive subset H, that is, for every x,y,z € H such that * < y < z and
every i < 2, then if f({z,y}) = f({y, 2}) = i, we have f({z, z}) =17".

Statement 1.10 (Ascending Descending Sequence). ADS is the statement “Ev-
ery infinite linear order admits an infinite ascending or descending subsequence”.

Here again, there is a one-to-one correspondence between linear orders £ =
(w,<r), and transitive colorings f : [N]? — 2, by letting f({z,y}) = 1 if
(x <y y © = <¢ y). Then ADS can be restated as “for every transitive
coloring f : [N]? — 2, there exists an infinite f-homogeneous set”. Using the
reformulations of EM and ADS, the following proposition is immediate:

Proposition 1.11 (Bovyking and Weiermann [2]). RCA - RT3 < EM A ADS

Proof. EM and ADS are both particular cases of RT3, hence RCAg - RT3 —
EM A ADS. On the other hand, given a coloring f : [N]? — 2, first apply EM
to obtain an infinite f-transitive subset X = {zg <z; <...}. Let g : [N]?2 — 2
be the transitive coloring defined by g(a,b) = f(x,,xp). By ADS, there exists
an infinite g-homogeneous subset H < N. The set {x, : a € H} is infinite and
f-homogeneous. O

From a combinatorial viewpoint, the decomposition of RT% into EM and ADS
divides the difficulty of Ramsey’s theorem for pairs as follows: the combinatorics
of EM are very close to those of RTg, but without the disjunctive nature of RT%.
Thus, there is no need to work with pairing arguments. On the other hand, ADS
has very simple combinatorics, and does not imply any form of compactness,
but is a disjunctive statement.

From a reverse mathematical viewpoint, the decomposition is non-trivial, in
that EM and ADS are both strictly weaker than RT3 (see Lerman, Solomon and
Towsner [23]).

From a proof-theoretic viewpoint, both statements imply BX9 over RCAq (see
Hirschfeldt and Shore [15, Proposition 4.5] and Kreuzer [21, Proposition 16]),
and RCA( + ADS is known to be II}-conservative extension of RCAg + BXJ (see
Chong, Slaman and Yang [5]). By an amalgamation theorem of Yokoyama [33],
it follows that RCAg + RT3 is IT}-conservative over RCAq + BXY iff so is RCAg +
EM.



1.3 Cohesiveness and stability

The second (and historically the first) decomposition of RT2 was done by Cholak,
Jockusch and Slaman [3] in their seminal article on Ramsey’s theorem for pairs.
It consists in reducing RT3 to a stable version of it (SRT3), using the Cohe-
siveness principle (COH). Then, it is easy to see that SRT% is equivalent to the
infinite pigeonhole principle for AY instances, which is a combinatorialy simple
statement.

Definition 1.12. A coloring f : [N]> — k is stable if for every x € N,
lim, f(z,y) exists. Given an infinite sequence of sets R = Ry, Ry, ..., an infi-
nite set C' is R-cohesive if for every s € N, C <* R, or C <* R,, where *
denotes inclusion up to finite changes.

Statement 1.13 (Stable Ramsey’s theorem for pairs). SRT: denotes the re-
striction of RTi to stable colorings.

Statement 1.14 (Cohesiveness). COH is the statement “Every infinite se-
quence of sets has a cohesive set”.

The following equivalence is essentially due to Cholak, Jockusch and Sla-
man [3], with the proof RCAg — RT3 — COH fixed by Mileti [25, Appendix
Al

Proposition 1.15. RCA( - RT3 <> SRT3 A COH.

Proof. The proof of the forward direction will be omitted, as it will be of no use
in the article. Let us prove that RCAg - SRT2 A COH — RT2. Given a coloring
f : [N]? — 2, define the sequence of sets R=Ry,Ri,... by Ry = {y: flz,y) =
1}. Given an infinite B-cohesive set C' = {zg < x1 < ...}, let g : [N]2 —> 2 be
defined by g({a,b}) = f({z4,zs}). By cohesiveness of C, the coloring g is stable,
so by SRT2, there is an infinite g-homogeneous set H. The set {z, : a € H} is
infinite and f-homogeneous. O

From a reverse mathematical viewpoint, the decomposition of RT% into SRT%
and COH is also non-trivial (see Hirschfeldt et al. [14] and Monin and Patey [26]).

The computability-theoretic content of the cohesiveness principle is well-
understood: it admits a maximally complex instance, which is the sequence
of all primitive recursive sets. A cohesive set for this sequence is called p-
cohesive. For every uniformly computable sequence of sets ﬁ, every p-cohesive
set computes an R-cohesive set. Moreover, a Turing degree bounds a p-cohesive
set iff its jump is PA over 0. See Jockusch and Stephan [17].

The idea of using cohesiveness to transform a coloring into a stable one can
be applied to EM and ADS. We call SEM and SADS the restriction of EM and
ADS to stable tournaments and linear orders, respectively. Stable linear orders
can be of three types: w+w*, w+k and k+w*, for some k € w. The two former
cases are computably true, so the only interesting case if whenever it is of order
type w + w*. This is why SADS is often defined as the statement “Every linear
order of type w + w* admits an infinite ascending or descending sequence”.



Combining the two kind of decompositions, we shall use the following equiv-
alence:

Proposition 1.16. RCA( RT% < SEM A SADS A COH

We will therefore prove conservation results about WKL, COH,SEM and
SADS independently, and use the previous decomposition to obtain our main
theorems.

1.4 Definitions and notation

Since [X]™ is in one-to-one correspondence with the set of all n-tuples in in-
creasing order, given a coloring f : [N]™ — k, we might omit the brackets, and
simply write f(zo,1,...,2,—1) instead of f({zg,x1,...,2Zn_1}), assuming that
2o < < Typoq-

A 113 problem P is a formula VX [p(X) — ¥(X,Y)] where ¢ and © are
arithmetic formulas. A set X such that ¢(X) holds is a P-instance, and a Y
such that ¥(X,Y) holds is a P-solution to X. In particular, RT3, EM and ADS
are IT3-problems. For example, an RT3-instance is a coloring f : [N]?> — 2 and
an RT%—solution to f is an infinite f-homogeneous set.

Binary strings. We let 2<V denote the set of all finite binary strings, and
2N denote the class of all infinite binary sequences. Note that 2V is in bijection
with P(N) and both are usually identified. Finite binary strings are written
with greek letters o, 7, u,.... The length of a binary string o is written |o],
and the concatenation of two binary strings ¢ and 7 is written o - 7. Given an
infinite binary sequence X € 2N and n € N, we write X |, for its initial segment
of length n. A string o is a prefix of a string 7, written o < 7, if there is some p
such that o - p = 7.

Finite sets. Finite binary strings, seen as finite characteristic functions, are
often identified with finite sets, that is, o is identified with {n < |o|: o(n) = 1}.
Based on this correspondence, we extend the set-theoretic notations to binary
strings, and let for example o U p denote the binary string of length max(|o|, |p|),
and such that (o U p)(n) = 1iff o(n) =1 or p(n) = 1. In particular, one shall
distinguish the cardinality card o = card{n < |o|: o(n) = 1} of a string seen as
a set, from its length |o].

Theories. Let 120 be the following induction scheme for every 39 formula ¢:

@(0) A Vz[d(z) — ¢(x + 1)] = Vap(x)

Let A2-CA be the following comprehension scheme for every %9 formula ¢ and
every 1Y formula 1:

Va[p(x) < ()] > IAVz[z € A < ¢(z)]



RCAj denotes the theory of Robinson arithmetic (@) augmented with the com-
prehension axiom for A predicates (A9-CA), the collection scheme for ¥9 for-
mulas (BXY) and the totality of the exponentiation function (exp). RCAy is the
theory of @ + AY-CA + IX0. Note that RCA( entails RCAj. The theory RCAg
is the base theory of Reverse Mathematics, but RCA{ is sometimes more con-
venient to use, as shown by Belanger [1].

Models. A model is a second-order structure M = (M, S, 4+, Xar, <ar),
where M is the first-order part, that is, the set of integers and S < P(M) is
the second-order part. We will usually omit the operations, and simply write
M = (M,S). A model M = (M,S) is topped if there is some set X € S
such that every Y € S is AY(X). A model N' = (N,T) is an w-submodel of
M= (M,S)if N=M and T = S. Note that the notion of w-submodel must
not be confused with the notion of w-model, in which M = w, that is, is the set
of all standard integers.

Given a model M = (M,S) and a set G < M, we write M[G] for the
model whose first-order part is M, and whose second-order part consists of all
AY(X, Q) sets for X € S. Therefore, if M = RCAq, and M U {G} | IX9, then
M[G] = RCA,.

A set X is M-bounded if there is some x € M such that Yy e X, y < z. A
set X is M-finite or M -coded if there exists some x € M such that x =}, _, 2".

Given two sets X and Y, we write X » Y to say that X is of PA degree
over Y. More formally, it means that A9(Y") infinite binary tree admits a A?(X)
path.

Ordinals. In this article, we shall work with ordinals smaller than ¢ in
models of weak arithmetic. By Cantor’s normal form theorem, every ordinal «
below ¢y can be written uniquely as @ = wnq + - - - + w'*ny for some ordinals
Ve < -+ <y < «a and positive integers ni,...,ng. So, every such ordinal can
be represented as a finite rooted tree and therefore be coded by an integer which
will be called its ”index”. For a suitable encoding of the finite rooted trees, the
cantor normal form of any ordinal below ¢y and the standard operations on
ordinals (sums, product, comparaison) are computable from their indexes. See
Héjek and Pudlék [13, Chapter I1.3] for a formal study of ordinals in the context
of weak arithmetic.

1.5 Structure of the paper

In Section 2, we develop some basic techniques about IT3-conservation over RCAg+
BX9 + WF(a). We prove in particular that RCAy + BX9 + WF(a) + T is a IIi-
conservative extension of RCAg + BX9 + WF(«) for I € {COH, WKL} and « any
primitive recursive ordinal.

In Section 3, we handle the case of SADS and SEM which does not admit
such a direct preservation of well-foundedness. In these cases, one needs to
assume WF(w®*“) to obtain an w-extension satisfying WF(a), where a < €.



We prove in particular that RCAg + B9 + WF(eg) + I' is a IIj-conservative
extension of RCAq + B9 + WF(eg) for I' € {SADS, SEM}.

In Section 4, we combine the previous conservation theorems to obtain our
main theorems. Last, in Section 5, we state some remaining open questions.

2 Conservation over BX) + WF(a)

In this section, we introduce the framework for preserving WF(«) for an ordi-
nal a < €y over RCAg + BXY. We then prove that RCAg + B9 + WF(a) + WKL
and RCAq + BXJ +WF(a) 4+ COH are both IIi-conservative extensions of RCAg +
BYY + WF(a).

The proofs of conservation will all follow the same pattern: Given a countable
topped model M = (M, S) = RCAq + BXY + WF(a), and an instance I € S of
our problem P, we will show the existence of a P-solution G € M of I such that
M([G] & RCAq + BXJ + WF(a). Then, the conservation result follows from a
standard argument that we give for the sake of completeness:

Theorem 2.1. Let P be a I3 problem and o < eg be an ordinal such that
for every countable topped model M = (M,S) = RCAg + B9 + WF(a) and
for every P-instance I € M, there exists a P-solution G < M of I such that
M([G] = RCAG+BE+WF (). Then RCAq+BX+WF(a)+P is 11} -conservative
over RCAg + BXY + WF ().

Proof. Assume RCAq + BXY + WF(«) I~ VX ¢(X) for ¢ an arithmetic formula.
Then by the completeness theorem and the downward Lowenheim—Skolem the-
orem, there is a countable model M = (M, S) = RCA + BXJ + WF(a) + —¢(A)
with A € S. We can furthermore assume that M is topped by A.

From our assumption, we can build a sequence M = Mg < M; = (M, S;) <
My = (M, S3) < ... of countable topped model of RCAq + BXY + WF(«a) such
that every P-instance appearing in one of the M; will eventually have a solution
in one M;. Then | J,__ M, is a model of RCAg + B3 + WF(a) + P + —¢(A).
So RCAg + BXY + WF(a) + P £ VX ¢(X). O

2.1 Conservation over BX)

There exist two main methods for extending a model M into a model M[G]:
by external forcing, and by an internal construction. In the case of conservation
theorems over BXJ + —IX, one arguably needs to use an internal construction.
Indeed, using an isomorphism theorem for WKL, Fiori-Carones et al [11] proved
that II}-conservation of any II3 problem over BX9 + —IX9 is equivalent to a
formalized version of the first-jump control.

Let 1AY be the following induction scheme for every ¥0 formula ¢ and ev-
ery I1% formula

Vr[p(z) < ()] A ¢(0) A Va[d(z) — ¢(z + 1)] — Vag(r)



A set X is M -regular (or piecewise-coded, or even amenable) if all its initial seg-

ments are M-finite. Over this article, we will use the following characterizations
of BXY:

Proposition 2.2 (Chong and Mourad [4] and Slaman [32]). The following are
equivalent over RCAq:

(1) BXS
. . .y 0 . o
2
(2) The induction principle for AY predicates (1A9)
(3) Every AS set is regular

Given a countable model M = (M, S) = RCAy +BXY +WF(a) for some a <
€0 topped by a set Y € S, and a P-instance I € S for some II3 problem P, we will
create a decreasing sequence of conditions ¢y = ¢; > ... (for the appropriate
notion of forcing depending on P) such that

a) The sequence is A{(P) for some set P = M such that M[P] = IAY

(
(b) The set of s € M such that ¢ is defined is a cut

)
)
(c) For every k € M, there is some s € M such that ¢ decides (G®Y)'1,,
(d) For every k € M, there is some s € M such that ¢, forces ®F®Y not to be
an infinite a-decreasing sequence for every e < k

The item (a) will ensure that there is a AY(P) formula v (s) stating that the
construction can be pursued up to stage s. By item (b), {s : ¥(s)} is a cut, so by
IAY(P), the construction can be pursued at every stage. By item (c), (G@®Y)’
will be AY(P), hence M[G] |= BXY. Last, by item (d), M[G] E WF(«).

The use of an internal construction prevents from using a bijection between
M and w to satisfy the requirements one by one. Therefore, one must use Shore
blocking arguments, that is, force the requirements simultaneously for larger
and larger initial segments of M, as mentioned in items (c) and (d).

2.2 Well-foundedness and Shore blocking

Before working on IT}-conservation of WKL and COH, we prove two combinato-
rial lemma which say that Shore blocking comes for free for preserving WF(«)
for any ordinal o < €y. Instead of using the standard sums and products over
ordinals, the natural (Hessenberg) sums and products will be more convenient:

Definition 2.3 (Natural sum and product). Let a and 8 be two ordinals less
than eg. Let o = w'ng + -+ + w*nyg and 8 = wmy + -+ + Wmy (We
allow the n; and m; to be equal to 0 in order to write a and [ using the same
exponents ;). We define the natural sum of a and f (denoted by a + ) to be
the following ordinal (It does not depend on the choice of the family (v;)) :

wt(ng +ma) + - + W (ng +mg)



We also define o x k to be equal to be the natural sum of a with itself k times
and o X w = WMt ng + -+ W Hn, (whereas o x w = w"+1ny )

Note that a x k < a x w, where o x w = sup,_, @ x k = wFln is the
usual ordinal product.

Proposition 2.4. For all B < €y, and &’ < a < ¢ : o + 8 < a+ S and
B+ <pB+a.

Proof. Clear from the definition of +. O

Lemma 2.5. Let M = (M, S) = RCAg + WF(«) for a an ordinal less than €.
Then M = WF(a x k) for every ke M.

Proof. Since a X k < a x w for every k € M and RCA( proves that the product
of two well-orders is a well-order, hence RCAg - WF(a) - WF(a x w), we get
the desired result.

O

Lemma 2.6. Consider a model M = (M, S) and o € M an ordinal less than
€o. For every k € M, there is a Turing functional 'y such that, letting B €
a be the largest ordinal less than « of index at most k, for every X € 2M
such that M[X] = RCAq, if there is some e < k such that ®X is an M-
infinite decreasing sequence of elements smaller than (3, then I‘f is an M -infinite
decreasing sequence of elements smaller than 8 X k.

Moreover, an index of T'y, can be found computably in k.

Proof. By twisting the Turing functionals, we can assume that for every e,n €
M, if ®7(n) |, then

(1) n<lol;

(2) ®9(m) | for every m < n ;
(3) ®7(0),®9(1),...,P2(n) is a strictly decreasing sequence of elements smaller
than 3.

Given o € 2<M and e < k, let a(o,e) = ®J(s) for the largest s < |o| such
that ®7(s) |. If there is no such s, then «a(o,e) = 8. Note that if o’ > o, then
a(o’,e) < afo,e).

Let 0_1 = €. Let I‘f be the Turing functional which, on input n, searches
for some x > |o,,—1| and some o,, < X such that ®I(z) | for some e < k. If
found, it outputs «(c,0) + ... + a(o, k — 1). Note that if T (n) |, then by (3),
I'*(n) is an ordinal smaller than 3 x k.

Suppose that X is such that M[X] = RCAg and there is an e < k is such
that ®X is total. Since M[X] = 129, T'¥ is total.

Moreover, since z > |o,_1], letting e < k be such that ®J~(x) |, by (1) we
have @' (z) 1, so by (2) and (3), a(op+1,€) < a0y, e), hence I'Y (n + 1) <
[¥(n). Tt follows that I';X is an M-infinite decreasing sequence of ordinals
smaller than g x k. O
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2.3 Tlj-conservation of COH

We now turn to the proof that RCAg + BX9 + WF(a) + COH is ITj-conservative
of RCAq + BXY + WF(a) for every ordinal a < €y. In particular, letting o = w,
we reprove the theorem of Chong, Slaman and Yang [5] stating that RCAq +
BYY + COH is I}-conservative over RCAq + BXS. Note that the original proof
by Chong, Slaman and Yang uses a case analysis, depending on whether the
model satisfies 139 or not. Belanger [1] gave a more direct proof using charac-
terization of p-cohesive sets are those whose jump is PA over 0’ (see Jockusch
and Stephan [17]). Our proof follows the ideas from Belanger, but with an even
more direct construction based on an instance-wise correspondence between in-
stances of COH and TI9(&’) classes. As in Belanger’s proof, the proof relies on
the following theorem:

Theorem 2.7 (Simpson—Smith [31]). Every countable model of RCA} can be
w-extended into a model of RCAy + WKL.

Proposition 2.8. Consider a countable model M = (M, S) = RCAg + BXY +
WF(«) topped by a set Y € S, where o < € is an ordinal. Then for every

countable sequence of sets R € S and every P » Y' such that M[P] |= RCA{,
there exists G € M such that

1. G is R-cohesive ;
2. P>p (G(—BY)’ ;
3. M[G] E RCAy + BXY + WF(a).

Proof. Given R = Ro,Ry,... and o € 2<M let R, = ﬂg(i)=0§i ma(¢)=1 R;.
Let T be the $0(Y) tree {o € 2<M : 3z(z > |o| n z € R,)}. Note that a node
o is extendible in T iff R, is infinite. The tree T is AY(Y”), so since P » Y7,
there is a AY(P) set Q € [T1.

We will define the set G using an infinite AY(P) decreasing sequence of
Mathias-like conditions.

Definition 2.9. A condition is a pair of M -finite binary strings (o, p) such that

p < Q. We have (02, p2) < (01,p1) if 02 > 01, p2 > p1 and 02—01 S R, (where
o9 — o1 is the difference between the sets corresponding to the two sequences).

One can think of a condition (o, p) as a Mathias condition (o, ﬁp). Requiring
that p < @ ensures that ﬁp is M-infinite. When increasing the length of p, we
make progress in cohesiveness. Note that being a condition is a A9(Q) predicate,
as it simply requires checking that ¢ < @, while the extension relation is A{(Y).
In particular, both are A?(Q @ Y), so A(P).

A sequence 7 is said to be compatible with a condition (o, p) if 0 < 7 and
T—0& ﬁp.

Definition 2.10. Let (o, p) be a condition, and @, be a Turing functional.
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1. (o,p) - 32®FOY (2) | if there is some x,t < |o| such that IOV (z)[t] |

2. (0, p) - Yo®EDY (2) 1 if for every T compatible with (o, p) and every x €
M, &7 (x) 1.

Note that the relations (o, p) |- 32®5®Y (2) | and (o, p) I Y2@FDY (2) 1 are
AJ(Y) and II§(Y"), respectively. Also note that since the formulas 3z®S®Y () |
and Yz ®G®Y () 1 are universally (G @ Y) and TIY(G ® Y), respectively, the
definition above induces a forcing relation for these classes of formulas.

To ensure that P =7 (GAY)’, we will also construct (G@®Y)’ in parallel.

For this, we will need to satisfy three kind of requirements for every k € M:
e Ri: (GAY)'|, is decided

e S;: for every e < k, ®¥ is not an M-infinite a-decreasing sequence

o T for every e <k, G <* R, or G <* R,

We will need the following two technical lemmas, which are Shore blocking
arguments for satisfying the two kind of requirements, namely, deciding the
jump and preserving WF(«). In what follows, (1,p) I (G®Y) |, = 0’ means
that for every e < |o’|, if o’(e) = 1 then (1,p) I- ®F®Y () | and if o’(e) = 0,
then (7, p) I- ®5®Y (e) 1. Thus, this relation is II{(Y).

Lemma 2.11. Let (0, p) be a condition. For every k € M, there exists some M -
finite o’ € 2% and an extension (7, p) < (o, p) such that (,p) I (GOY)'}, = o’.

Proof. Let W be the set of all o/ € 2¥ such that (37 > ¢)(3t)(Ve < k)(r — 0 €
ﬁpA |T—0| = 1A0(e) =1 — ®I9Y (¢)[t] |). Note that W is X{(Y"), hence is M-
finite. Moreover, W is non-empty, as it contains the string 000.... Let o’ € W
be the lexicographically maximal element, and let 7 > o witness that ¢’ € W.

We claim that (7, p) forces (G@®Y)'|;, = o’. Fix some e < k.

Case (a): o’(e) = 1. Then ®7®Y (¢) |, hence for every G compatible with
(r.p), e € (GBYY.

Case (b): ¢’(e) = 0. The maximality of o’ ensures that for every u compat-
ible with (7, p), ®“®Y (e) 1. It follows that ®F®Y (e) 1, hence e ¢ (GO Y)'. O

Lemma 2.12. Let (0, p) be a condition. For every k € M, there exists some n €
M an extension (1, p) < (o, p) forcing ®FPY not to be an a-decreasing sequence
of length more than n for every e < k.

Proof. By twisting the Turing functionals, we can assume that for every e,n €
M, if ®7(n) |, then

o &9(m) | for every m <n

o $9(0),P2(1),...,P9(m) is a strictly a-decreasing sequence

12



Suppose the lemma does not hold. Then in particular, for every M-finite
string 7 compatible with (o, p) and every n € M, there is some 7 > 7 compatible
with (o, p) and some e < k such that ®7:®Y (n) |.

Build Y-recursively an infinite sequence 79 < 71 < 7 < ... such that for
every n,

e 7, is compatible with (o, p)
o O7:OY () | for some e < k (which depends on n)

Since M = BXJ, M | VERT}, so there is an M-infinite set Z € M and
some e < k such that for every n e Z, ®79Y (n) |.

Then, letting f(n) = ®7®Y(n), we have an M-infinite a-decreasing se-
quence, contradicting M = WF(«). O

Note that the statement " (7, p) forces ®¢®Y not to be an a-decreasing se-
quence of length more than n for every e < k” is I19(Y). Indeed, it means that
for every p compatible with (7, p) and every e < k, ®#®Y (n) 1.”

Construction. We will build a decreasing sequence (o5, ps) of conditions
and then take for G the union of the o,. We will also build an increasing
sequence (o%,) such that (G@Y)" will be the union of the ¢/. Initially, we take
oo = o) = po = €, and during the construction, we will ensure that we have
losl, |ok], |ps| < s at every stage. Each stage will be either of type R, of type S
or of type T. The stage 0 is of type R.

Assume that (o, ps) and o’ are already defined. Let sg < s be the latest
stage at which we switched the stage type. We have three cases.

Case 1: s is of type R. If there exists some 7 € 2% and some o’ € 250 such
that (7, ps) < (0s,ps), and (7, ps) forces (GOY) |, = o', then let 0,11 = 7,
Ps+1 = Ps, 05,1 = o' and let s 4+ 1 be of type S. Otherwise, the elements are
left unchanged and we go to the next stage.

Case 2: sisof type S. If there exists some 7 € 2% such that (7, ps) < (05, ps),
and (7, ps) forces Sg,, then let o541 = 7, psp1 = ps, 05,1 = 05 and let s + 1 be
of type T. Otherwise, the elements are left unchanged and we go to the next
stage.

Case 3: s is of type 7. If there exists some T € 25° such that (7, ps) < (05, ps)
and 7 — 05 # . Then let 0541 =7, psy1 = Pl , 04,y =0, and let s+ 1 be
of type R. Otherwise, the elements are left unchanged and we go to the next
stage.

This completes the construction.

Verification. Since the size of 05,0, and p, are bounded by s, there is a
AVYY'" @ Q)-formula ¢(s) stating that the construction can be pursued up to
stage s. Our construction implies that the set {s|¢(s)} is a cut, so by IAY(P),
the construction can be pursued at every stage.

Let G = U,cps 0s- By Lemma 2.11 and Lemma 2.12 and the fact that each

R,, is M-infinite, each type of stage changes M-infinitely often. Thus, G is
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M-infinite and {|o’| : s € M} is M-infinite, so P 27 (G@®Y)’. In particular,
M[G] E RCAq + BXY. Moreover, for every e € M, there is a stage sop > e
at which the stage type switches from R to S, and a stage s > so at which
the stage switches from S to 7. Then, (0441, psy1) forces Sy, so ®E®Y is not
an M-infinite a-decreasing sequence. Thus, M[G] = WF(«). Similarly, for
every e € M, there is a stage s > e such that the stage type switches from S
to T. Then (0441, pss1) is such that [psy1]| > e, so G * R, or G =* R,. Thus
G is R-cohesive. This completes the proof of Proposition 2.8. O

Corollary 2.13. Consider a countable model M = (M, S) = RCAq + BY +

WF(«) topped by a setY € S, where a < €q is an ordinal. Then for every R € S,
there exists G € M such that

1. G is R-cohesive ;
2. M[G] = RCAy + BXY + WF(a).

Proof. By Theorem 2.7, there exists a set P < M such that P » Y’ and
M([P] = RCA§. The conclusion follows from Proposition 2.8. O

We therefore obtain our first conservation theorem:

Theorem 2.14. Fiz an ordinal a < eg. RCAg + COH + BX§ + WF(«) is I1} -
conservative over RCAg + BXY + WF(a).

Proof. Immediate by Proposition 2.8 and Theorem 2.1. O

2.4 Tlj-conservation of WKL

We now turn to the proof of ITi-conservation of WKLg. As for COH, in the
case @ = w, we recover the well-known conservation theorem of Héjek [12]
stating that RCAg + BX9 + WKL is a IT}-conservative extension of RCAg + BX9.

Proposition 2.15. Consider a countable model M = (M, S) = RCAq + BXJ +
WF () topped by a set Y € S, where o € M is an ordinal < ¢yg. Then for every
M -infinite primitive Y -recursive tree T € S, there exists G € M such that

1. Gis a path inT ;
2. zr (G®Y) ;
3. M[G] = RCAq + BXS + WF(a)

Proof. We will build the path G using forcing on trees. A condition will be a
pair (o,7") with 7" € S an M-infinite primitive Y-recursive subtree of T' with
root ¢ and we will have (o,71) < (7,T3) if 7 < 0 and T} < T».

Definition 2.16. Let (o,U) be a condition, and @, be a Turing functional.

1. (0,U) I+ 3x®EDY (2) | if there is some x,t < |o| such that ®I®Y (z)[t] |
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2. (0,U) - Yo®EDY (2) 1 if for every 7 € U and every x € M, ®I®Y (z) 1.

Note that the relations (o, U) |- 3z®S®Y (z) | and (0,U) | Y2®F®Y () 1
are AJ(Y) and TI9(Y), respectively. As before, the definition above induces a
forcing relation for all 2¢(G@®Y) and IIY(G @ Y) formulas.

For our construction, we want to satisfy the following requirements :

o Ri: (GAY)']}, is decided.

o S;: Let B € a be the <, -biggest element of index less than &, for every
e < k, ®99Y is not an M-infinite <., -decreasing sequence of elements
smaller than S.

o Ti: lo| = k.

We first prove a simple technical lemma saying that there exists arbitrarily
large extendible nodes. This lemma even holds over RCA{ and can be found in
various places in the literature.

Lemma 2.17 (Fernandes et al [10]). Let M = (M,S) = RCA{ be a model
and T < 2<M be an M-infinite tree in M. Then for every £ € M, there is
some o € T of length £ such that {T € T : T is comparable with o} is M-infinite.

Proof. Assume by contradiction that for every o € 2¢ the tree
{r €T : 7 is comparable with o}

is M-bounded, this means that M |= Vo € 2/3b,V7 €2t 0 < 7= 7¢ T.
The formula V7 € 2% 0 < 7 = 7 ¢ T is AJ(T) and therefore A} in M.
Therefore, we can use BXY (which holds in RCA{) to get :

M=3IWoe2Tb, <tvreb o <r=>1¢T

Which yields that 7" is bounded by such a b, contradicting our assumption
that T is M-infinite. So there is some o € T of length ¢ such that {r € T :
T is comparable with o} is M-infinite. O

We will need the following two technical lemmas, which are Shore blocking
arguments for satisfying the two kind of requirements, namely, deciding the
jump and preserving WF(«). In what follows, (7,U) I (G@®Y)'!, = ¢’ means
that for every e < |o’|, if 0/(€) = 1 then (7,U) |- ®®Y (¢) | and if o/(e) = 0,
then (7,U) |- ®99Y (e) 1. Thus, this relation is TIY(Y).

Lemma 2.18. Let (0,T1) a condition. For every k € M, there exists some
M-finite o' and an extension (7,T3) < (0,11) forcing (GAY)'1, =o'.

Proof. Let W be the set of all o/ € 2% such that the tree {p € Ti|o’(e) = 0 —
PrOY (¢) 1} is M-infinite. W is I} (Y) and hence M-finite, and it is non-empty
as it contains the string 1111....

We can consider ¢’ € W its lexicographically minimal element, and consider
the corresponding tree T3. For every e < k such that ¢’(e) = 1, the minimality
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of o/ gives us that the set of 7 € Ty such that ®7%Y (e) 1 is M-finite, so we
have a level h. such that for every 7 € T3 n 2", ®79Y (¢) |. The set {e <
klo'(e) = 1} is M-finite, so we can consider an upperbound h of all the h,.
Finally, by Lemma 2.17, there is a 7 € T3 n 2" such that Ty := {p € T3 :
p is comparable with T} is M-infinite (since T5 is M-infinite).

We claim that (7,73) forces (GDY)'I;, = o’. Fix some e < k.

Case (a): o’(e) = 0. Then ®79Y (¢) | for every 7 € Ty (since Tp < T3), hence
for every G compatible with (7,73),s0 e ¢ (GAY)".

Case (b): o'(e) = 1. The definition of 7 ensure that ®I®Y (e) |, so e €
GaY). 0

Lemma 2.19. Let (0,T1) be a condition. For every k € M, letting Ty, be the
functional of Lemma 2.6, there is an extension (0, Ts) < (0,T1) forcing TT®Y
to be partial.

Proof. By twisting I', we can assume that for every e,n € M, if F‘;@Y (n) |,
then

o 199 (m) | for every m < n ;

o T9OY(0),T7®Y(1),...,T7%" (n) is a strictly <.,-decreasing sequence of
ordinals smaller than 8 x k.

We have two cases.

Case 1: there exists some n € M such that for every ¢ € M, there is some 7 €
T; of length ¢ such that T7®Y (n) 1. Let Th = {7 € Ty : I7®¥ (n) 1}. Note that
the set T5 is primitive Y-recursive, as the set T} and the predicate Fg@/(n) 1
are primitive Y-recursive. The set T is closed-downward, and by assumption,
is M-infinite. Then (0,T3) < (0,T1). Moreover, by construction, (o,T%) I+

el

Ly (n) 1.

Case 2: for every n € M, there is some ¢,, € M such that for every 7 € T of
length £,,, FZ@Y(n) !

Then, for every n, let a,, = max {T7®Y (n) : 7 € Ty Al7| = £, }. We claim that
for every n € M, api1 <y Qn. Indeed, for every 7 € Ty such that |7| = £,,41,
T (n+1) <, F,(CTM")@Y, S0

max {FZ@Y(H-I— :7eTi Al7| =lpt1} <¢ max {FZ@Y(n) e AT =44}

So M H= WF(a x k). However, by Lemma 2.5, since M | BX9 + WF(a),
M = WF(a x k). Contradiction. O

Note that the statement “(c,T}) forces T$®Y (n) 17 is TIY(Y).

Construction. We will build a decreasing sequence (o, Ts) of conditions
and then take G for the union of the o5. We will also build an increasing
sequence (o%) such that (G@®Y) will be the union of the ¢’. Initially we take
oo = o0y = € and Ty = T, and during the construction we will ensure that we
have |os], |0%] < s and that the index describing Ty is also less than s at every
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stage. Each stage will be either of type R, of type S or of type 7. The stage 0
is of type R.

Assume that (0s,7s) and o/, are already defined. Let sy < s be the latest
stage at which we switched the stage type. We have three cases.

Case 1: s is of type R. If there exists some index e < s such that the e-th
primitive Y-recursive tree T” is M-infinite and satisty (o5,7") < (05, Ts) and is
such that (o,,T") forces (G®Y)'|,, = o for a o’ € 2°°. Then let 0,11 = 05,
Ts1 =T, 041 = 0’ and let s + 1 be of type S. Otherwise, the elements are
left unchanged and we go to the next stage.

Case 2: s is of type §. If there exists some e,n < s such that the e-th
primitive Y-recursive tree 7" is M-infinite and (o,,T") forces TS®Y (n) 1, then
let 0541 = 05, Ts41 =T', 0,1 = 0, and let s + 1 be of type T. Otherwise, the
elements are left unchanged and we go to the next stage.

Case 3: s is of type 7. If there exists some o € 2% such that the tree
{p € Ts|p compatible with o} is M-infinite and has index < s, then take this
tree for Ts11 and let 0,41 = 0, 0, = 0, and let s + 1 be of type R.

This completes the construction.

Verification. Since the size of 0y, 0/, and the index of T are bounded by s,
there is a A9(Y”)-formula ¢(s) stating that the construction can be pursued up
to stage s. Our construction implies that the set {s|¢(s)} is A(Y”) and forms
a cut, so by IAY(Y”), the construction can be pursued at every stage.

Let G = [J,cps 0s- One eventually switches from stages of type R to stages
of type S, by Lemma 2.18. The same occurs to stages S and 7 by Lemma 2.19
and BX, respectively, so each type of stage changes M-infinitely often. Thus,
{los| : s € M} and {|o.| : s € M} are M-infinite, so G is a path in T and
Y' 27 (G®Y)'. In particular, M[G] = RCA¢ + BXS.

Moreover, the stages so where we force S,, are infinite, so for every S € «
and e € M, there is a stage that will force ®¢®Y not to be an M-infinite a-
decreasing sequence of elements less than 3. And thus ®¢®Y will not be an
M-infinite a-decreasing sequence for any e, so M[G] = WF(a).

This completes the proof of Proposition 2.15. O

Theorem 2.20. Fiz an ordinal o < ¢g. RCAg + WKL + BX9 + WF(«) is I1} -
conservative over RCAg + BXY + WF(a).

Proof. Immediate by Proposition 2.15 and Theorem 2.1. O

3 Conservation over BX) + WF(e)

The cases of SEM and SADS is more complicated than WKL and COH, as
WF(w®***) seems to be necessary to preserve WF(«) where o < €g. We therefore
get a fixed-point in the preservation of well-foundedness by letting a = €.
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3.1 [Ilj-conservation of SEM

As mentioned in the introduction, the bounded monotone enumeration prin-
ciple naturally shows up when formalizing the first-jump control of Ramsey’s
theorem for pairs. Within the decomposition of RT3 into COH +SADS + SEM of
Proposition 1.16, SEM is the only statement not known to be Il}-conservative
over RCAg + BXY. Tt is therefore natural to expect to involve BME, in the
proof below. Since BME, is equivalent to WF(w*) and we suppose M |=
RCAy + BX9 + WF(w®*“), we will be able to use BME,.

Proposition 3.1. Consider a countable model M = (M, S) = RCAg + BXY +
WF(w**%) topped by a set Y € S, where o € M is a non-zero ordinal < €.
Then for every infinite stable tournament R in S and every set P » Y’ such
that M[P] = RCA, there exists G € M such that

1. G is an M -infinite transitive subtournament ;
2. Pzr (G®Y) ;
3. M[G] E RCAy + BXY + WF(a).

Proof. Fix a uniform enumeration of all Y-primitive recursive non-empty tree
functionals Ty, T}, . . ., that is, for every n € M and every X, T.X is an M-infinite
tree. Let
C={P Xo :Va¥n X,y € [T,y OXoOOXa]y
a

The class C is I19(Y) and non-empty. There exists a primitive Y-recursive tree
whose infinite path are the elergents of C, so Proposition 2.15 gives us a set X =
P, X, € C such that Y’ > (X ®Y) and M[X] = RCAy + BEY + WF(w>*¥).

Furthermore, Proposition 2.8 applied on M[X ] gives us a set C € M satis-
fying :

e C is X-cohesive ;
e Pxp(C®X®Y);
o M[X @®C] = RCAy + BXY + WF(w*)

Let Ag(R) := {z : V°yR(z,y)} and A;(R) := {z : V°yR(y,x)}. The stabil-
ity of R gives us Ag(R) u A1(R) = M, so Ag(R) and A;(R) are AJ(Y).

Definition 3.2. For two sets F' and G, the notation F —r G denotes the
formula (Yx € F)(Vy € G)R(x,y).

Definition 3.3 (Minimal interval). Let a,b € M, the interval (a,b) is the set
of all x such that R(a,z) and R(z,b).

Let F be an M -finite transitive subtournament of R, for a,b e Fu{—o0, +00}
we say that (a,b) is a minimal interval of F is F n(a,b) = &, where we consider
that R(—o0,x) and R(x,+00) holds for every x € M.
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Definition 3.4. A condition is a pair (o,a) where o is a M-finite binary string
corresponding to an R-transitive subtournament, a € M is such that C <* X,
and X, is included in a minimal interval of o.

Being a condition is a AY((C @ X, @ Y)')-formula. Indeed, being a finite
R-transitive subtournament is Y computable, checking that X, is included in
a minimal interval of o is (X, @ Y)’-computable, and checking if C' =* X, can
be decided using (C @ X,) (since C' is X-cohesive, we know that C' =* X, or
C =* X, and these events are X3(C' @ X,)). Since P >7 (COX @YY, it is a
AY(P)-formula.

Definition 3.5. A condition (7,b) extends a condition (o,a) (and we write
(1,0) < (0,a)) ifo <7, Xp € Xg and 7 —0 S X,,.

For our construction, we want to satisfy the following requirements :
o Ri: (GAY)']}, is decided.

o S;: Let B < a be the <,,-biggest ordinal of index less than &, for every
e < k, %Y is not an M-infinite <¢,-decreasing sequence of elements
smaller than S3.

e Ti: cardG = k.

We will need two technical lemmas, which are Shore blocking arguments
for satisfying the two kinds of requirements, namely, deciding the jump and
preserving WF(«a). Before this, we introduce some basic combinatorial concepts
which will be useful for both lemmas. A ¢ formula ¢(G) is in normal form if
©(G) = Jiy(G1i) for a A formula 1.

Definition 3.6. Fiz a condition (o,a).

(1) A (0,a)-node is an M-finite sequence of the form

v = {(io, po), (i1, p1), - - (iq—lqu—l»

such that for every s < q, iy < 2, ps S X4 is a non-empty M-finite R-
transitive set with min ps > max ps_1 (letting p_1 = o), and for every s <
t <gq, if is = 0 then ps =g pt, and if i = 1 then py —gr ps. We then
write

(V) =0Upg U U pe_1

(2) This (o,a)-node is valid if for every s < q, ps € A;_(R)

(3) A (0,a)-node v satisfies a X9 (M)-formula (G, ) = Jiy(G i, x) if b(n(v), |v|—
1) holds.

Lemma 3.7. Fiz a (0,a)-node v. Then w(v) is R-transitive.
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Proof. Say v = {(io,po), (i1,p1),--- (ig—1,pq—1)). We prove by Z3-induction
that for every ¢ < t, py is an R-transitive tournament included in a minimal
interval of ¢ U pg U - -+ U pp—1 and that o U pg U - -+ U py is R-transitive.

This is true for ¢ = 0 since (o, a) is a condition. And assuming the property
to be true at a rank £ < t—1, the construction of py;1 ensures that it is included
in the minimal interval of (o, a) and that pe11 —r p; if i; = 1 and p; —r pet1 if
i; = 0, so no elements of o U pg U - - - U py is between two elements of psy1. Since
ouUpy U - U pgis R-transitive (by the induction hypothesis), this means that
pe+1 is included in one of its minimal intervals, and since it is itself R-transitive,
OUpPyU U pr U pes1 is R-transitive. O

Lemma 3.8. Fiz a valid (0,a)-node v. Then (n(v),b) is an extension of (o, a)
for some be M.

Proof. Say v = {(io, po), (11, p1), - - - (ig—1, pg—1)). By definition of validity and
stability of R, for every s < ¢, if i5 = 0 then Yz € p,V*y € X,, R(z,y), and
if i, = 1 then Vz € p,Y®y € X,, R(y,z). By BXY, there exists some r € M
such that for every s < ¢, if iy = 0 then ps —>r X,\{0,...,7}, and if iy = 1
then X, \{0,...,7} —pr ps. Let b € M be such that X, = X,\{0,...,r} and
let T =0upgu---Up—1. By Lemma 3.7, 7 is R-transitive and by construction,
Xy € X, is included in a minimal interval of 7. Thus (7,b) is an extension of
(0,a). O

Definition 3.9. Fiz a condition (c,a).

(1) A (0,a)-tree is a set of (c,a)-nodes closed downard under the prefix rela-
tion.

(2) A (0,a)-tree E is universal if for every (o,a)-node v which is not a leaf,
there is some r € M such that for every M-finite 2-partition Ag u A =
{0,...,r—1}, thereis a side i < 2 and an M -finite R-transitive p € A;nX,
such that v - (i, py € E.

(3) A (0,a)-tree E satisfies a (M) formula if all its nodes satisfies it.

Lemma 3.10. For every %9(M) formula ¢(G,x) and every condition (o,a),
there is a monotone enumeration of a mazximal (for inclusion) universal (o, a)-
tree E satisfying ¢(G, x).

Proof. At stage 0 enumerate the empty sequence (). At stage s, for every leaf
v € E| if for every 2-partition Ag u A; = {0,...,s}, there is some i < 2 and
some p € A; for which

(i) @(m(v) U p, [v]) holds
(ii) v -{(i,p)) is a (0, a)-node.

then enumerate v - {(i, p)) for all such partitions, and go to the next stage. If
nothing is enumerated, simply go to the next stage. O
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A maximal universal (o, a)-tree is not necessarily M-finite.

Lemma 3.11. FEvery M -finite universal (o, a)-tree E has a valid leaf.

Proof. We prove it by 1AY induction. The root () is vacuously valid. Assume
v € F is a valid non-leaf. By universality of E, there is some r € M such that
for every M-finite 2-partition Ag u A; = {0,...,r — 1}, there is a side i < 2
and an M-finite R-transitive p € A; n X, such that v- (i, p) € E. By BCAJ(Y)
(which is equivalent to BX9(Y")), the following partition is M-finite:

AO(R)rr ‘—‘Al(R) rr = {07"'37‘7 1}

Thus, there exists some i < 2 and some p € A;(R) such that v - {i,p) € E. By
choice of 7 and p, the node v - (i, p) is valid. O

Lemma 3.12. Let (0,a) be a condition, ¢(G,z) be a X{(M) formula, and E
be an M -finite mazimal universal (o,a)-tree satisfying (G, xz). Then there is
an extension (1,¢) < (0,a) and some q € M such that (1,¢) IF p(G,q— 1) and
(1.0) IF —¢(G, q).

Proof. By Lemma 3.11, there is a valid leaf v € E. Since E satisfies (G, x)
o(m(v), |v] —1) holds. By Lemma 3.8, there is some b € M such that (7w (v),b) <
(0,a).

By maximality of the tree, for every s € M, there exists a 2-partition Ag L
A; ={0,...,s}, such that for every side i < 2 and every M-finite p € A; n X,
such that v - (i, p) is a (o, a)-node, then (7 (v) U p,|v|) does not hold.

Note that by choice of Xj, for every M-finite R-transitive p < A; n X,,
v-{i,py is a (0,a)-node. Thus, for every s € M, there exists a 2-partition
Ao u Ay ={0,..., s}, such that the following property holds:

(P): For every side ¢ < 2 and every M-finite R-transitive p € A;n Xy,
o(m(v) U p, |v|) does not hold.

By compactness, there exists a 2-partition Agu A; = X, such that (P) holds.
Moreover, the class C of all such partitions is II9(Y @ X;) and non-empty. By
definition of )?, there exists some c¢,d € M such that X., X4 is a 2-partition
of X3 in C. Moreover, since G ©* X, either G €* X, or G €* Xy4. Since they
play a symmetric role, say G €* X,.. Then (7, ¢) is an extension of (7,b) forcing
(G, ] — 1) and —4(G, V). O

We are now ready to prove our two Shore blocking lemmas.

Lemma 3.13. Let (0,a) be a condition. For every k € M, there exists some M-
finite o’ € 2% and an extension (1,b) < (0,a) such that (1,b) - (GOY) 1k = o

Proof. Let ¢(G, ) be the X{(Y) formula which holds if there exists some eg <
-+ < €z_1 < k such that for every s < z, PO (e,) |.

By Lemma 3.10, there exists a monotone enumeration of a maximal universal
(0,a)-tree E satistying ¢(G,x). Moreover, since ¢(G,k + 1) never holds, the
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enumeration F is k-bounded. Since a > 0, M = WF(w*), hence M = BME,,
so E is M-finite. By Lemma 3.12, there is an extension (7,¢) < (o0,a) and
some q € M such that (7,¢) I+ ¢(G,q— 1) and (7,¢) IF —p(G, q). Let 0/ = {e <
k:®T®(e) |}. Then (1,b) IF (GOY) 1k =o’. O

Lemma 3.14. Let (0,a) be a condition. For every k € M, letting Ty, be the
functional of Lemma 2.6 for the order «, there is an extension (7,b) < (o0,a)
forcing FkG@Y to be partial.

Proof. By twisting I'y, we can assume that for every e,n € M, if FZ®Y (n) |,
then

o 7Y (m) | for every m <n ;

o T9®Y(0),19%Y (1),...,T9%Y (m) is a strictly <, -decreasing sequence of
elements smaller than 8 X k.

Let (G, x) be the ©9(Y") formula which holds if 'Y®Y () |. By Lemma 3.10,
there exists a monotone enumeration of a maximal universal (o, a)-tree E sat-
isfying (G, x). We have two cases.

Case 1: E is M-finite. Then by Lemma 3.12, there is an extension (7, ¢) <
(0,a) and some g € M such that (7,¢) IF p(G,q— 1) and (7,¢) IF —=p(G,q). In
particular, (7,¢) - T¢®Y (2) 1.

Case 2: F is not M-finite. Then there exists M-infinitely many stages s € M
such that E[s] # E[s + 1]. By speeding up the enumeration, we can assume
without loss of generality that E[s + 1] # E[s] # {{)} for every s € M.

For every s € M and v € E[s], let

C(v) = WFZ(V@Y(‘”‘_” if v is a leaf of E[s]
) Z,DE[S]VCS (w)  otherwise

Finally, let s = (5(O).

Claim 1: (41 <, (s for all s € M. Since E[s + 1] # E[s], there is
some leaf v € E[s] which is not a leaf in E[s + 1]. By assumption on I'y, for

every p Jp[s+1) V,
T Y T(v)®Y
TR (1] = 1) <q, TR (J] = 1)
Hence

- T(L)®Y _ (V)Y _
ZH: | ]ywrk (Iil=1) < TE " (v
El[s+1

So (s1+1(V) <e, Cs(v). By AJ induction along the ancestors of v up to the root,
we obtain (s4+1(()) <¢, (s(). This concludes our proof of Claim 1.

Claim 2: (, <., w**% for all se M. For all s € M, (, <., o <¢, w?** <,

axXw
Then Claim 1 and Claim 2 together contradict the fact that M = WF(w®*¥),
O

0
w
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Construction We will build a decreasing sequence (os,as) of conditions
and G to be the union of the o;. We will also build an increasing sequence (o7,)
such that G’ will be the union of the o. Initially we take og = of, = € and ag
an index corresponding to M, and during the construction we will ensure that
we have |os],|0%| < s and that the index as is also less than s at every stage.
Each stage will be either of type R, of type S or of type T. The stage 0 is of
type R.

Assume that (os,as) and o), are already defined. Let sg < s be the latest
stage at which we switched the stage type. We have three cases.

Case 1: s is of type R. If there exists some condition (c,a) < (05, as) with
l|o| < s and a < s such that (0,a) - (G@®Y)'|,, = o' for a ¢’ € 2°°. Then
let 0541 = 0, as41 = a, 0, ; = 0" and let s + 1 be of type S. Otherwise, the
elements are left unchanged and we go to the next stage.

Case 2: s is of type S. If there exists some condition (o,a) < (05, as) with
lo] < s and a < s such that (0,a) forces TS (m) 1 for some m < s, then let
Og41 = 0, Ggq1 = a, 0L,y = 0, and let s + 1 be of type 7. Otherwise, the
elements are left unchanged and we go to the next stage.

Case 3: s is of type T. If there is some condition (o, a) < (05, as) with o —o,
non-empty, |o| < s and a < s, then we let 0,11 = 0, as41 = a and 0| = 05
Otherwise, the elements are left unchanged and we go to the next stage.

This completes the construction.

Verification. Since the size of oy, 0’ and the index as are bounded by s,
there is a AY(P@Y”)-formula ¢(s) stating that the construction can be pursued
up to stage s. Our construction implies that the set {s|¢(s)} is A}(P) and a
cut, so by IA{(P), the construction can be pursued at every stage.

Let G = U,cpr 0s- By Lemma 3.13, Lemma 3.14, every time we enter a
stage of type R or S we eventually leave it. Also, for every condition (o, ay),
we can add an element of X, to o5 and then extract an infinite minimal interval
from X, using P, so every time we enter a stage of type T, we eventually leave
it. So, each type of stage changes M-infinitely often. Thus, {|o}| : s € M} is
M-infinite, so P =7 (G@®Y). In particular, M[G] = RCA, + BX9.

Moreover, the stages so where we force S,, are infinite, so for every 5 € «
and e € M, there is a stage that will force ®®Y not to be an M-infinite €p-
decreasing sequence of elements less than 3. And thus ®¢®Y will not be an
M-infinite a-decreasing sequence for any e, so M[G] = WF(a).

The stages of type T happens M-infinitely often, so the final set G will be
M-infinite. This completes the proof of Proposition 3.1.

O

Corollary 3.15. Consider a countable model M = (M, S) }= RCAq + BX§ +
WF(w**%) topped by a set Y € S, where o € M is an ordinal < ey. Then for
every infinite stable tournament R in S, there exists G € M such that

1. G is an M -infinite transitive subtournament ;

2. M[G] E RCAq + BXS + WF(a).
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Proof. By Theorem 2.7, there exists a set P < M such that P » Y’ and
M([P] = RCA}. The conclusion follows from Proposition 3.1. O

Theorem 3.16. RCA( + BXY + WF(¢g) + SEM is 11} -conservative over RCAq +

Proof. Immediate by Corollary 3.15 and Theorem 2.1. O

3.2 Tlj-conservation of SADS

We now turn to the proof that RCAg+BX9+WF(eg) +SADS is a ITi-conservative
extension of RCAg + BXY + WF(eg). There exists two main constructions of
solutions to instances of SADS: an asymmetric one, which assumes that there is
no infinite computable descending sequence, and constructs an ascending one,
as in Hirschfeldt and Shore [15, Theorem 2.11], and a symmetric one using split
pairs, as in Lerman, Solomon and Towsner [23] or Patey [27, Theorem 26]. Our
proof follows the second construction.

Proposition 3.17. Consider a countable model M = (M, S) = RCAy + BX +
YEWF (w**F) topped by a set Y € S, where o€ M is an ordinal < ¢y. Then for
every linear order L = (M,<p) € S of order type w + w*, there exists G = M
such that

1. G is an M -infinite ascending or descending sequence for <p,;
2. zr (G®Y) ;
3. M|G] = RCAq + BXS + WF(a).

Proof. Let L = (M, <y,) be such an order, let U € M and V < M be the sets of
elements that have a finite amount of predecessors and successors, respectively.
By assumption, U u'V = M, and U and V are both AJ(Y).

A condition is a pair (o, 7) with o an M-finite L-ascending sequence included
in U and 7 an M-finite L-descending sequence included in V. We have (o9, 72) <
(o1,m) if 09 > 01 and 75 > 7.

Being a condition is a AJ(Y)-predicate, while the extension relation is AY.

Definition 3.18. Let (0g,01) be a condition, e,x € M and i < 2, we write:
o (00,01) I BV (2) | if BTV (2) |.

o (00,01) I DY (2) 1 if Vol > o; such that (o,01_;) is a split pair,
oY
o7 (z) 1.

We want our construction to satisfy for some ¢ < 2 the following requirements
for every k€ M:

e Ri: (G, ®Y)'}, is decided.
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e Si: Let B < a be the <,-biggest ordinal of index less than k, for every
e < k, %Y is not an M-infinite <. -decreasing sequence of elements
smaller than 3.

. 7;; card G; = k.

For this, we will use a pairing argument, and ensure that for every k € M, the
following requirements are met: RY v Ry, Ry v S, S v Ri, SY v Si, and
TONTL.

As mentioned, being a condition is a AY(Y) predicate. We define a weaker
notion of pair which is AY(Y):

Definition 3.19. A split pair is a pair (o,7) of strings such that o is an
M -finite L-ascending sequence, T is an M-finite L-descending sequence, and
maxy, o <z ming, 7.

The core property of split pairs (o,7) comes from the fact that if o & U,
then 7 € V. In particular, if (o,7) is a condition and (o/,7’) is a split pair
such that o < ¢/ and 7 < 7/, then either (¢/,7), or (0,7’) is a valid condition
extending (o, 7).

Definition 3.20. Fiz a condition (o,T).
A (o,7)-tree is a binary tree T labelled by a family of split pairs (c,,7,)pet
with (o¢,7e) = (0,7) and such that for all pe T

e o <o,andT <7, ;
o Foreveryued, if p-0<pu theno, <o, andifp-1 < p then 7, <7, ;

A node p is said to be valid if the biggest index i such that p(i) = 0 satisfies
opti € U (if no such index exists this condition is verified) and if the biggest in-
dex j such that p(i) = 1 satisfies 7,1, €V (if no such index exists this condition
is verified). Being valid is a AY(Y) condition.

Definition 3.21. Let T a (o, 7)-tree

e A node (0,,7,) in T satisfies a pair of ©9(Y')-formulas (po(Go, x), ¢1(G1,z))
if wo(o,|p| —cardp — 1) and ¢1(7,card p — 1) holds (where card p is the
cardinal of p seen as a set).

o T satisfies (¢o(Go, ), p1(G1,2)) if every node of T satisfies it.

Lemma 3.22. For every pair (¢o(Go, ), 01(G1,2)) of L9(Y) formulas and
every condition (o,T), there is a mazimal X\ (o,7)-tree T satisfying it.

Proof. T will be the limit of the following increasing sequence of computable
(o, 7)-trees (Ts)sens that all satisfy (po(Go, ), v1(G1,x)) (and therefore T will
also be a (o, 7)-tree satisfying (¢o(Go, x), p1(G1,))).
At stage 0, let Ty be the empty tree. It vacuously satisfies (¢o(Go, x), 1(G1, z)).
At stage s + 1, if there exists a split pair (¢/,7') with |¢/|,|7| < s, a p € T
and an 7 < 2 with p - i ¢ T such that adding p - i to T with the index (¢’,7')
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still yields a (o, 7)-tree satisfying (¢o(Go,x), v1(G1,x)), then let Ts,q be that
tree (choose the smallest split pair possible to enforce the maximality of T'). If
no such element is found, simply go to the next stage. O

Lemma 3.23. Let (0,7) be a condition, (po(Go,x),p1(G1,2)) be a pair of

YY) formulas, and T be an M -finite mazimal (o, T)-tree satisfying (po(Go, z), p1(G1,1)).
Then there is an extension (6,7) < (o,7) and some p,q € M such that the fol-

lowing holds:

o (6,7) IFo wo(Go,p — 1) and (6,7) IF1 p1(G1,q — 1)
e (6,7) ko ~¢po(G1,p) or (6,7) k1 —¢1(G1,9).

Proof. Consider a valid p € T having no valid descendant in 7', this is possible
since the set of valid element of T is non empty because (o¢,7.) = (0,7) is a
condition, so by can just take a maximal valid element of T using LAY (which
we have by BX9).

Since (0,,7,) is a split pair, we have two cases:

Case 1: 0, < U. In that case p-0 ¢ T by maximality of p. Then take
p = |p| —cardp, ¢ = cardp and (6,7) = (0p,Tpri,) With iy the biggest in-
dex i < |p| such that p(i) = 1 (if no such index exists we take 7 instead of
Tptie ), the pair (6,7) is a condition by definition of validity and the hypoth-
esis o, € U. (6,7) IFo ¢o(Go,p — 1) and (6,7) -1 ¢1(G1,q — 1) because T
satisfies (o(Go, ), 91(G1,2)). And (6,7) o —¢o(Go,p) by maximality of
T (Otherwise we could add p -0 to T indexed by a split pair contradicting
(6,7) IFo =¢0(Go, p))-

Case 2: The case 7, £ V can be treated similarly.

O

Lemma 3.24. Letk € M, let Di(G, ) be the formula: Jeg < ey < -+ < ez_q <
k such that @S (e;) | for all i < x, let Wi (G, x) be the formula: Y (2) |
(with Ty, the functional of Lemma 2.6 for the order ).

For any combination ¢o(G,z),$1(G,x) € {Pk(G,x),V:(G,x)} and every
condition (o,7), there exists an extension (6,7) < (o,7) and some p,q € M
such that the following holds:

® (6,7) ko ¢o(Go,p — 1) and (6,7) -1 1(G1,q — 1)
® (6,7) ;o ~¢o(G1,p) or (6,7) -1 ~¢1(G1,q)-
Proof. By Lemma 3.22 there exists a maximal 3V (o, 7)-tree T satisfying
((,Do(G, x)v ¥1 (G’ :L‘))

. To apply Lemma 3.23 and conclude, we just need to prove the M-finiteness
of T

By twisting I'y, we can assume that for every e,n € M, if FZ®Y(n) }, then

o 7Y (m) | for every m <n ;
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o T9OY(0),T7®Y (1),...,T9%Y (m) is a strictly <,,-decreasing sequence of
elements smaller than § x k.

Assume by contradiction that T is M-infinite and let (T)sens be an increas-
ing sequence of computable tree approaching 7. Without loss of generality we
can assume that T # Ts,q for all s € M.

For every s € M and p node of T, indexed by (o,,7,) with set of immediate
successors S, (card .S, < 2 since Ty is a binary tree), define inductively :

Co(p) = wlo ) F10) (2 — card S,) + Zues Gs(p)

Where fo(p) = FZ”®Y(|p| —cardp) if po(G,z) = Ui(G,z) and fo(p) = k —
(lp| — card p) if @o(G,z) = ®i(G,z). And fi(p) = F;p(ﬁy(cardp) if p1(G,z) =
(G, 2) and fi(p) = k — card p if 91 (G, ) — D4(G, 7).

And let ¢ = (s(e).

Claim. The sequence (s is an M-infinitely <.,-decreasing sequence of ordi-
nals less than w®

Let s € M, since Tsy1 # T, there is a p € Ty an ¢ < 2 such that Ts =
Ts U p - i. Therefore:

Cor1(p) = Colp) = wlo@FFilo) Ly folpt)+filed) 5 o

But for every possible values of g and 1, we have fy(p) > fo(p-0), fo(p) =

folp-1), fi(p) = f1(p-0) and f1(p) > f1(p-1). So for every possible value of i,

we have
Wl +1(p) o folo)+f1(pd) o 9

and therefore (s11(p) < (s(p) which gives us (541 < (s (as p - i is the only
difference between Ty and Ts41).

Therefore, for all s e M, (s <, (o <¢, Wh*k < axw,

This contradicts WF(w®*%), so T is M-finite and the result follows. O

Remark 3.25. If (0,7) I-; ®r(Gi,p — 1) and (0,7) ;i —Pr(Gi,p), then there
exists a p' € 28 such that (o,7) I+ (Gi®Y) |k = p'. Such a p’ can be found
computably in'Y .

Moreover, if (o,7) I Y (Gi,p—1) and (0,7) IF; =V (G;,p) then (o,7) I+
Fg’?j@Y (p) 1, so (o,7) forces Fg)@y to be partial.

Remark 3.26. Because of the disjunctive requirements, preservation of WF(eg)
and first jump control must be combined. Thus, at first sight, WF(eo) is used
to control the first jump. However, if one wants to control only the first jump,
no well-foundedness assumption is necessary. Indeed, let U be the set of pairs
(p, q) € k? such that there is a pair (o1,71) with 01 > 0, 71 > 7 and max, o1 <
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ming 71 satisfying Vi (o1,p) and Vi (1,q). Then U exists by bounded X9 com-
prehension. Using this set U, one can find an extension with the desired prop-
erty. Therefore, one can prove that RCAg + BXY + SADS is a I} -conservative
extension of RCAg + BXY, as already proved by Chong, Slaman and Yang [5]
using the first construction.

Construction We will build a decreasing sequence (o, 75) of conditions
and let Gg and G; to be the union of the o4 and 7,. We will also build two
increasing sequence (o7) and (77) such that G, and G} will be the union of the
ol and 7). Initially we take o¢ = o{, = 75 = 7, = €, and during the construction
we will ensure that we have |og], |o%], |7s|, |75 < s.

Each stage of the construction will be of one of the following 5 types corre-
sponding to the requirements: R v R, SVR, RvS,SvSoroftypeT A T.
The stage 0 is of type R v R.

Assume that (o5, 7s), o) and 7. are already defined. Let sy < s be the latest
stage at which we switched the stage type. We have 5 cases.

Case 1: s is of type R v R. If there exists some condition (o,7) < (05, 7s)
with |o|, [7| < s such that (0,7) o (Go®Y)'|, = o for a o’ € 2% or (o, 7) Iy
(G1®Y)'ly, =7 fora 1’ €2%. Then let 0,11 = 0, Ts11 = 75, and if we are in
the first case, let 0%, = ¢’ and 7/, = 7/ and in the second case let o, ; = o/,
and 7/, = 7'. Then let s + 1 be of type R v §. Otherwise, the elements are
left unchanged and we go to the next stage.

Case 2: s is of type R v S. If there exists some condition (o, 7) < (05, 7s)
with |o|, [7| < s such that (0,7) o (Go®Y)'|s, = o for a o’ € 2% or (o,7) Iy
Ffol@ypartial. Then let 0541 = 0, 7541 = Ts, and if we are in the first case, let
oi.1 =0 and 7/, = 7/ and in the second case let o, ; = o} and 7/, = T..
Then let s + 1 be of type S v R. Otherwise, the elements are left unchanged
and we go to the next stage.

Case 3: s is of type S v R. If there exists some condition (o, 7) < (04, Ts)
with ||, |7| < s such that (o, 7) I-o D§® partial or (0,7) 1 (G1®Y) 1, = 7'
for a 7/ € 2%0. Then let 0,,1 = 0, 7,11 = T, and if we are in the first case, let
oy =0y and 7/, = 7/ and in the second case let o, = o, and 7, = 7'
Then let s + 1 be of type S v §. Otherwise, the elements are left unchanged
and we go to the next stage.

Case 4: s is of type S v S. If there exists some condition (o,7) < (05, 7s)
with |o],|7] < s such that (o,7) o T$°®Y partial or (o,7) I T$®Y partial.
Then let 0511 = 0, To41 = 75, and if we are in the first case, let 0/, = o7 and
Tiy1 = T4 and in the second case let 0/, | = o} and 7, = 7. Then let s +1 be
of type T. Otherwise, the elements are left unchanged and we go to the next
stage.

Case 5: s is of type T. If there exists some condition (o,7) < (05, 7s) with
cardo > cardos and card T > card 7, then let 0541 = 0, Ts41 = T, agﬂ = ol
and 7/, = 7,. Then let s + 1 be of type R v R. Otherwise, the elements are
left unchanged and we go to the next stage.

This completes the construction.
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Verification. Since the size of oy, 75,0, and 7, are bounded by s, there is
a AY(Y)-formula ¢(s) stating that the construction can be pursued up to stage
s. Our construction implies that the set {s|¢(s)} is a cut, so by IAJ(Y), the
construction can be pursued at every stage.

Let Go = Ugeps 0s and Gy = (Jeps 7s- By Lemma 3.24, and the fact that
U and V are M-infinite, each type of stage changes M-infinitely often. Thus,
for M-infinitely many k’s, the four requirements R? v Ri, SY v Ri, RY v S}
and S,g v S,% are satisfied and Gy and G are M-infinite.

So, for M-infinitely many k’s, (RO ASY) v (R}, AS}) is satisfied which gives us
an ¢ < 2 such that G; is an ascending or descending sequence, Y/ 27 (G; @Y’
and therefore M[G;] = BXS and M[G;] = WF(a). This completes the proof
of Proposition 3.17. O

Theorem 3.27. RCA( + BXJ +WF () + SADS is I1} -conservative over RCAg +

Proof. Immediate by Proposition 3.17 and Theorem 2.1. O

4 TIIl-conservation of RT3

Thanks to the decomposition of Proposition 1.16, we can combine the conserva-
tion theorems developed in Section 2 and Section 3 to prove our main theorems.
Yokoyama [33] proved the following amalgamation theorem:

Theorem 4.1 ([33]). Let Ty, Ty, Ty be 113 theories such that Ty 2 RCAg and
Ti and Ts are both H%—conservative extensions of Ty. Then Ty + 15 is a H%—
conservative extension of Tj.

In particular, letting Ty be RCAg 4+ BXY + WF(ep), one can combine Theo-
rem 2.14, Theorem 2.20, Theorem 3.16 and Theorem 3.27 to deduce that RCAy+
RT3 + WKL + WF(p) is a IT}-conservative extension of RCAg + BXY + WF(ep).
We shall however provide a direct proof using w-extensions with the following
proposition.

Proposition 4.2. Consider a countable model M = (M, S) = RCAy + BXY +
WF(w$) topped by a setY € S, where a € M is an ordinal < eg. Then, for every

coloring f : [M]?> — 2 in S and every set P » Y’ such that M[P] |= RCA,
there exists G < M such that

1. G is an M-infinite f-homogeneous set ;
2. Pz (G®Y) ;
3. M[G] E RCAy + BXY + WF(a).

Proof. By Fiori-Carones et al [11, Lemma 3.2], there exists a P-computable
countable coded model of WKL{ containing Y’. In particular, there exists a

set Py € M such that P » Py » Y. Let B = Ry, Ry,... be defined by
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R, = {y : f(z,y) = 1}. By Proposition 2.8 applied to M and Py, there
exists some M-infinite R-cohesive set Gy € M such that Py =7 (Go @Y
and M[Gy] | RCAg + BXY + WF(w$). In particular, f : [Go]?> — 2 is stable.
One can see f : [Go]?> — 2 as an instance of SEM. By Proposition 3.1 applied
to M[Gp] and P, there exists some M-infinite f-transitive set G; S Gy such
that P =7 (G1 ® Go@Y)" and M[G; @ Go| | RCAy + BXY + WF(wS). One
can see f : [G1]?> — 2 as an instance of SADS. By Proposition 3.17 applied
to M[Go@® G1] and P, there exists some M-infinite f-homogeneous set G < G
such that P >¢ (G@ GiPGy® Y)/ and M[G &GP G()] ): RCAy + BE% +
WF(a). O

Corollary 4.3. Fizn > 2. Let T, be either BE0 or IX0. Consider a countable
model M = (M, S) = RCAy +T,, + WF(w§') topped by a setY € S, where a.€ M
is an ordinal < €y. Then, for every coloring f : [M]?> — 2 in S, there exists
G < M such that

1. G is an M -infinite f-homogeneous set ;
2. M[G] = RCAy + T,, + WF(a).

Proof. By Harrington; Simpson—Smith; Hajek (see Belanger [1]), every count-
able topped model of RCA} + T,,_1 can be w-extended into a model of RCA} +
Tn—1 + WKL. Since M[Y'] &= RCA{ + T,,_1, there is some P < M such that
P » Y’ and M[P] = RCA} + T,,—1. By Proposition 4.2, there exists G € M
such that

1. G is an M-infinite f-homogeneous set ;
2. Pzr (G®Y);
3. M[G] = RCAq + BXY + WF(«).

Since every X0 formula in M[G]is £°_; in M[P] and M[P] & T},_1, M[G] =
T, 0

Main Theorem 1.6. Fizn > 2. Let T, be either BX? or IX0. RCAq + T, +
RT2 + WKL + WF(eg) is a IT}-conservative extension of RCAg + T, + WF(ep).

Proof. From Corollary 4.3, Proposition 2.15 and Theorem 2.1, we get the I1}-
conservativity of WKL + RT3 over BX9 + WF(¢). O
4.1 Preserving | J, WF(w,)

In their proof that RT% does not imply 129 over RCAg, Chong, Slaman and
Yang [6] started with a model satisfying a slightly weaker well-foundedness ax-
iom than WF(eg), namely, | J,, WF(w,). We show that our assumption can also
be weakened to | J, WF(w}’) with a little bit of extra work.
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Theorem 4.4. Fizn > 2. Let T, be either BEO or IX0. Let P be a 113 problem
such that for every countable topped model M = (M, S) = RCAy +T;, + WF (wg)
with o € M an ordinal less than g and k a standard integer and every instance
of P in M there exists a solution G < M of that instance such that M[G]
RCA(+T,,+WF(«a). Then P isII{-conservative over RCAg+ Ty, +| e, WF(w).

Proof. Assume RCAg + T}, + (,,c., WF(wn) £ VX ¢(X) for ¢ arithmetical.

Extend the language of second order arithmetics with a first-order constant
symbol ¢. The theory RCAg + T, + WF(we) + e, ¢ > k + IX —¢(X) is finitely
satisfiable by our assumption, so by compactness we have a model M = RCA( +
Ty +WF(we) +Upen, ¢ > k+3X—¢(X). Such a ¢ will therefore be non-standard.

From our assumption, for any countable topped model N' = (N,S) [
RCAq + T, + WF(wg4+) and instance of P in this model, we can find a countable
topped w-extension that will be a model of RCAg + T, + WF(wy) and will contain
a solution to that instance.

So by iterating that reasoning, we can build a sequence My = M € M; €

. of countable topped model such that M = RCAg + T}, + WF(we—xs) and

such that every instance of P appearing inside one M; will eventually have a
solution in one M. Since c is non-standard and every such s is standard, every
M; is a model of | J,., WF(wy), and the model  J ., M will therefore be a
model of RCAq + T}, + Jpe, WF(wy) + 3X—0(X) + P.

So RCAg + T}, + e, WF(wf) + P 1~ VX G(X). O

Main Theorem 1.7. Fix n > 2. Let T, be either BE% or IE%. RCAy + T, +
Upew, WF(w) + RT3 +WKL is IT} -conservative over RCAg + T, + e, WF(ws).

Proof. From Corollary 4.3, Proposition 2.15 and Theorem 4.4, we get the I1}-
conservativity of RCAg + T}, + RT% + WKL over RCAq + T}, + e, WF(wy). O

Remark 4.5. The combination of Proposition 2.8, Proposition 3.1 and Propo-
sition 3.17 provides the <3-basis theorem for RT3 while preserving WF (o) (see
[11, Definition 4.9]). This implies that there exists a polynomial proof trans-
formation for the I1i-conservation for Main Theorem 1.6 (it will appear in the
forthcoming thesis of H. Ikari). On the other hand, it is not clear whether there
ezists a polynomial proof transformation for Main Theorem 1.7.

4.2 Preserving IX? and BX) | for n > 2

One can use the previous theorems to reprove a known conservation result
over 1%9.

Proposition 4.6. Fizn > 2 and let T, be either 152, or BEY ;. Consider a

n’

countable model M = (M, S) = RCAg + T,,—1 topped by a setY € S. Then, for
every coloring f : [M]? — 2 in S and every set P > Y’ such that M[P] |= RCA,,
there exists G € M such that

1. G is an M-infinite f-homogeneous set ;

2. P>r (G@Y) ;
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3. M[G] = RCAq + T,.

Proof. By Fiori-Carones et al [11, Lemma 3.2], there exists a P-computable
countable coded model of WKL§ containing Y”. In particular, there exists a
set Py € M such that P » Py » Y’. Moreover, M[P] and M[PFy] both
satisfy T},_1.

Let R = Ro, Ry, ... be defined by R, = {y: f(z,y) = 1}. By Proposition 2.8
applied to M, Py and « = 1, there exists some M-infinite R-cohesive set Gy <
M such that Py =7 (Go ®@Y) and M[Gy] = RCAo + BXS. In particular,
f i [Go]*> — 2 is stable. Since any X%(Go @ Y) formula is X9 _;(P), and
M[P] E Th-1, M[Go] | T,. In particular, since RCAg + T,, — WF(w",
M[Go] - WF(w).

One can see f : [Go]?> — 2 as an instance of SEM. By Proposition 3.1 applied
to M[Gy], P and a = 1, there exists some M-infinite f-transitive set G; < G
such that P =7 (G1®Go@®Y ). Here again, since any X0 (G1 ®Go@Y) formula
is 2%_1(P) and M[P] ': Tn—l, M[Gl @Go] ': Tn.

One can see f : [G1]?> — 2 as an instance of SADS. By Proposition 3.17 ap-
plied to M[Go@®G1], P and a = 0, there exists some M-infinite f-homogeneous
set G € Gy such that P 27 (GG ® G @Y) and M[G @ G1 & Gy] =
RCAq + BX. Still by the same argument, M[G @ G1 ® Go] = Tp. O

Remark 4.7. Contrary to Proposition 2.8 and Proposition 3.17 in which the
well-foundedness hypothesis on the ground model is only used to preserve well-
foundedness, in the proof of Proposition 3.1, one exploits WF(w®) to preserve BXY,
and one uses WF(w*” *%) to preserve WF(w®). If one starts with a model of 1%9,
the ground model is therefore also a model of WF(w®), in which case BX9 can
be preserved. Thanks to the first-jump control, 139 is actually preserved, and
therefore so is WF(w*).

Since 159 and WF(w*"*%) are incomparable over RCAg, it would be inter-
esting to investigate the common factor between these two statements which is
sufficient to preserve WF(w®).

Corollary 4.8. Fiz n > 2 and let T,, be either 130, or BX2_ . Consider a
countable model M = (M, S) = RCAy + T,, topped by a set Y € S. Then, for
every coloring f : [M]* — 2 in S, there exists G € M such that

1. G is an M -infinite f-homogeneous set ;
2. M[G] = RCAy +T,,.

Proof. By Harrington; Simpson—Smith; Hajek (see Belanger [1]), every count-
able topped model of RCA} + T,,_1 can be w-extended into a model of RCA} +
Tn—1 + WKL. Since M[Y'] = RCA§ + T,,_1, there is some P = M such that
P » Y’ and M[P] | RCA} + T,,—1. The conclusion follows from Proposi-
tion 4.6. O

Corollary 4.9 (Cholak, Jockusch and Slaman [3]). Fiz n = 2 and let T, be
either 159, or BXY ;. RCAq + 1), + RTZ is I} -conservative over RCAg + T),.

n’
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5 Open questions

Many open questions remain around the first-order part of Ramsey’s theorem
for pairs and its consequences. The first and most important question being the
following:

Question 5.1. Is RCAq + RT3 II}-conservative over RCAg + B9 ?

For every a < ¢y, RCAg + BXY + WF(a) + WKL + COH is IT conservative
over RCAg + B9 +WF(«). The situation seems more complex for ADS and EM,
which both seem to require WF(w®*“) to preserve WF(a).

Question 5.2. For which a < €y is RCAg + WF(a) + RT3 II}-conservative
over RCAg + BX9 + WF(a) ?

The proofs of Proposition 3.1 and Proposition 3.17 required the ground
model to satisfy WF(w®) to preserve WF(«). It is natural to wonder whether
this assumption is necessary. One way to formalize this idea would be to prove
that RCAg + RT2 — Yn(WF(w,) — WF(wn41)), where wo = 1 and wy 41 = w*n.
This is not the case, as RCAy + RT% is VHg—conservative over RCAg, hence
does not prove WF(w®). One could also wonder whether RCAg + RT3 proves
some weaker well-foundedness closure properties which do not already follow
from RCAg + BXY. Here again, the answer is negative. Le Houérou and Levy
Patey constructed a model M = (M, S) of RCAg + RT3 in which {b € M :
M = WF(wb)} = sup{a -k : k € w} for some a € M\w. In other words, this
cut has no better closure properties than additivity [personal communication].
This result is tight, as RCAg + Va(WF(w®) — WF(w??)). Note that one can
also show that RCAg + RT3 does not prove ¥n(WF(w") — WF(w?")) using proof
length. Indeed, by Kolodziejczyk, Wong and Yokoyama [19], RCAq + RT3 does
not have speedup over RCAq for VII$ consequences, but in an incoming paper,
Kolodziejezyk and Yokoyama [personal communication] proved that RCAq +
Yn(WF(w™) — WF(w?")) has super-exponential speedup over RCA, for VIIY
consequences.
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